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Abstract. The main object of this present paper is to study some majorization problems
for certain classes of analytic functions defined by means of g—calculus operator associated

with exponential function.

1. INTRODUCTION

Let A be the class of functions of the form

f(z) :z+2anz" (1.1)
n=2
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which are analytic in the open unit disk U = {2z € C: |z| < 1}. For given
g(z) = z+ Y, byz" € A, the Hadamard product of f and g is defined by

n=2

(F*9)(2) =2+ > anbaz" = (g% )(2).
n=2

For two analytic functions f,g € A, we say that f is subordinate to g,
denoted by f < g, if there exists a Schwarz function w(z) which is analytic in
U with w(0) = 0 and |w(z)| < 1 for all z € U, such that f(z) = g(w(z)) for
z € U. Note that, if the function g is univalent in U, due to Miller and Mocanu
[6], we have

f(z) <g(z) <= f(0) = ¢(0) and f(U) C g(U).

If f and g are analytic functions in U, following MacGregor [5], we say that
f is majorized by g in U, that is f(z) < g(z) (z € U) if there exists a function
¢(z), analytic in U, such that

6(2)] <1 and f(z) = ¢(2)g(2) (2 €U).

It is of interest to note that the notion of majorization is closely related to the
concept of quasi-subordination between analytic functions.

Now we recall here the notion of g-operator that is, q-difference operator
that play vital role in the theory of hypergeometric series, quantum physics
and in the operator theory. The application of ¢-calculus was initiated by
Jackson [3], recently Kanas and R&ducanu [4] have used the fractional ¢-
calculus operators in investigations of certain classes of functions which are
analytic in U.

Let 0 < ¢ < 1. For any non-negative integer n, the g-integer number n is
defined by

1-— _
o= = =Ltato+d (0 =0 (1.2)
In general, we will denote
1—-4¢"
[x]q = 1— q
for a non-integer number x. Also the g-number shifted factorial is defined by
n]g! = [nlgln — 1]4...[2]4[1]4s [0]4! = 1. (1.3)
Clearly,
lim [n], =n and lim [n],! = nl.

q—1- q—1-
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For 0 < g < 1, the Jackson’s g-derivative operator (or g-difference operator)
of a function f € A given by (1.1) defined as follows [3]:

f(2) = flqz) for =40
D f() =4 -z , (1.4)
1(0) for z2=0

DVf(2) = f(2), and D' f(z) = Dg(DP1f(2)), m € N = {1,2,...}. From
(1.4), we have

2)=1+ Z[n]qanz”_l (z€ ), (1.5)

where [n], is given by (1.2).

For a function ¢ (z) = 2", we obtain

1—q" o
D(z) =Dg2" = q = [n]qz 1

and
lim Dg(z) = lim ([n]gz""') = 2"t =4/(2),

q—1- q—1-
where 1)’ is the ordinary derivative.

Let t € R and n € N. The g-generalized Pochhammer symbol is defined by
[t;n]q = [tlg[t + 1g[t + 2]g...[t + 1 — 1], (1.6)

and for ¢ > 0 the g-gamma function is defined by
Ly(t+1) = [t]gLg(2) and  Ty(1) =1 (1.7)

Using the g-difference operator, Kannas and Raducanu [4] defined the Rusche-
weyh g-differential operator as below: For f € A,

Rof(z) = f(2) % Fypra(z) (6> -1,z €), (1.8)
where
(n+9) 0+ 1;n— "
Fus(z _Z+Zn—1 N T +Z T o len (1.9)

Making use of (1.8) and (1.9), we have

—Z+Zn_1n+?+5) W (zeU).  (1.10)
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Ref(2) = f(2),
Ref(2) = 204f(2),
2D (2" (2))

RIf(2) = N (meN).
Also we have

Dy(RIf(2) =1+ i O, (q,8)anz""1, (1.11)
where "

On = On(q,0) = [7)g Tq(n +9) (1.12)

AT, (1+5)
It is easy to check that

DBy = (14 50) Rssae) - L) cewn ay

Making use of (1.8)-(1.13) and the properties of Hadamard product, we
obtain the following equality

2D (RAf(2)) = (1 + [2;1) ReTOf(z) — [2]5‘17%2]“(2:) (z € U). (1.14)

From (1.10), we note that

. . z . 5 . z

q1_1>I11f17 Fysia(z) = D ql_lglf Rof(2) = f(2) * A=y
Thus, when ¢ — 1~ we can say that Ruscheweyh g¢—differential operator
reduces to the differential operator defined by Ruscheweyh [9] and (1.14) gives
the well-known recurrent formula for Ruscheweyh differential operator.

Majorization problems for the class S* = §*(0) had been investigated by
MacGregor [5], further Altintas et al. [1] investigated a majorization prob-
lem for S(7y) the class of starlike functions of complex order v (y € C\ {0}),
and Goyal and Goswami [2] generalized these results for the class of analytic
functions involving fractional operator. Very lately, Tang and Deng [12] con-
sidered majorization properties for multivalent analytic functions related to
the Srivastava-Khairnar-More operator and exponential function.

