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Abstract. In this paper, we prove the Hyers-Ulam-Rassias stability property for the Jensen
functional equations

fle+y) + flz+oy) =2f(2); flx+y) —flx+oly) =2f(y) =yekEr

for mappings from a normed space E; into a quasi-Banach space Fs.

1. INTRODUCTION AND PRELIMINARIES

The stability problem of functional equations was posed for the first time
by S. M. Ulam [31] in the year 1940. Ulam stated the problem as follows:

Given a group G1, a metric group (G, d), a number € > 0 and a mapping
f: Gi — Go which satisfies d(f(zy), f(z)f(y)) < € for all z,y € G1, does
there exist an homomorphism ¢g: G; — G5 and a constant k£ > 0, depending
only on G; and Go such that

d(f(x),g(x)) < ke
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for all z € G17

In 1941, D. H. Hyers [7] considered the case of approximately additive map-
pings f: E — E’, where E and E’ are Banach spaces and f satisfies the
following inequality

[fx+y) = f@) = fy)l <e
f(2ra)

for all 2,y € E. It was shown that the limit T'(z) = lim,, o 57— exits for
all x € E and that T: F — FE’ is the unique additive mapping satisfying

1f(z) = T(z)]| <e.

In 1978, Th. M. Rassias [24] provided a generalization of Hyers’s stability
theorem which allows the Cauchy difference to be unbounded, as follows:

Theorem 1.1. [24] Let f: V — X be a mapping between Banach spaces and
let p <1 be fizred. If f satisfies the inequality

1z +y) = F(=) = fy)ll < ()" + [ly]*) (1.1)

for some 8 > 0 and for all z,y € V (z,y € V\{0} if p < 0). Then there
exists a unique additive mapping T: V — X such that

26
2P — 2

1f(z) =T(x)|| < l][? (1.2)
forallz €V (x € V\ {0} ifp<0).
If, in addition, f(tx) is continuous in t for each fized x € V', then T is linear.

In 1990, during the 27th International Symposium of functional equations,
Th. M. Rassias asked the question whether such a theorem can also be proved
for values of p greater or equal to one [22]. Z. Gajda [5] following the same
approach as in [24] provided an affirmative solution to Rassias’ question for p
strictly greater than one. However, it was shown independently by Z. Gajda
[5] and Th. M. Rassias and P. Semrl [27] that a similar result for the case of
value of p equal to one can not be obtained.

The concept of the linear mapping, that was introduced for the first time in
1978 by Th. M. Rassias and followed later by several other mathematicians is
known today as Hyers-Ulam-Rassias stability. During the last decades several
stability problems of functional equations have been investigated by a number
of mathematicians, the reader can be referred for example to the monographs
[9, 12] and [2]-[28],[30].

We consider some basic concepts concerning quasi-3-normed spaces and
some preliminaries results.
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Definition 1.2. Let X be a linear space. A quasi-norm is a real-valued func-
tion on X satisfying the following:

(1) |lz|]| >0 for all z € X and ||z|| =0 if and only if x = 0.
(2) || Az|| = |M||z]| for all X € R and all x € X.
(3) There is a constant K > 1 such that

2 +yll < K(llz]l + ll=]) (1.3)
forall xz,y € X.

The pair (X, || - ||) is called a quasi-normed space if || - || is a quasi-norm on
X. The smallest possible K is called the modulus of concavity of || - ||.

A quasi-Banach space is a complete quasi-normed space.
A quasi-norm || - || is called a f-norm (0 < 5 < 1) if

lz +yl1? < llll” + Ily)® (1.4)

for all z,y € X. In this case a quasi-Banach space is called a §-Banach space.
We refer to [1, 29] for the concept of quasi-normed spaces and quasi-Banach
spaces. Given a B-norm, the formula d(z,y) = ||z — y||® gives us a translation
invariant metric on X. By the Aoki-Rolewicz Theorem [29] (see also [1]), each
quasi norm is equivalent to some (-norm. Since it is much easier to work with
B-norm than quasi-norm, hence we restrict our attention mainly to S-norm.

In [18] C. Park generalized the concept of quasi-normed spaces as follows

Definition 1.3. Let X be a linear space. A function || -|: X — [0,00) is
called a generalized quasi-norm if and only if it satisfies the following proper-
ties:

(1) ||z|]| >0 for all x € X and ||z|| =0 if and only if x = 0.

