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Abstract. Generalized pseudo-differential operators (PDO) involving fractional Fourier
transform associate with the symbol a(z, y) whose derivatives satisfy certain growth condition
is defined. The product of two generalized pseudo-differential operators is shown to be a

generalized pseudo-differential operator.

1. INTRODUCTION

If ¢ € L1(R) then the Fourier transform of a function is defined by
1 ,
= f = — Yy d 5 € R 1]-
50) = FONW) = = [ e otayis. y (1)

and if gg € L1(R) then the inverse Fourier transform is given by

o(x) = (F1()(x) = j% /R ¢ (y)dy, © € R. (1.2)

The one dimensional fractional Fourier transform ([5], [6]) with parameters
a, B of ¢(x) denoted by (Fu 5(¢))(t) = ¢a,p(t) is given by

(Fap(@)(t) = Gas(t) = /R Ko p(z,)6(2)de, (1.3)
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i(z%42) cot(a—B) (A —izt csc(a—B) _
where K, g(z,t) = Ca’lﬂe ixt ?f (a—p) # TT’
@m)aFee if (a-p)=73,
for n is an integer and
. a+8
_ . _ oy (et+B) ila—p)etB) _ 1 —icot(a — B)
Cop = (2misin(a — ) 2 < o .
It is inverted by
1 [
0@) = 5 [ Kap@D(Fas(@)(O0, (14)
T JR
where
Ko p(z,t) = C;ﬁe_i(xutz)COt(O‘_ﬁ)MB) + izt csc(a — ) (1.5)
and
Cl _ (27TZ Sin(a — ﬂ))aJrﬁ e—i(a—ﬁ)(a+ﬁ)
B sin(a — )
2m1)* B (sin(a — B))th o N
- & sir(l(a(—ﬁ) V™ (cos(a — 8) — isin(a — §))@+)

i) B (sin(a — B))2(@+5)
- (SZIn(zy — ﬁ()(si(n(a f)ﬁ)))oH»ﬁ (cos(a — ) — isin(a — 5))(6“4-5)

7)) (sin(a — (a+B)
L @m)sin(a = B ks

Sin(a — B)
)8 (sin(a — 2(a+B8)
= (2m) S(in(iy - /Bf)) (1 +icot(a — 5))a+5
sin(a — 2(a+8)
N : iin(aﬁ_))ﬁ) [27(1 + i cot(a — B))]aﬂi’ '

Definition 1.1. A tempered distribution ¢ € H*(R) (the Sobolev space),
s € R, if its fractional Fourier transform F, g¢ corresponding to a locally
integrable function (F, g(¢))(t) over R such that

5 N\ 1/2
16 lw= ([ o+ tp2rs@] @) <o o)
This space is complete with respect to the norm || ¢ || gs.

2. PROPERTIES OF FRACTIONAL FOURIER TRANSFORM

First we recall the definition of the Schwartz space S(R).
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Definition 2.1. The space S, the so called space of smooth functions of rapid
descent is defined as follows: ¢ is member of S if and only if it is complex
valued C*° function on R and for every choice of b and ¢ of non negative
integers, it satisfies

Tyc(¢) = sup | 2°D¢(x) |< oo. (2.1)
z€eR

Proposition 2.2. Let K, g(x,t) be the kernel of fractional Fourier transform
and A7, = (&L — iz cot(a — 5))T. Then

ALK, p(x,t) = (—itesc(a — B)) Ko (2, t),
for all r € Ny.

Proof.
i _ i i[(z2+t2) cos(af,é’)] @A) it csc(a—p)
dz [Ka,ﬁ(x’ y)] - Ca,ﬂd |:€
= Kap(z,t)i(zcot(a — B) — tescla — B)).
So that

dr

Continuing in this way, we get

(o5 —ivcotla = 5) Kus(o.t) = (citesela — 5) Koot

<d —ix cot(a — B)) Koz, t) = (—itesc(a — B))Kq p(x,t).

Proposition 2.3. For all ¢ € S(R), we have
[ Atk o@is = [ Kasle (8 o(a)de,
R R

for all v € Ny, where Al, = —(-4 + iz cot(a — B)).

