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Abstract. In this paper , the author has studied the Alexandrov problem of area preserving
mappings in linear n-normed spaces and has provided some remarks for the generalization of
earlier results of H.Y. Chu, C.G. Park and W.G. Park. In addition the author has introduced
the concept of linear (n,p)-normed spaces and for such spaces she has solved the Alexandrov

problem .

1. INTRODUCTION

Let (X,dx) and (Y,dy) be metric spaces. A mapping f: X — Y is called
an isometry if f satisfies dy (f(x), f(y)) = dx(z,y) for all z,y € X. For some
fixed number r > 0 suppose that f preserves distance r i.e., for all z,y € X
with dx (x,y) = r, we have dy (f(z), f(y)) = r. Then r is called a conservative
distance for the mapping f.

In 1970, A.D. Alexandrov [1] raised the well-known problem :“Whether or
not a mapping with distance one preserving property is an isometry ?” Some
results about this problem can be seen in [3], [4], [5], [6] [8], [9], [10], [11]
and [12]. When X and Y are normed spaces, we may assume without loss of
generality that the number r =1 (see [7]).

In [2] H.Y. Chu, C.G. Park and W.G. Park introduced some new concepts
provided a proof of the Th.M. Rassias and P. Semrl’s theorem for linear n-
normed spaces.
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Definition 1.1. [2] Let X be a real linear space with dimX > n and a function
Iy ooy o|l + X™ — R satisfies :

(1) ||z1, ..., zn]| = 0 if and only if x1, ...,z are linearly dependent,

(2) lz1, s znll = |2y, ooy 25, || for every permutation ji, ..., jn of (1,...,n),
(3) Hamlw'wxnn = |O£H|331,...,33n||,

4) |z 4+ y,x2, ooy x| < |z, 22, ooy 20| + |y, X2, oy 20|| for @ € R and

T, Y, X2, ..., Ty € X.
Then the function ||, ...,-|| is called the n-norm on X and (X,||-, ..., ||) is called
the linear n-normed space.

Definition 1.2. [2] Let X and Y be real linear n-normed spaces and f : X —
Y a mapping, and xg,x1,...,2, € X. We call that f satisfies the n-distance
one preserving property (nDOPP) if ||x1 — xo, ..., xn — xo|| = 1 implies

1f (@) = f(0), s f@n) = f(@o)|| = 1.
f is said to be a n-isometry if
Hf(w) - f(x())a 7f<‘rn) - f(xO)H - ”$1 — X0y s T — .’E(]H
f is said to be a n-Lipschitz mapping if there is a k > 0 such that
1f(@1) = fzo), - f(@n) — f(o)|| < Kllzr — @0, ... 2 — 2o-

The smallest such k is called the n-Lipschitz constant.

Theorem 1.3. [2] Let f be a n-Lipschitz mapping with the n-Lipschitz con-
stant k < 1. Assume that if xg, 1, ..., Tm are m-collinear, then f(xo), f(x1),...,
f(zyn) are m-collinear, m = 2,....,n, and that f satisfies (nDOPP). Then f
18 a n-isometry .

The aim of this paper is to provide some remarks on the Alexandrov problem
in linear n-normed spaces for the generalization of earlier results in [2]. In
addition the author introduces the concept of linear (n,p)-normed spaces and
for such spaces solves the corresponding Alexandrov problem .

2. NOTES ON THE ALEXANDROV PROBLEM IN LINEAR N-NORMED SPACES

Definition 2.1. We call a mapping f : X — Y 1is locally n-Lipschitz mapping
if there is a k > 0 such that

||f(CL'1) - f(xO)a [RXX) f(xn) - f(xO)H < kH‘rl — X0y -y Tp — xOHa
whenever ||z1 — g, ..., Tn — xol| < 1.
We only consider in this paper the n-Lipschitz constant & < 1.

Lemma 2.2. If a mapping f : X — Y is locally n-Lipschitz, then f is a
n-Lipschitz mapping.
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Proof. We may assume that ||z1 — xo, ..., x, —zo|| > 1, then there is an ng € N
such that ng —1 < |ly — 2,z — zf| < no. Let w; = o + ;- (21 — 20) where
i=0,1,...,n9. Then

|lwi — wi—1, 22 — wi—1, ..., xp —wi—1|| = ||w; —wi—1,x2 — 0, ..., Ty, — To|
lx1 — o, ..., xn — 0|