(2) [[Az|| = |A|[Jz|| for all \ € R and all z € X.

(3) There is a constant K > 1 such that

1> 2l <Kl (1.5)
i=1 j=1

for all x1,xo,... € X with Z;’il zj € X.

The pair (X, || -||) is called a generalized quasi-normed space if || - || is a gen-
eralized quasi-norm on X. The smallest possible K is called the modulus of
concavity of || -||. A generalized quasi-Banach space is a complete generalized

quasi-normed space.

In this paper we consider the Jensen functional equations
fla+y)+ flz+o(y) =2f(2), x,y € En, (1.6)
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fle+y) = flz+oy) =2f(y), T,y € By (1.7)

where 0: Ey — Ej is an involution of Ej, ie., o(z +y) = o(z) + o(y) and
o(o(z)) =« for all z,y € Ej.

Recently G.H. Kim [16] have improved the stability of equation (1.6) over
an abelian group under the condition

1f(x+y)+ f(z+0o(y)) —2f(2)]| < @(z) or e(y).

In [17] G.H. Kim proved the Hyers-Ulam-Rassias stability of equation (1.7) in
normed space, with o(z) = —z and 0 < p < 1. In [2] the stability of other
generalized Jensen functional equations have been investigated.

The stability problems of several functional equations in quasi-Banach spaces
have been extensively investigated by a number of authors, we refer for exam-
ple to [19], [21] and [30].

Our main goal in this paper is to investigate the Hyers-Ulam stability prob-
lem for the equations (1.6) and (1.7) in generalized quasi-Banach spaces and
in quasi-(3-Banach spaces.

2. HYERS-ULAM STABILITY OF (1.6) WITH p <1 AND p > 1

In this section we investigate the Hyers-Ulam stability for the equation (1.6).
Theorem 2.1. Let Fq be a normed space, E5 a generalized quasi-Banach
space and f: E1 — FE5 a mapping which satisfies the inequality

1f(@+y)+ fl@+0o(y) = 2f (@) <Ol + [ly]”) (2.1)

forsome 8 >0, p>1and forallx,y € E1. Then there exits a unique mapping
J : E1 — Es, defined by

) e X 1 x o(x)
J@)= lm G+ G~ Do + )} (22)
that is a solution of the Jensen functional equation (1.6) such that
2K0 Ko

If(2) = ()|, < [z +o@)P]  (2.3)

- 2r -2

”pr + (2p _ 1)(2p - 2)

forallx € Ey.

Proof. Suppose that f satisfies the inequality (2.1). Replacing z,y by 5,
(z)

(resp. by sist + 5nt1), we obtain
20
1/ (

) =2 (), < o lall, (2.4)

o(x)
2n

)+ G+
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respectively
z o 20
127+ T ap (e T, < 2 ol
Make the 1nductlon assumption:
n T 1 T o(x
I1£(&) ~ 247 () + (o~ D Gy + 2
< %” [IP[1 4 2177 + ... 4 2(r=D(-P)]
29K 1 1
Pl(1 — = _ —\ol-»p
+ o I+ o @) P = 5) + (1= )21+
1
+(1 — 27)2(71—1)(1—10)].

For n =1, by using the triangle inequality (1.5), we get

£ — 2075 + G~ DA + Ty,

< K@+ G+ 2 Zapd),
R +(j’)>—f<2+ "D,

29[( 20

*II III“rK22 [z + o ()P =

e o) ).

585

(2.5)

1
2

So (2.6) is true for n = 1. We will show that the induction assumption (2.6)

is true with n replaced by n + 1.

17) ~ 2 ) + (e — D (g + 2D,
= @)~ 2 L) + (o~ D (g + )
PR 4 Fy + 2 —ap( )
P2 D+ T (0 O
= @) -2 1{f(2n1) <211—1>f<;+“2(?>}
PG A+ T Cap( D)

I,
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1 o(x) x

~D{f(5 +
)+ 1 (G
+2”+1<2,}+1 ~ 1S
1) = 2{£(5)
+2{f(5)+ (5
22— D{f (o
+22{f(55) + £ (55
12— DI