Proof. First we prove

[ Akl o@ids = [ Kol O(B)0()ds,
R R

Using integration by parts, we have
d
/ (d — iz cot(a — B)) Ko p(x,t)o(z)dx
R

_ —/RKOh/g(x,t) <‘i + iz cot(a — ﬁ)) 6 (x)dz.

d
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Therefore,

[ AcKaslatip)in = [ Koo, (8)6()ds.
R R

In general, we have

/ AT Ky 5, 1) ) d = / Ko p(z, ) (ALY ().
R R

Il
Proposition 2.4. Let ¢ € S. Then
(Fa,s(A2)"¢(2)) (t) = (=it esc(a, B))" (Fa,pé(x)) (t)
for all r € Np.
Proof. By using Proposition 2.2 and Proposition 2.3, we have
(Fas(A00(0)) (0 = [ Koo (AL (0o
— [ ALK (o 00(0)ds
R
— (itese(a = A)) [ Koo )0(a)do
R
= (=it ese(a, B))" (Fa,p0(x)) (1).
O

3. PRODUCT OF TWO GENERALIZED PSEUDO DIFFERENTIAL OPERATORS

Sobolev space H*(R) is defined by (1.6). The variant of this, denoted by
H?*(R x R), where s € R defined by [2] as follows:

A tempered distribution ¢ € S'(R?) is said to belong to H*(R x R), if
(Fa59) (t,n) is locally integrable on R? and

s/2
n a,f » 7 .
(L +1¢*) (1 + )] 1% (Fapd) (t,m) € L*(R?)
A norm in this space is defined as
1/2
16 D= ([ [ 10+ Y7204 1007 (Fo) e Pt
<oo, ¢eS(RxR). (3.1)

Definition 3.1. The function a(z,y) : C°(R x R) — C belongs to the class
S™ if and only if for all ¢,v,b € Ny, there exist Dy, , > 0 such that

(1+ |z Dz Dya(z, )| < Dpum(l+[y)™ " (3.2)
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Lemma 3.2. For any symbol a € S™,m € R and ! > 1 € N, there exists a
positive constant Cy, such that

|(Faa) (t:m)] < Crn(L+ )™ (1 + 2 esc?(a = )72, (3.3)
Proof. We know that
(Fupa) (t,n) = Ca,ﬁ/ e(z’(ac2+t2)cot(a_g))(cuw)_mcsc(ou—ﬁ)a(:):7 n)dz.
R
So that
(1 +itcsc(a — B)) (Fapa)(t,n) = / Koz, t)(1 - Al)a(z,n)dr  (3.4)

R
for all n,t € R,l > 1 € N. Now

l
(- e = X () ) CUraLyatn

:
r= k=0
l I r k
= > (1)U XS duatDlatan),
r=0 k=011=0

where P(x,k) is a polynomial of maximum degree r. Using (3.2) in above
equation, we have

l

r k
(- afaten| <30 () ) X D1+ "1+ o) (35)

r=0 k=01;=0

Therefore by (3.4) and (3.5), we get

(1 + itesea — B | (Faus) (t1)
l r k
< Coal (1) 3 et ™ [ 1+ ol
r=0 k=01, =0 R

Since integral is convergent for large value of [, there exists a constant C), > 0
depending on [, o, 8, k, 7, m such that

|(Faa) (t:m)| < Con(L+ )™ (1 + % esc?(a — )72,
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A linear partial differential operator A(xz, Al)) on R is given by
(x, AL) Z ar(zx (3.6)

where the coefficient a,(x) are functions defined on R and A! = —(di +
iz cot(a — 3)). If we replace (A))" in (3.6) by monomial (—itcsc(a — 3))" in
R, then we obtain the so called symbol

Z ar(x)(—itesc(a — B))". (3.7)

In order to get another representation of the operator A(z,Al), let ¢ €
S(R), by (1.3), (1.4) and Proposition 2.4, we have

(A(z, AL)9)(x) = Zar FopFa,6(AL) 6(z)

= Z ar(a:)}";,é(—it csc(a — B))" (Fapd(x)) (1)
=0
- o~ [ R DA 1) (Fop0) ()

where K, g(x,t) is defined by (1.5). If we replace the symbol A(x,t) by more
general symbol a(x, t) which is no longer polynomial in ¢, we get the generalized
pseudo-differential operator A, g defined below.