In this paper, using Ruscheweyh g—differential operator defined by (1.10)
and motivated by recent works of [8], we define a new subclass of uniformly
starlike functions associated with g—calculus operator, which are subordinate
to exponential function, and investigate a majorization problem. Further we
point out some special cases of our result.
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Definition 1.1. A function f € A is said to be in the class RSg(ﬁ, e?), if and

only if

D,(RIF()
RYf(2)

where 6 > —1, >0 and z € U.

2Dq(Ryf(2))

RIfG)

] <€, (1.15)

For 8 = 0 we have RSg(ﬂ,eZ) = RSg(ez):
DR
Ry f(2)
where 6 > —1, >0 and z € U.
Further by taking ¢ — 1~ and = 0 we have RSg(ez) = S*(e?):
2f'(z) | .
<e
f(2)

(z € U).

2. A MAJORIZATION PROBLEM FOR THE CLASS ng(ﬁ,ez)

We state the following g—analogue of the result given by Nehari (cf. [7])
and Selvakumaran et al. [10].

Lemma 2.1. If the function ¢(z) is analytic and |p(z)| < 1 in U, then

_ 2)|2
9,6 < T (2.1)

Theorem 2.2. Let the function f € A and suppose that g € RSg(ﬁ,ez). If
Rgf(z) is majorized by Rgg in U, then
IR F() < IR g(2)] (2] <), (2.2)
where 1 = r1(6, B), is the smallest positive root of the equation
7’2q6@r_7’2{[5]11_([5]q+q5)ﬁ}_qaer—QT‘]a(1+ﬁ)+{[5]q_([5]q+q6)5} =0, (2.3)
where [6], > ([6]; + ¢°)B + ¢°e and B > 0.

Proof. Since g € 7382(,8, e?), we find from (1.15) that
DRI | #2u(Ris()
Ra9(2)

-1
Rog(2)

] = v, (2.4)
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where w(2) = c12 + c22? + 323 + -+ is analytic in U, with w(0) = 0 and
|lw(z)| < |z] for all z € U. Letting
__ D(Ri()
Rig(z)

in (2.4), we have

@ — Blw — 1] = e¥®?)
which implies
e(2) — g i
i
This is, from (2.4), we get

Z’Dq(Rgg(z)) _ ew(z) _ Be~i®

Rigx) ~ 1-feie (25)
Now, by applying the relation (1.14) in (2.5), we get
Ry 9(2)  [8g — () + a°)Be + g°c) 26)
Ry9(2) ([0]g + ") (1 = B e7%%) '
which yields that
) ([5]q + qd) (1 + 5) 5+1
R < 5, = o+ v e (50 9] @D

Since Rgf is majorized by Rgg(z) in U, we have
RIf(2) = 6(2)R3g(2).
By applying g—differentiation with respect to z, we get
2Dy (R f(2) = 2D4(6(2))Rog(2) + 26(2)Dg(Rog(2)) (2.8)

Noting the fact that Schwarz function ¢(z) satisfies the g—analogue of the
result given by Nehari (cf. [7]) proved in Lemma 2.1,

—16(2)]2
Dq0(2)| < 11_|¢(Z|2 (2.9)
and using (1.14), (2.7) and (2.9) in (2.8), we have
o Py 2 Py 1
R < (101 + (500 ) Gt g ) Rt

Setting |z| = r and |¢(z)| = p (0 < p < 1), the above inequality leads us to
the inequality

2 r 1
Ri e < (o (1=0) G =i, =) 500 @10
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That is,
o+1 6+1
R f(2)] < ©1(r, ) [RG9(2)]
where the function ©1(r, p) is given by

r(1-p»)’(1+ B)
(1 =72){[0]q — ([0]g + ¢°)B — ¢®e"}

O1(r,p) =p+

In order to determine the bound of ©1(r, p), we have to choose
r1 = max{r €[0,1):0:(r,p) <1, pel0,1]}
= max{r €[0,1): O2(r,p) >0, p € [0,1]},

where
O(r,p) = (1 = *){[0)g — (10 + ¢")B = ’¢"} = r(1 + p)g’ (1 + ).
Obviously, for p = 1, the function ©y(r, p) takes its minimum value, namely
min{Ox(r, p) : p € [0, 1]} = Oa(r, 1) = Os(r),
where
02(r) = (1 = r*){[8ly — ([6]g + ¢*)8 — ¢°e"} = 2r¢’ (1 + B).