+2" 1{f< —) + f(

+2n(7 on )~ f(2n+1 +

7)) o

2n+l
o(x)
2n+1

xr
2n+l

)= f(
o(z)
922

5)}

X

+2"f G

_l’_

)}

T
2n+2

)}

2n+1

FG - D
T T
L
v Q) ~2f(2))
o)

x
23

o(z)
23

)}

o(z)

) _'f(47'+ 24

24
+ 20 ap 2

o))
() x

o(x)

Dt

+2"(55
)+ S

- D{f( )= f(

[1 + 21 -p + ...+ 2"(1_17)]

29K ) L
T |z + o ()| [(1—5) (1—?)21 +.

on >7f(2n+1 +

7)) o

2n+l
o(x)
2n+1

xr
-+2n{f( on+1
+2n+1( 1

2n+1
29K

_l’_

)}

X
2n+2

2n+1

IN

Now, the inequality (2.6) is proved for all n.
Next, we will show that the sequence functions

1 T

(44’__1)f<2n+1

Julw) = 2 (55) + (5

2n+1

)}

)}

_l’_
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o(x)

2n+1

)}+

7 e
7 e
(1 2n1+1 Jon(-p)]
ay 1)

is a Cauchy sequence for every x € E;. Combine (2.4) and (2.5) by use of the

triangle inequality (1.5) to show that
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[ Tnt1(x) = Jn(2)| B,

= R () + (g~ D (g + )
)+ (g~ D ey + ),

< PRI+ ey + o)~ 2f (),
+wwwal—2;4mfgﬁﬂ+{§ﬂ>—fgia+§ﬁﬁw&

< Kl + K (1 - ) s 2 e+ o)

< 20D ZE ol + Lla + o (@]

Since 2'7P < 1, the desired conclusion follows. However, E, is a generalized
quasi-Banach space, it follows that the functions J,,(z) form a sequence which
converges to some function J(x) for all z in Ej.

Let us show now that J is a solution of Jensen functional equation (1.6).

Indeed,

e+ 9) + Jula + o(w) — 20,2,
= LY ¢ (g s Tl
4%Uﬁ“whﬂ;—wﬁ;fﬂﬂyﬁm

~2" () + (zin ~Vf (G + ;Eﬁ)}”Ez

G S YT
2K - ()+y+“”>

2n+1 2n+1

+f<$;i§> L) 2frr + 2D

a:—i-y

IN

2" K| £(

< DKl + P + 55w + o (@) + oy lly + o ()IP)

Here 2'7P < 1, then by letting n — +oo, we get that J is a solution of
Jensen functional equation (1.6).

Assume now that there exist two functions J; : By — FEy (i = 1,2) that
are solutions of equation (1.6) with inequality (2.3). First, we will prove by
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mathematical induction that

x 1 x o(x) 1

i) + (G = Vilgars + gug1) = 5 hi@), (=12 (28)

)

From equation (1.6) it follows that if we replace z and y by 55 + %, we
get,
x o(xz), x o(x)

i(2n+1 2n+1) - z'(2n+2 - 2n+2)’

for all n € N. Hence we have for n =1

1z ox), =z 1 x o), 1
Jz( )_2Jz(4+ 4 )_Jl(2)_2JZ(2+ 2 )_2Jz(x)'
This proves (2.8) for n = 1. The inductive step must now be demonstrated to

hold true for the integer n + 1, that is,

Tge) + (e — Doy + )
L+ - + 2
-hh‘(%) - % 1(2%) - % i(gnxﬂ + ;r(bﬁ)
= ()] 40
= #Jl(m)

Therefore, the relation (2.8) is true for any naturel number n. Now, we are
able to prove the uniqueness of the mapping J. For all x € F1 and all n € N,
we have

[71(2) = J2(2) | &,

n x 1 x o(x)
= VA + (g~ Dl + 2 D))
x 1 x o(x)
()~ (g~ Dy + D),

IN

2K I(55) = £ e + 2K a(55) = (55,

x o(x) x o(x)

on+1 + 2n+1) o f(2n+1 + 2n+1)HE2

1
F2UK (1= )
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x o(x) x o(x)

1
+2"K(1 - 27)||‘]2(2n+1 + 2n+1) - f(2n+1 + 2n+1)||E2
4K20
< on(l-p) oP 4 1 P 2l
< sl Dllall + oz + o @)

Finally, by letting n — +o00, we obtain Ji(z) = Jo(x) for all z € E;. This
completes the proof of Theorem 2.1. O

In the following theorem, we shall prove a result about Hyers-Ulam stability
of equation (1.6) for the case p < 1.