Definition 3.3. Let a(z,y) be a complex valued function belonging to the
space C*(R x R), and its derivatives satisfy certain growth conditions (3.2).
Then the generalized pseudo-differential operator A, , s associated with the
symbol a(z,y) is defined by

(Auos®) = 5o [ Kaplomalen) (Fasd) Oy (33)
where (F, 3¢) (y) is defined in (1.3).

For pseudo-differential operator involving Fourier transform, we may refer
to [3, 4].

Theorem 3.4. For any symbol a(x,y) € S™, the associated operator
(Ag,a,50) () can be represented by

Cl i (a+8)
(Apapsd)(@) = |22 / / <e[i(w2+t2+y2+n2>cot(a5)] )
Y 27 R JR

X' T (F, ga) (t,1) (Fa,50) (n)dtds, (8.9)
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where ¢ € S(R).
Proof. Proof can be completed by making use of (1.3) and (1.4) in (3.8). O

Corollary 3.5. For any symbol a € S™ and ¢ € S(R),

Fa,8[Aaa,s9 (1) = (Fa,pa) (1) (Fa,0) (0), (3.10)

where the fractional Fourier transform is taken with respect to all the variables
x and y.

Definition 3.6. Let o(z,t) € S™ and 7(y,t) € S™2. Then the product of
two generalized pseudo-differential operators B; , g and A, , g associated with
symbol 7(y,t) and o(x,t) respectively is defined by

1 -
(Bra,640,0,89) (T,y) = %/RKoc,B(ant)T(l/at)fa,ﬁ [As 6] (t,y)dt, (3.11)

if the integral is convergent.

Theorem 3.7. Let o(x,t) € S™ and 7(y,t) € S™2. Then the product of two
pseudo-differential operators B, o g and A, o 3 15 again a generalized pseudo-
differential operator whose symbol is in S™ T2,

Proof. Let ¢ € S(R). Then from the Definition 3.6 and (3.10), we have

(BT,a,BAU,a,B¢) ($, y)

1

= 5 [ Far@ 0 Fapo) .0 Fag)(Ot. (312

This shows that 7(y,t)(Fa,s0)(y,t) is symbol of the product B, 4 34443
Now, we have to show that this symbol is in S™1 72,
For a1,b; € Ny, we have

|(Dy)™ (Do) 7(y, £)(Fa,50) (y, 1)

<3 (@) S (1) o

ba=0
X |(Dy)? (D4)*(Fa,p0) (y: 1)]- (3.13)

Now,
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(Dy)*2(D1)" (Fa,50) (y: )
— Ca,ﬁ/ DZQ e[i(x2+y2)cot(a—ﬁ)](a+ﬁ)—i:€ycSC(0¢_6)) DSQU(yat)dl‘

=C ,ﬁ/ Z ( )Daz as (e[i(gc2+y2)cot(afﬂ)](aﬁg))

x Dy? (e_mycsc(o‘_ )) DfQU(y,t)d:E

= Ca,g/ i < ZE >e[i($2+y2)cot(a—,8)](a+5)

a3=0
X Pa2—a3(yv (Z COt(a - 6))(@ + ﬂ))
x (—iz csc(a — B))Be @ osa=bB pbag(y 1)dy