Furthermore, if ©2(0) = [0], > ([6]; + ¢°)B + ¢° e and O2(1) = —2¢°(1 +
B) < 0, then there exists 71 such that O2(r) > 0 for all » € [0,r1], where
r1 = r1(9, B), the smallest positive root of the equation (2.3). This completes
the proof. O

Putting 8 = 0 and p = 1 in Theorem 2.2, we have the following corollary:

Corollary 2.3. Let the function f € A and suppose that g € ng(ez). If Rgf
is magjorized by R? g9 U, then

RYF(2)] < [REHg(2)], |2] <o, 2.11)
where ro = ro(9), is the smallest positive root of the equation

r2q’e” — 128, — ¢’e” — 2r¢® + ], = 0. (2.12)

For 5 =0, ¢ — 1~ and § = 0, Corollary 2.3 reduces to the following result:

Corollary 2.4. Let the function f € A be analytic and univalent in the open
unit disk U and suppose that g € S*(e*). If f is majorized by g in U, then

IF'(@I<1g'(2)] (|2] <73),

where r3 is the smallest positive root of r?e” — 2r —e" = 0.
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3. A MAJORIZATION PROBLEM FOR THE CLASS R(u, 7)

Due to Alitintas et al. [1], we recall the definition of the function class
R(p, T), the class of functions h of the form

o

h(z) =1-) cn2" (cn 2052 €D), (3.1)

n=1

which are analytic in U and satisfy the inequality
h(2) + pzh (2) = 1] <[7] (7 € C\{0};R(p) = 0).
Further we recall the following lemmas, which will be required in our inves-
tigation of the majorization problem for the class R(u, 7).

Lemma 3.1. ([1]) If the function h defined by (3.1) is in the class R(u, 1),
then

S I
. 3.2
z:: = 14+ R(p) (32)
Lemma 3.2. ([1]) If the function h defined by is in the class R(u, ), then
7] 7]
1- < |h <1+ ———-= . .
e R TES R R G R CE)

Theorem 3.3. Let the function f and g be analytic in U and suppose that the
function g is normalized and also satisfies the following inclusion property:

2D4(Rog(2))
(7229(3)> € R(u, 7).

If Rgf is magjorized by R a9 m U, then
R < IR g(2)] (2] < 7o), (3.4)
where 14 = r4(T, 1, 0) is the root of the cubic equation
¢’|71r® = {(a” = [8]¢) (1 + R(n)) — 2|r[}r?
— 21+ R(w) + ¢I7lr + (¢ = [8]g)[1 + R(w)] = 0 (3.5)
which lies in the interval (0,1) and (¢° — [6],)(1 + R(p)) >0

Proof. For an appropriately normalized analytic function g satisfying the in-
clusion property, we find from the assertion of Lemma 3.2 that

r (Jz|=r, 0<r<1) (3.6)

DR Ir]
Rig(2) T+ R(u)
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or, equivalently, that

1+ R(p) — |7]r)
+ R(w)) = ¢lr|r

(4 + [3)y)(
R3g(:)| < -

= (RG] (= 0<r<1).

(3.7)
Since

1) 1)
Rif(z) < Riglz) (z €U),
there exists an analytic function ¢ such that

Ryf(2) = (2)Rqg(2) and |¢(2)] < 1.
By applying g—differentiation with respect to z, we get

2D4(Ref(2) = 2D4(6(2))Rg(2) + ¢(2)2Dy(Ryg(2))- (3.8)

Thus in view of (3.7) and using (1.14), just as in the proof of Theorem 2.2, we
have

1—¢(2) [

Dq(0(2)] = —— Pk (z€U)

and

—|p(2)|? R(p)—|7|r)|z
DR ()] < (16(2)] + FEEIE - TR ) 19, (Rég(2),

|z| =7, 0 <r < 1. That is,
oy < (oo 2 Lo OGP (LR ~ iy
I (e v e e i)
< REg(2)
ARG ()] 3.9)

where |z| =7, 0 <7 < 1. We set |¢(z)| = p and the function A;(p,r) defined
by

L=p (ARG =7l

L=r2 (¢’ = [0l)(1 + R(w)) = ¢lrIr
In order to determine the bound of A(p, ), we have to choose

r1 = max{r€[0,1): Ai(p,r) <1, p€[0,1]}
= max{r € [0,1): A2(p,r) >0, p € [0,1]},

where, for 0 < p < 1.

Ao (r,p) = (1=1){(¢" = [8) (L + R(w) — & Irlr}=r(L+ p) (L + R(w) — |7]r).
Obviously, for p = 1, the function Aa(r, p) takes its minimum value, namely

min{Az(r, p) : p € [0,1]} = Aao(r, 1) = Aa(r),

Ai(p,m) =p+ (3.10)
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where
Ao(r) = (1 =r*){(¢’ = [81) (1 + R(w) — Clrlr} — 2r(1 +R(u) — |7r).

Furthermore, if A2(0) = (¢° — [8],)(1 4+ R(1)) > 0 and Aa(1) = —2(1 + R(u) —
|7]) < 0, then there exists ryq such that As(r) > 0 for all r € [0, 4], where
r4 = r4(T, p, 0), the smallest positive root of the equation (3.5) which completes
the proof of Theorem 3.3. 0

Remark 3.4. Specializing the parameters 0, in (1.15) one can define the
various other interesting subclasses of ng(ﬁ, e?), involving g—calculus oper-
ator and one can easily derive the result as in Theorem 2.2. Further as men-
tioned in[11] we can define new subclasses RSg(ﬁ, 1 +sinz), RSg(ﬁ,cos z),

and ng(ﬁ,z + V14 22), and investigate a majorization problem for these
classes.
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