Theorem 2.2. Let Ey be a normed space and Ea a generalized quasi-Banach
space. If a function f: Fw — FEs satisfies the inequality

1f(@+y)+ fle+a(y) —2f (@) <O(l” + [ly]”) (2.9)

forsome 8 >0, p <1 and for allx,y € E1. Then there exits a unique mapping
j: By — Es, that is a solution of the Jensen functional equation (1.6) such
that j(e) = f(e) and

[ () = (x) = fe)lle, < KO[l|l«]” +

s lle—o@IP), e By (2.10)

If p < 0, then inequality (2.9) holds for z,y # 0 and (2.10) for x # 0 and
x —o(x)#0.

Proof. Let f: Fy — FE5 satisfies the inequality (2.9). Then also f — f(e)
satisfies (2.9). Without loss of generality, we assume that f(e) = 0.
Letting y = —z in (2.9) yields

1
1f(z) = 5 f(@ = o(@))llE, < Oll=]l”. (2.11)
Now, by replacing z and y by 2" 'z — 2" "5 (z) in (2.9), we get
If (2" —2 0 (2) =2 (2" 2= 2" o(x)) | B, < 2020 Pz —o(x))[P. (2.12)

By applying the inductive argument, we obtain

1 _ e
I1F (@) = o F(2" tr — 2" (2)) | B (2.13)
< KO|z|]P + Kg”::: —o(x))|P[1 + 2P~ 42201 4 2(n=2)(—1)

For n+1, we have
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17@) ~ s f(20 — 20 (@),

= (@) — 5 f2 e~ 2o (a)))

1
g (272 = 2 o)) — (2" — 20 (@) |
= @) - o 27— 27 20(2))}

2n
o 27— 2 o) — [~ 2o ()

1
+W{2f(2n_l$ —2"lo(2)) - f(2"z — 2"0(2))} |

= @) ~ 5f@ — o)} + 5 {27(x — 0(x)) ~ f(2x — 20(x)))
o 2f @ = 20 () — F e~ 2o ()

1
+W{2f(2”_1$ — 2" (x)) — f(2"z — 2"0(2))} |k,

20 9(n—1)p
< K] + S llz — o (@) + - + 5202 — o (2)][7]
= KOl + " e~ o)) [+ 207D 4 20D

Which proves the validity of inequality (2.13).
Put forn e N, (n > 1)

in(@) = 2in F@ e = lo(z)), x € By (2.14)

From (2.12) we have for n € N and x € E;

ldn+1(2) = jn (@) £,

1 1
= g f2' — 20(@) — 5 F@ e~ 2 o)),
= @~ (@) — 2 (2w~ 2o (@)) |,
0
< 20D o~ o)

Since 2P~1 < 1, hence {j,(2)}nen is a Cauchy sequence for every x € FEj.
However, Fj is a generalized quasi-Banach space. Therefore, define j(x) =
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limy,— 4 o0 jn(x) for any = € E;. Now, we can verify that j is a solution of the
Jensen functional equation (1.6). For all z,y € F;, we have

ljn(a +9) + n(e + 0(9)) — 2ine) I

= @ 2y - () — 2o (y))
4 2 o (y) — 27 Lo (z) — 27 1y)
22" e~ 2" o (@),

= Sl @ - @) + 2y o ()
FHE @ o (@) + 2 oy — 0(1)
242" (&~ o @)

< 22OV —o@)P + ly — o(w)IP).

Since 2P~ < 1, it follows that j is a solution of Jensen functional equation
(1.6). It remains to prove that there is only one solutions of Jensen functional
equation (1.6) which satisfies (2.10). For the contrary, suppose that there are
two such mappings, say j; and js such that ji(e) = ja(e) = 0. First, we can
verify by induction that

Ji@ e — 27 o (2)) = 27 (). (2.15)

For all x € E; and all n € N, we have

l71(2) = jo (@), = QinHjl(Tl*ll’ — 2" (2)) — j2(2" 'z — 2" o (2)) ||,

IA

(@ =2 o (a) — f(2 e~ 2o @),

+25n||j2(2"_1x — 2" (x)) — f(2" e = 2" o (2)) |k,

4K2%0

< onlp—1)_22> 7
= 9v(2 — 2v)

[z = o (@)[[".