no
< 1
and
[ f(wi) = f(wi-1), f(x2) = f(@0), e f(2n) — f(20)|
= |[f(wi) = f(wi-1), f(x2) = f(wi-1), s f(zn) — flwiz1)]|
< lwi — wi—1, T2 — Wi—1, ooy Ty — Wi ||
_ lx1 — 2o, ..oy Tn — 0|
no '
Hence
1 f(x1) = f(@0), f(z2) — f(20), ey [(2n) — f(20)]
= D (flwi) = F(wiz1)), f(x2) = f(@0),-os f2n) — f(0)]]
=1
< D O (wi) = f(wimn), f(w2) = f(@o), -oos @) = f(z0)]
=1
<

no
Z |1 — 2oy ey Ty — |
- no

=1

= Hl’l — L0y eeey Ly — :L‘()H

g

Remark 1. Assume that f is locally n-Lipschitz and xq,x1,..., T, are n-
collinear. Then f(xo), f(x1), ..., f(xn) are n-collinear. Indeed, x¢,x1,..., Ty
are n-collinear if and only if ||x; — xq, ..., x, — x¢|| = 0. Since

| f(z1) = f(20), ..., fzn) = f(zo)|| < [l21 — 20, -0 20 — 20,
we have
| f(x1) = f(20), ..t, f(wn) — f(20)]| = 0,

it follows that || f(z1) — f(z0), ..., f(xn) — f(z0)|| are n-collinear.
So the Theorem 1.3 in [2] can be simplified as follows:
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Theorem 2.3. Let f be a n-Lipschitz mapping which satisfies (nDOPP).
And assume that if xo,x1 and xo are collinear then f(xg), f(x1) and f(x2) are
collinear. Then f is a n-isometry.

In [2], a condition (*) was defined as follows : for every zg, z1,...,x, € X
with ||x1 — zg, 2 — g, ..., Tn, — Tg|| # O there exists a w € X such that
lzo —w, 21 —w,.cyxp_1 —w| =1
and
|z1 — w, 29 —w, ...,z — w| = 1.

The condition (*) is a necessity in the proof of the results in [2]. In fact,
through the following lemma we can see that the condition can be led out
from the proof.

Lemma 2.4. Assume that if x,y and z are collinear then f(x), f(y) and f(z)
are collinear and that f satisfies (nDOPP). Then f preserving the area % for
each k € N.
Proof. Let ||lz1 — 20, ..., xn — 20| = + and

w; = x1 +i(x] — x0),v; = x + i(x2 — x0) (1 = 0,1, ...k).

Then, it is easy to see that xg,u; and u;—; are collinear, so f(x¢), f(u;) and
f(u;—1) are collinear by assumption. Then for ¢ = 1, ..., k, we have

||Uz = Ui—1, Vg — Uj—1, L3 — Uj—15 -3 Tp — Ui71||
H’U,Z —Uj—1,V — L0, L3 — Ly +eey Ty — x()H
=1
and
[ f(ui) = f(ui=1), f(vk) = fluiz1)s s f(@n) — fuiz1)|]
= |[[f(ui) = f(ui-1), f(vr) = f(0)s e f(2n) — f(20)]|
= 1.
It follows that f(u;) — f(ui—1) = f(ui+1) — f(u;). Note that
f(xo) = f(z0) +0- (f(21) — f(20))

and
f(z1) = f(zo) +1- (f(21) — f(20)).
Therefore
f(uz) = f(x) +- (f(xl) - f(‘rO))(Z = 07 1’ 7k)

Similarly, we have

fui) = fzo) +i- (f(z2) — f(20))(i = 0,1,.... k).
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Since ||ug — x, v — z|| = k, we get
ko= |f(ue) = f(zo), f(vk) = f(@0), .., f@n) — flzo)]]
= [[k(f(z1) = f(@)), k(f(z2) = f(20)), s fzn) — f(z0)
= K(|f(21) = f(zo), f(@2) = F(x0)s s flan) = f ()]
Thus || f(z1) — f(zo), f(x2) — f(20), ..., f(zn) — f(@0)|| = - -

By the same argument as in the proof of Theorem 2.12 in [2], we get the
following lemma.

Lemma 2.5. Assume that if xo, x1, ..., T, are m-collinear then f(xg), f(z1),...,
f(zn) are m-collinear (m=2,...,n ), and that if y1 — y2 = a(ys — y2) for some

a € (0,1] then f(y1) — f(y2) = B(f(ys) — f(y2)). If f satisfies (nDOPP) then
f is a n-Lipschitz mapping.

A direct application of Theorem 2.3 and Lemma 2.5 yields the following
result.

