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1. INTRODUCTION

Let H be a Hilbert space and f : H — (—o00, 0] be a proper and convex
function. One of the major problem for optimization is to find a point x € H
such that

f(x) = min f(y).
We denote the set of all minimizers of f on H by argmingcy f(y).

The proximal point algorithm (PPA) is an important tool in solving opti-
mization problem which was initiated by Martinet [10] in 1970. Later Rock-
afallar [14] studied the converging of PPA for finding a solution of the uncon-
strained convex minimization problem in H as follows:

Let f be a proper convex and lower semi-continuous function on H. The
PPA is defined by z1 € H and

rai1 = argmin £(5) + 53 lly — P},
yeH n

where A\, > 0 for all n € N. It was shown that if f has a minimizers and

Y omey Ap = 00, then the sequence {x,} converges weakly to a minimizers of

f. However, PPA does not necessarily converge strongly in general. Recently,

several authors proposed modification of Rockafellar’s PPA to have strong

convergence for example [7, 8.

In the recent years, the problem of finding a common element of the set of
solutions of various convex minimization problem and the set of fixed point for
multivalued mapping in the framework of Hilbert spaces has been intensely
studied by many authors, see for instance [3, 4, 9, 12].

In 2011, Phuengrattana and Suantai [13] introduced SP iteration as follows:

zn = (1 = yn)zn + Ty,
Yn = (1 - /Bn)zn + ﬁnTZna
Tn4+1 = (1 - an)yn + anTyn

where {a,, }, {8} and {v,} are sequences of positive numbers in [0,1].

In this paper, we present PPA-SP-iteration for three multivalued nonex-
pansive mappings. We prove strong and weak convergence theorems of the
proposed iteration process for proper convex and lower semi-continuous func-
tion and common fixed point of three multivalued nonexpansive mappings in
a Hilbert space under some standard conditions.

2. PRELIMINARIES

In this section, we collect some well-known concepts and relevant results
which will be used frequently.



Convergence theorems of proximal type algorithm for a convex function 3

Let H be a real Hilbert space with inner product and C' be a nonempty
subset of H. Let CB(C) and K(C) denote the families of nonempty closed
bounded subset and nonempty compact subset of C', respectively. The Pompeiu-
Hausdorff metric on CB(C) is defined by

H(A, B) = max{sup dist,eca(x, B),supdist,ep(y, A)}

for A, B € CB(C), where dist(z,C') = inf{||x — y|| : y € C}.

An element x € C is called a fixed point of a multivalued mapping 7" : C' —
CB(C) if x € Tx. The set of fixed point of T is denoted by F(T).

Recall that a multivalued mapping T': C' — C'B(C) is said to be nonexpan-
sive if

H(T, Ty) < |[|lz —yll

for all z,y € C.

Let f: H — (—00, 00| be a proper convex and lower semi-continuous func-
tion. For any A > 0, define the Moreau-Yosida resolvent of f in a real Hilbert
space H as follows:

g =axgmind £() + 55 lly — 2}
yeH
for all x € H. It was shown in [5] that the set of fixed point of the resolvent
associated with f coincides with the set of minimizers of f. Also, the resolvent
Jy of f is nonexpansive for all A > 0 (See [6]).
It is known in [11] that a Hilbert space H satisfies Opial’s condition that
is, for any sequence {z,} with z,, — z, the inequality

limsup ||z, — z|| < limsup ||z, — y||

hold for every y € H with y # x.

Lemma 2.1. ([6]) Let H be a real Hilbert space and f : H — (—o0, 0] be a
proper convex and lower semi-continuous function. Then, for each x € H and
A > p >0, the following resolvent identity holds:

A—p 7
I = JM< 3 Ix + Xm).
Lemma 2.2. ([1]) Let H be a real Hilbert space and f : H — (—o0, 0] be a
proper convex and lower semi-continuous function. Then, for all x,y € H and
A > 0, the following inequality holds:

1 1
Sxlle = ol o lle =l < () = F(na).

1
“MNIhax —yll? =
sl e =yl = o5

Lemma 2.3. ([2]) Let C be a nonempty closed convex subset of a real Hilbert
space H and T : C' — C' be a nonexpansive single valued mapping. If {xy} is
a sequence in C such that x, — x with x, — Tz, — 0, then © = Tx.
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Lemma 2.4. ([15]) Let C' be a nonempty closed convex subset of a real Hilbert
space H and T : C — K(C) be a multivalued nonexpansive mapping. If {xy}
1s a sequence in C such that x, — x and y, € Tx, with x, — y, — 0, then
reTx.