If we let n — +o0, we get ji(x) = jo(x) for all x € Ej. This completes the
proof of Theorem 2.2. O

3. HYERS-ULAM STABILITY OF (1.7) WITH p <1 AND p > 1

In this section, we investigate the Hyers-Ulam stability for equation (1.7).
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Theorem 3.1. Let E1 be a normed space and Es a generalized quasi-Banach
space. If a function f: E1 — FEs satisfies the inequality

1f(z+y) = fle+a(y) = 2f W)l < 0"+ llyl") (3.1)

for some 8 >0, p > 1 and for all z,y € E1. Then there exits a unique mapping
S : Ex — Es, defined by

S(z) = lim Q”f( ) (3.2)

n—-4oo

that is a solution of the functional equation (1.7) such that

20 K2 || P+ K320
= o0 — 2(20 — 2)

1/ () = S(2)]e, < [z +o(@)f, =eE.  (3.3)

Proof Suppose that f satisfies inequality (3.1). Substituting x = 0 and y =
£+ a(‘r) n (3.1) we obtain

17+ 2 De, < e + o @) (3.4

By replacing z,y by § in (3.1) and applying the triangle inequality (1.5) we
get,

260K . 0K

I1f (2 )—2f( )z < [z + o ()" (3:5)

Now, we will show by induction on n that

29 - o
OKQ
+2p+1||3:—|—a( 2)|P[L+ 2P 4 - - 4 2= DD,

From (3.5) it follows that (3.6) is true for n = 1. Now, we will prove the
validity of the inequality (3.6) for n € N.
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I1f (2 )—-2”f( ) 5
= [Ilf(=) - 2"3ﬂ
= Ilf (@) — 2" 2f (o

7 D+ 2" () - 2G5 s

po)l ="
+2" () — 2/ (5 e

T T
= —92f(= Ty _9f(Z
I17(2) = 27 G)] +20(5) = 2(3)
n— T T n—
o 2 () — 2 ()] + 2
20K 0K 40K
p p p
el + 5l + o(@) P + -l
20K n_920K 1
22p+1“x+0(x)"p+"'+2 ? o 9(n— 9(n—2)p H H
0K 1 20K 1
n—2 n—1
op+1 9(n—2)p |z + o ()" + 2 20 o(n—1)p
no1 OK 1
op+1 9(n—1)p
29Aﬂ
- |z||P[L + 2577 + - - 4 2= D0-P)]
6K2
op+1

z
2n-

7))~ ﬂ e

IN

K]

+

(i

+2 |z + o (2)[["]

+ |z +o(a)|P[L+2"P + - + Q(n—l)(l—p)]_

This proves (3.6) for all n. Let us now define the sequence functions

Sp(x) = 2”f(2%), ze B, neN. (3.7)

We shall verify that {S,,(z)}nen is a Cauchy sequence for every = € Ej.
Indeed, in view of (3.5), we get for all natural number n that

|Snt1(2) = Sn(2)z = H2"+1f(2n+1) 2”f(jE)HE2

< “mK[IWW [z + o (2)[|7]-

op+1

Since 2! 7P < 1, we have proved our statement. However, Es is a generalized
quasi-Banach space, thus we can define S(z) = lim;,—, 4o Sy(x) for z € Ej.
The function S satisfies (1.7). Indeed, by using (3.7) and (3.1), we get
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It )~ ol o) - 25,0
= A+ - 1+ T o,
< 220Dl + |yl

Hence, from 2177 < 1, we get that S is a solution of equation (1.7).