=Cap Y ( Zz ) > ascot(a — B)y*(—icsc(a — B))*
a3—0 s=0

« / e[z‘($2.;.y2)cot(a—ﬁ)](oz—i—ﬁ)—iwycsc(a—ﬁ)exagl)i)zo,(y7 t)dl‘.
R

Thus,
|(Dy)*2 (D) (Fa,50) (y, )|

as—as
<]Ca5]2 ) Z las cot(a — B)|

a3=0

% yl*| cse(ar — B[ / 29| D20 (y, )| dx
R

a2 az—as
a
<1Casl 3 () X lawcot(a - p)
s=0

a3=0

X (1+ y])° | escla — B)[7 /R (1+ |2) Do (y, 1) da

a2 az—ag
a
< Dpym|Capl Z ( Cbz ) Z |as cot(a — B)|
s=0

a3=0
(14 s~ A1+ ™~ [ 1+ ol

The z-integral being convergent for g > as + 1, therefore
|(Dy)*2 (D) (Fa,p0) (y: )| < L(L+[y])>(1 + [t))™ "=, (3.14)

where L is a positive constant depending on o — (3, as, as, , s, b2, m and q.
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By (3.13), (3.14) and (3.2), we have

|(Dy)*2(D4)* (Fa,50) (y. t)|

al bl
a b )
=t Z < a; > Z ( b; >Ca1_a27b1—b2,m2,s(1+ |t|)m1+m2 b
2 ba=0
< Ly(1 4 [t))mtme=br

where L is a positive constant depending on a1, as, b1, ba, mo, s and L. There-
fore the symbol of the product B 4 gAsqap is in S™1T72, O

Theorem 3.8. Let o(z,t) € S™ and 7(y,t) € S™2. Then for certain Cy >
0,m1,mg € R+,

I (BT,a,BAU,a,ﬁ¢)($vy) ||§{S ]RXR)— Cil o ||Ha+m1+m2(R)v
for all ¢ € S(R).

Proof. From Definition 3.6 and (3.12), it follows that (B; 4 gAs.a,8¢)(z,y) has
the fractional Fourier transform equal to 7(y,t)(Fa,50)(y,t). Therefore,

I (Br.a,pAs.0,890) (@ y) |77 xz)
=I1 (L + 7)1+ 1y1*)** Fa s (Bra,s Aoas) () 72 @xr)

//| 1 [H2)°/2(1 + [y2)*/ 2 (3, 1)

(Fa,80) (4, ) (Fa,50) (1) *dyd.
Since from (3.2)
(5, )] < Cony (1 [8)™2 (1 + [yf*) ™,
and from (3.3)
|(Fa50) (4, )] < Crny (L4 [#)™ (1 + ¢ esc?(a — 5)) 2.
We know that

m 2M2(1 4 |t it m >0,
(L [e)™ < { (1+[tH)™?2 if m<o.

Therefore,

(L+[¢)™ < max(L,272) (1 + [¢2)™/? = Co (1 + 1),
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where C,,, = max(1,2™/?). Thus
2
| (Br.a,840,0,60)(,y) HHS(RXR)

< C Com, /R (1+ lyP) (1 + 5 esc(a — B))dy

s+mq+mo

x / (C2(1 4 t2) 5 (Fa o) ()t
R

Now we have to show that the first integral is convergent. Consider

/ (14 191221 + P esc®(a — B))dy
R

- / (14 22 (1 + o esc?(a — B))dy
ly|<1

+ / (14 91221 + o esc®(a — B))~dy
ly|>1

:Il +I27

where I; and I> denotes first and second integrals respectively. Since Iy is
bounded, we have to show the convergent for I5.

IL— / (1+ 221+ g esc(a — B)dy.
ly[>1
If s — 21 > 0, then

< [ 2y sina - )+ 4?)escla — )Py
ly|>1
< [ ey ese(a — 5) 2y
ly|>1

_ 28_2l(CSC(Oé _ B))—Ql/ |y\25—ﬁldy

ly|>1

< o0.
: : : 142
The y-integral is convergent by choosing [ > ==*.

Now, for s — 2l < 0, let s — 2] = —p,
s 2l
IQS/ e
wi>1 (1 [y[?)P(sin®(a — B) + y?)

1
< Y
/y|>1 lyl*Py?

S/ ) gy < oo
ly[>1

dy
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The above integral is convergent by choosing 2p + 2] > 1. Therefore,
H(BntAmaﬁ¢)@%y)H%waR

s+mq+mo

< /R 1+ [12) 252 (Fo po) ()2t

<O H ¢ ||%{S+m1+m2(R)’

where (1 is a positive constant. This completes the proof. O
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