Lemma 2.5. Let H be a Hilbert space. Let R € [0,00) be such that

limsup ||z,|| < R, limsup ||yn|| < R and lim ||apz, + (1 — an)yn|| = R
n—00 n—00 n—o00
where ay, € [a,b], with 0 < a < b < 1. Then, we have li_>m ||z — yn|| = 0.
n—oo

3. MAIN RESULTS

Lemma 3.1. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let T1,T5, T35 : C — K(C) be multivalued nonexpansive mappings and
f:C — (—o00,00] be a proper, conver and lower semi-continuous function.
Suppose that

F = F(Ty) N F(Ty) N F(Ts) N arg minf(y)
yeH

is nonempty and p € F. For x1 € C, let the PPA-SP-iteration process {xy}
for multivalued mapping be defined by:

wn, = argmin[f (y) + 5[y — zal ],
yeH

Zn = (1 - Vn)wn + YnTn, Th € len, (31)
Yn = (1 - ﬁn)zn + Bndn,  Gn € Tozp,
Tp+1 = (1 - an)yn + anPn, Pn € T3Yn

where {an}, {Bn} and {1} are sequence in [0,1] such that 0 < a < ap, fn,Tn <
1 for alln € N and {\,} is a sequence such that A\, > X\ >0 for alln € N and
some X. Then, the following statements hold:

(1) limp—eo ||zn — p|| exist for allp € F,
(ii) limp—seo ||zn — wn|| =0,
(iii) limp o0 [|rn — wpl| = limp—o0 [|gn — 2nl| = limp—oc |[Pn — yn|| = 0.
Proof. Let p € F, Then, p = Tip = Top = Tsp and f(p) < f(y) for all y € C.
Hence, we have

1 ) 1
— lp — < ey —
f(p)+2)\nllp | _f(y)+2AnHy p|

for all y € C' and hence p = J ,(p) for each n € N.

(i) Note that wy, = Jy,z, and Jy, is nonexpansive map for each n € N. So
we have

[lwn = pll = [[Jx, (2n) = I, (D] < [l2n = pll. (3.2)
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Now, from (3.1), we have

llzn =2l < (1= )l[wn = pl| + nllpr — pl|
< (1 =n)llwn = pll + WmH(Trwn, Tip)
< (1= v)l[wn = pll + vnllwy — pl|
= |Jwy —pl|,
lyn =2l < (1= Bn)llzn = pll + B H(T2zn, Top)
< (1= Bn)llzn = pll + Bullzn — pl|
< lzn —pll
< lwn —pl|
and
|zns1 —pll < (1 —an)llyn — pll + anH(T3yn, Tsp)
< (1= an)llyn = pll + anllyn — pl|
= |lyn —pll
< |lzn —pll
< lwn —p|
< lzn = pll-
This gives lim,,_,~ ||z, — p|| exists. Let us assume lim,_,« ||z, — p|| = ¢
(ii) Next we show that lim,_, ||z, — wy|| = 0. By Lemma 2.2, we get
i lon = Bl = 5 llon =PI + 3l = wal P < £) = Flaw).

Since f(p) < f(wy) for each n € N, it follows that
|20 — wnl|? < |20 = plI* = [Jwn — pl*.
In order to show that lim,_, ||z, — wy|| = 0 it is sufficient to show that
lim ||w, —p|| =c.
n—oo
Now, from (3.5), we have
|zn1 = pl| < [lwn —pl|-

Hence, we get
¢ < liminf [|Jw, — p||,
n—oo

Also, from (3.2), we see that

lim sup ||wy, — p|| < c.
n—oo

(3.3)

(3.5)
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Therefore, we get

lim ||w, —pl|| = c.
n—oo
This gives
lim ||z, — wal|> < lim ||z, —p|[> = lim [jw, —p||?
n— 00 n— 00 n—00
= 0.
Hence limy, o0 ||z — wy|| = 0.
(iii) From (3.2), we have lim,_, ||wy, — p|| = c. It follows from (3.1), we
have
llrn = pll < H(Tiwn, Tip)
< lwn = pl|-

|
Hence limsup,, .. |7 — p|| < ¢. From (3.1)

Jim |z, —plf = T [[(1 = yp)wn + yarn —pl| = ¢
By using Lemma 2.5, lim,_, ||w, — || = 0.

Now from (3.2) and (3.3), we get

lim ||z, —p||=c
n—oo
and
llgn —pll < H(T22n,T2p)
< lzn —pll-

Hence limsup,,_, . ||gn — p|| < ¢
From (3.1), we have

lim ||yn _p|| = lim ||(1 - 6%)'211 +ﬁnQn _p” = C.
n—00 n—00

By using Lemma 2.5, we get lim,,_,oc ||gn — 2zn|| = 0.
From (3.2) and (3.4), we have

Jim |y, —pl| = ¢
and
||pn _p” < H(T:symT?)p)
< lyn — 1)

Hence limsup,,_, ||pn — p|| < c.
From (3.1), we obtain

lim ||zp41 —pl| = lim [|(1 = Bn)yn + Bupn — pl| = c.
n—oo n—oo
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By using Lemma 2.5, we obtain
lim ||pn — ynl| = 0.
n—oo

This completes the proof. O

Theorem 3.2. Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let Ty, T5,T5 : C — K(C) be three multivalued nonexpansive map-
pings and f : C — (—o0, 0] be a proper, convex and lower semi-continuous
function. Suppose that

F=F(T)NF(Ty) N F(T3) Nargminf(y)
yeH
is nonempty and p € F. For x1 € C, let the PPA-SP-iteration process {xy}

for multivalued mapping be defined by (3.1). Then the sequence {z,} converges
weakly to an element of F.