Assume now that there exist two functions S; : By — FEs (i = 1,2) that
are solutions of (1.7) which satisfies the inequality (3.3). First, we will prove
by mathematical induction on n that

x 1
o) =

By letting x =y = o + 2(90) in (1.7), we get S;(5% + ”(x)) =0 for all n € N,
so for n =1, we have

Si( Si(). (3.8)

(@) = Ses s+ 2 s+ Lsiw
= 0—1—%5}(@
1
= §Sl(x)

This proves (3.8) for n = 1. The inductive step must now be demonstrated to
hold true for the integer n + 1, that is,

T o(z z 1 T
Siom) = SRS + S+ T () s
1
= 0+ 2n+15 i(x)
1

Which proves (3.8) for n+1. Now, we will prove the uniqueness of the mapping
S. For all x € E7 and all n € N, we have

1S1(2) = Sa@)le = 2"S1(5) = Sl

2"K|$1(55) = (5l + 2" KIS () = £,

3
< gn-p K0
< ST

IN

5 [4llz]l” + [lz + o (2)[|P].
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Finally, by letting n — 400, we obtain Si(z) = Sa(z) for all x € E;. This
completes the proof of Theorem 3.1. O

Theorem 3.2. Let Ey be a normed space and Es a generalized quasi-Banach
space. If a function f: E1 — FEs satisfies the inequality

1f(z+y) = fle+a(y) =2f W)l < 0"+ llyl") (3.9)

forsome 8 >0, p <1 and for allx,y € E1. Then there exits a unique mapping
h: Ey — Ea, that is a solution of equation (1.7) such that

2
1£(@) - hz) sy < 220

1
< e’ + Sle+ @I, v B (3.10)

Proof. If we replace x and y by = + o(x), we get
1f (@ +o(@))lle, < 0llz+o(@)]P. (3.11)
Substituting z = y = z in (3.9) and using the triangle inequality (1.5) we get
1£(2) ~ L F22) 1z, < KOlall + L1 + () P) (3.12)

Now, we shall verify that for every n € N, we have

1
If(z) = 55 F@"0)|m, < K20|P[L 42071 44 20D Y)] (3.13)

K20 - (n—1)(p-1)
+ 5 e+ o (@) P[4+ 20 o 2 D)

The inequality (3.12) means that (3.13) is satisfied for n = 1. Now we have
forn+1,
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17) ~ ger ),

() = o P + 5 [F@2") — (2

() — ger (@) + g L2 a)

gl @) = 27,

1) — 5 £(20)] + 5 (2a) — 5 f(4z)]
1

2
1 1 1

SF@ ) + o[ (2n) -

KIf() — 3 f(20) e, + 511 £22) — 3 F(4a)),

K 1 K
ot @) — @)l + 5
)

~—

]||E2

f(2"x)]

DO\PJ

+ot [f(2" tz) — 5

1

f(2") -
2
WOK ?WOK
H”+7H 17+

0K
}¥{6}(H$Hp'+ ‘5*”17+'0

4—"'+“§E:T*0}(H$Hp'+

P
+f9K||wH” o g Izt a(a;)HP}

2n—1

K20|z|P[1 + 2071 + ... 4 2~ 1)]

K?0
+=5— e+ o(@)|P[1 + p R

Which proves the inequality (3.13). Now, put for n € N

() = Q%f@”a;), z € B

From (3.12), we have for n € N and =z € E;

1
[Pnti(2) = hn(2)l|E, = IIQan( ") = 5 fQ2) e,

= @)~ L rE D),

1
< 2"PDOK (|2 + S|z + o ()P

|l + o (2)[[”

SF@ )|k,

57 @)l g,

(3.14)
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Since 27! < 1, hence {h,(7)}nen is a Cauchy sequence for every z € Ej.
However, E» is a complete space, define, therefore

h(z) = lir}ra hn(z), =€ Ej.

Now, we will show that h is a solution of equation (1.7). Let z, y be two
elements of E;. From (3.9) it follows that

1 (x4 y) = hn(x + 0 (y)) = 2hn ()| 2,
= 7@ 2 — f(2 4 20(y) 27 )
< 22®Vg[|l|P + [|y|?].
By letting n — 400, we get the desired result that
Wz +y) — h(z +o(y)) = 2h(y),
for all z,y € Ej.
Assume now that there exist two functions h; : By — Es (i = 1,2) that are

solutions of equation (1.7) with (3.10). First, we will prove by mathematical
induction

2"hi(x) = hi(2"x). (3.15)
By letting z = y = 2" 'z in (1.7), we get
hi(2"z) — hi(2" Lz 4+ 2" Lo () = 2R (27 L), (3.16)

because h;(2" 'z + 2" lo(x)) = 0. For n = 1, we have
h;i(2x) — hi(z + o(x)) = h;(2x) = 2h;(x).

By using (3.16) the inductive step hold true for the integer n + 1. Therefore,
the equality (3.15) is true for any naturel number n. Now, we able to prove
the uniqueness of the mapping h. For all x € F; and all n € N, we have

|ha () = ho()l|lE, = 2%Hh1(2"90)—h2(2"90)HE2

< K%[HW%) — f(2"2) |, + [ h2(2"2) — £(2"2)| ]
4K30
2—2p

If we let n — +o0, we get hi(x) = ha(z) for all x € Fy. This completes the
proof. O

<

1
2" jz]|” + 5[l + o ()17,
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4. HYERS-ULAM STABILITY OF EQUATION (1.6) AND (1.7) IN 3-BANACH
SPACES

Theorem 4.1. Let By be a normed space, Es a 3-Banach space and f: Fy —
E5 a mapping which satisfies the inequality

If(z+y) + flz+0(y) = 2f(@)lle, < Oz]” + [ly[”) (4.1)

forsome 8 >0, p>1and forallx,y € E1. Then there exits a unique mapping
J : By — Es, defined by

x
= lim 2"f(— 4.2
J(a) = Tm 2" f(]) (12)
that is a solution of the Jensen functional equation (1.6) such that
2K2P0 OK2P
1f(@) = J@)p, € ———Fllz|P + ———= =+ o@)[”  (4.3)
(Qﬁp _ Qﬁ)ﬁ z(gﬁp — Qﬂ)ﬁ
Proof. Replacing =0 and y = § + @ in (4.1), we find
x  o(x) 0
176G + Z5Dle, < gl + o@)P, (44)
By replacing z,y by  in (4.1) and using the triangle inequality (1.3) we get
T 2K0 Ko
7@ =20y < 0Nl + iy e +o@IP, (45)

for all x € Ey. Replacing x by 5% in (4.5) and multiply both sides of (4.5) to
2" we get
2 ()~ 2 f (e, < 20D Kol + 12T
2n ont+1/7152 = 2
for all z € F; and all nonnegative integers n. Using (4.6) and the inequality
(1.4), we have

] (4.6)

n—1
x x - [z + o(x)[|”
127 (o) = 2" (), < D 2 PPRPOP 2P + ) (47
k=m
for all z € F; and all nonnegative integers n and m with m < n. This show
that {2"f(57)} is a Cauchy sequence for all z € E;. Consequently, we can
define J : By — FE5 by
— T npe &
J() = Tm 2"f(20)
for all z € E;. Putting m = 0 in (4.7) and taking the limit as n — 400,
we obtain (4.3). Let us now show that J is a solution of Jensen functional
equation (1.6). Indeed,
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[Jne+9) + Jnle+ o) ~ 20(@) 1,
= A+ A+ T ap(D)
20D a] + 1]

IN

Here 2'=7 < 1, then by letting n — +o00, we get that J is a solution of
equation (1.6). The uniqueness of the mapping J can be proved by using
some computations similar to the ones of the proof of Theorem 2.1. This ends
the proof of Theorem 4.1. O

Theorem 4.2. Let E1 be a normed space, Eo a 3-Banach space and f: F1 —
Es a mapping which satisfies the inequality

1f(x+y)+ fl@+a(y) = 2f (@) <O(2l” + [ly]”) (4.8)

for some 0 > 0, p €]0,1] and for all x,y € E1. Then there exits a unique
mapping j : E1 — FEs, that is a solution of the Jensen functional equation
(1.6) such that

, 2K0 Ko
1f () =i @)le, < ——— 2" + ———<lle+o(@)[], =€ Er
(2%3 — Qﬂp)ﬁ 2(26 — 96p)B
(4.9)
Proof. Letting x =0 and y = = + o(z) in (4.8), we get
0
If(z +o(@))lle, < Sllz+o(@)]”- (4.10)