Proof. By using Lemma 2.1, we have

[ Iazn —znl] < ||Iazn — whl| + [|wn — 4]

= |[azn — wal| + [Jwn — 20|

An — A A
= Man = I3 (T Tt 5w ) | e —
Ap — A A
< _ A _
< lln = (T T g ) 1 e —
A A
< (1_E)Hxn_Jknan"‘Yonn_wnH+Hwn_33nH
A
< (1_)\7)”3571_1%”"')”5571_wnH

— 0 as n — co.

Since {x,} is bounded, there exists a subsequence {x,,} of {x,} such that
Tpn; — q € C. By using Lemma 3.1 (ii) implies that w,, — ¢ € C. This implies
by Lemma 2.4 that ¢ € F. Since J) is nonexpansive single valued mapping,
from Lemma 2.4, we get

F(Jy) = i .
q € F(Jy) arggggf(y)

Hence, we have ¢ € F. We will show that x,, — ¢. To show this, suppose not
so, there exist a subsequence z,; — ¢ € C and ¢ #* q. Again, as above, we

can conclude that ¢ € F. Since lim,_,o0 ||z, — p|| exist for all p € F, by the
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Opial’s condition, we have

A

lim sup llzn, — ql| lim sup ||Zn, — q/H
1— 00 1—00

= lim [[z, — ¢ ||
n—o0
= limsup [jz,; — ¢
]—>OO
< limsup [[zn; — ql|
j—o0
= lim [z, —q|
n—0o0
= limsup [[z,, — ql|-
1—00

This is a contradiction. Therefore, g = q/ and so {z,} converges weakly to an
element of F. O

If T'= 1Ty =15 = Tj, then corollary can be obtain directly from the above
theorem.

Corollary 3.3. Let C' be a nonempty closed convexr subset of a real Hilbert
space H. Let T : C — K(C) be a multivalued nonexpansive mapping and
f:C — (—o00,00] be a proper, convex and lower semi-continuous function.
Suppose that
F = F(T)Nargminf(y)
yeH

is nonempty and p € F. For x1 € C, let the PPA-SP-iteration process {xy}
for multivalued mapping be defined by:

wy, = argmin[f(y) + 5|1y — zall?],
yeH

Zn = (1 - ’Yn)wn + VYnTn, Th € Twy, (36)
Yn = (1 - Bn)zn + Bntn:  Gn € Tzp,
Tn+l = (1 - an)yn + nPns  Pn € Tyn

where {a}, {Bn} and {1} are sequence in [0, 1] such that 0 < a < oy, Bn, Yn <
1 for alln € N and {\,} is a sequence such that A\, > X\ >0 for alln € N and
some \. Then, the sequence {x,} converges weakly to an element of F.

Next, we will prove strong convergence theorem under some standard con-
ditions.

Theorem 3.4. Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let Ty, T>,T5 : C — K(C) be three multivalued nonexpansive map-
pings and f : C — (—o0,00] be a proper, convex and lower semi-continuous
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function. Suppose that

F = F(Ty) N F(Ty) N F(Ts) N arg minf(y)
yeH

is nonempty and p € F. For x1 € C, let the PPA-SP-iteration process {xy}
for multivalued mapping be defined by (3.1). Then the sequence {xy,} converges
strongly to an element of F if and only if liminf,, . dist(z,,F) = 0.

Proof. Suppose that {z,} converges strongly to p € F, then lim, , ||z, —
p|| = 0. Since 0 < dist(xy,, F) < ||z, — p||, it follows that

lim dist(x,,F) = 0.

n—oo

Therefore, the liminf,, ., dist(z,, F) = 0.
Conversely, suppose that lim inf,,_,~ dist(z,, F) = 0. We therefore have

lim dist(xy, F) = 0.

n—oo

Suppose that {z,, } is any arbitrary subsequence of {z,} and that {p;} is a
sequence in F such that ||z, — px|| < 5% for all n,k € N.
From (3.5), we have

1
HxnkJrl — el < ||$nk —pil| < %

Thus
1Prs1 = pill < k1 = T |+ T2y — il
< 1 1
= 9k+l1 t ok
1
< ST

This gives that {px} is a Cauchy sequence in C. Suppose that limy_,. pr = q.
Then,

ll¢ — Thq|| = lim dist(pg,T1q)
n—oo

IN

lim H(T1pk, Tiq)
n—oo

IN

lim ||p — ql|
n—oo
0.

This implies ||g — T1q|[ = 0.
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Similarly, we can conclude that ||¢ — T5¢|| = 0 and ||¢ — T3¢|| = 0.

And also
lg — Jxgll = lim |[|pr — Jxq||
k—oo
< lim || Japr — gl
k—oo
< lim |[|py — ||
k—oco
= 0.
Hence, ¢ € F and the sequence {x,} converges strongly to q. O
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