Replacing x and y by z in (4.8) and using the triangle inequality (1.3), we get
1 ., 0K ,
1f(z) = 5 £ (22)ll5, < KOl|z]|P + —=llz + o(2)])", (4.11)

for all z € Ey. If we replace x in (4.11) by 2"z and multiply both sides of

(4.11) to 5, then we have

f oM f 2n+1x _ HK
2 I, < s ol + K e+ o], (12

for all z € F; and all nonnegative integers n. Since Es is a $-Banach space,
we have

f@2hz)  f2"x) - _ 0K
1552 - B0, < Sk 290D Kool + 2 e+ o @)Y, (4.13)
for all z € E7 and all nonnegative integers n and m with m < n. Therefore we

conclude that the sequence {f (;:x)} is a Cauchy sequence in Ej for all z € E;.
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Since FEs is complete, so we can define j: £y — FE5 by

j(x)= lim f2"z)

n—s+oo 27

for all x € E;. Letting m = 0 and passing the limit n — 400 in (4.13), we
get (4.9). The rest of the proof can be derived by using some computations of
the proof of Theorem 2.1 and Theorem 4.1. O

Theorem 4.3. Let E| be a normed space, Eo a -Banach space and f: Fy —
Es a mapping which satisfies the inequality

1f(x+y)+ fl@+0a(y) = 2f (@), <O(2)” + [ly]”) (4.14)

for some 6 >0, p <0 and for all z,y € E1. Then there exils a unique mapping
h: E1 — Es, defined by

: _ 1 1 n—1 n—1
i) = T - 2o (x) (4.15)
that is a solution of the Jensen functional equation (1.6) such that
, |l + o ()17 1
7@~ i@l < ollal® + ST e m. (416)

Proof. Let f: E; — E, satisfies the inequality (4.14), then also f — f(e)
satisfies (4.14). Without loss of generality we assume that f(e) = 0. By
letting y = —z in (4.14), we obtain

1f () — %f(ﬂj — o ()|, < 0|’ (4.17)
Now, if we replace x and y in (4.14) by 2" 1z — 2"~ 15 (x), we get
If 2"z —2"0(x)) = 2f (2" 'w—2"""0(2))| B, < 2020 VP|z—o(a))|P. (4.18)
By applying the inductive argument, we obtain
I17(@) ~ @ — 2 o), (119)
= ()~ 2@~ o)} + g {2 — o(a)) — f(20 — 20(x))}
oot (22— 2 (@) — J@ e~ 2 @),
< @)~ 5@~ o), + ga5l20 (@ — 0(a)) — F(2r — 20() 3,

bt o 2F2 - 27 Re(@) - F@ e - 2o (@),

IN

B
0%z |[PP + g—ﬁHx — o(2)||PP[1 + 20¢-D 4 ... 4 2(n=2)B-1)]
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for all z € Ey. Put forn € N, (n > 1)
1

Julx) = 27f(2"*1x — 2" 5(x)), x€E. (4.20)
Using (4.18) we get
int1(@) = dn(@)3, =g f(2"2 — 2"0(x)) — 5 f(2" L2 — 2" Lo(2)||5,

<200 L lg— o(a) .

From 26~ < 1, we deduce that {j,(z)}nen is a Cauchy sequence for
every x € Fy. Since, Fs is a f-Banach space, we can define the following limit

jlx) = lim jn(z)

for any x € E; and we can easily verify that j is a solution of Jensen functional
equation (1.6). The rest of the proof is similar to the proof of Theorem 2.2.

The following results follows by using some ideas of the proof of Theorem
3.1 and Theorem 3.2. ]

Theorem 4.4. Let Eq be a normed space and Ey a (B-Banach space. If a
function f: E1 — Eo satisfies the inequality

1f(z+y) = flz+0o(y) = 2f(y)lz < O(]” + [lyl*) (4.21)

forsome 8 >0, p>1and forallx,y € E1. Then there exits a unique mapping
S : E1 — Es, defined by

x
= li 2" f(— 4.22
S() = lim /() (422)
that is a solution of the functional equation (1.7) such that
2K60 x+o(x)|P
1£(@) - S@)les < —0 g+ OO e g g
(2610 - 25) B

Theorem 4.5. Let E1 be a normed space and Es a (-Banach space. If a
function f: B — FEy satisfies the inequality

1f(@+y) = fle+0a(y) =2f W)l < 0"+ llyl") (4.24)

forsome 8 >0, p <1 and for all x,y € E1. Then there exits a unique mapping
g: By — Es, defined by

o(z) = lim —f(2") (4.25)

n—-+oo 2N
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that is a solution of Jensen functional equation (1.7) such that

[1]
2]

3]

2K0 p 1a: o(@)||?], =
||f(ﬂf)—9(w)HE2Sm[HxH tolleto@)f], =B (426)
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