Theorem 2.6. Let f be a mapping satisfies (nDOPP). And assume that if
XQy X1, -y Ty are m-collinear then f(xg), f(x1),...,f(xn) are m-collinear, and

that if y1 —y2 = a(ys — y2) for some o € (0,1] then f(y1) — f(y2) = B(f(y3) —
f(y2)). Then f is a n-isometry.

Lemma 2.7. If there exist p > O, N > 1 with p € R, N € N and a mapping
f: X =Y satisfies the following conditions:

(1) if ||z1 — o, x2 — X0, -.., T — X0 || = p, then
1f (@1) = f(@0), -, flan) = flzo)ll < p,
(2) if ||z1 — o, ®2 — 0y ...y Ty, — X0|| = Np, then
[f(@1) = f(z0), ., f(@n) — f(20)]| = Np,
then f satisfies the n-distance p preserving property.

Proof. Let ||x1 — xo, 2 — Tg, ..., Ty, — o|| = p, and w; = xo + i(x1 — x) where
i =20,1,..., N. Then we obtain

||’U)N — XLy X2 — XQy eery Ly — CC()H = Np7
Hwi —Wi—1,T2 — Wi—1,---3Tn — wz’—l”

||w’b — Wi—1,T2 — X0y +++y Tn — $OH

= P
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and

[f(wi) = f(wi-1), f(x2) = f(x0), s f(20) — f(0)]]

[ f(wi) = flwi-1), f(z2) = f(wi-1), ., f(2n) = flwi-1)]
p.

IN

Hence

Np < |Iftwn) — f(xo), f(@2) — F(20), - F@n) — fl@o)]|
N
< Y Nf(wn,) = Flwn,_,), fl@z) = F(@0), o f@n) = f(20)]
=1

< Np.
It follows that

1f(21) = f(x0), f(22) — f(20), . f(zn) — f(x0)]
= |[f(ws) = f(wiz1), f(z2) = f(20), ., f(@n) — f(20)||
—
O

Theorem 2.8. Let X,Y be linear n—normed spaces. Let f : X — Y be a
mapping. And assume that if x,y and z are collinear, then f(z), f(y) and
f(2) are collinear, and there exist p € R with p >0, and N € N with N > 1
f satisfies the following conditions:

(1) if ||z1 — o, ®2 — 0y ...y Ty, — X0 || = p, then

Hf(x1> - f(x0)7 7f(xn) - f(xO)H <p,

(2) if |1 — 0,22 — X0y ..., Ty — x0|| = Np, then

Il f(x1) = f(wo), ..., f(zn) — f(z0)|| = Np.

Then f is a n-isometry.

Proof. 1t is easy to see that f is locally n-lipschitz and satisfies n-distance p
preserving property. Therefore f is a n-isometry by Theorem 2.3 [l

3. THE ALEXANDROV PROBLEM IN LINEAR (n,p)-NORMED SPACES

Definition 3.1. Let X be a real linear space with dimX > n and a function
Iy ooy ol + X™ — R satisfies:

(1) ||ty ..., znl| = 0 if and only if x1, ..., x, are linearly dependent ,

(2) lz1, s znll = |2y, -os 4, || for every permutation ji, ..., jn of (1,...,n),
(3) |lax1, ..oy zn|| = ||P||x1, ..oy 20| (0 < p < 1),

(4) H.%' ty, 2, >an < Hx>$27"'?$n” + Hyvx% '“7an7
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for a € R and z,y,x9,...,x, € X. Then, the function |-, ...,-|| is called the
(n,p)-norm on X, and (X,||-,...,-||) is called the linear (n,p)-normed space.
Definition 3.2. (X,||-,...,+||) is said to be a p-strictly convex linear (n,p)-
normed space if for any x,y,x2, ...ty € X, x; # ax+ Py, o, f ER, i =2,...,n,
1 1 1
lx+y,z2,....zn||P = ||x, 22, ... p||? + ||y, T2, ...zp|| P implies z = Ay for some
A> 0.
Lemma 3.3. If (X,||,...,"]|) is a p-strictly convez linear (n, p)-normed space,
then (X,||,...,+||? ) is a linear n-normed space.
1
Proof. Tt is easy to see that ||-,...,-||» satisfies the condition (1),(2) and (3)
1
in the definition of n-norm. We only need to prove that |-, ..., ||» satis-
fies the condition (4). First, we will show that for fixed z9,...,z, € X the
set Ox = {z € X : ||z,x2,...,2,| < 1} is convex, it is enough to show
that for any * # y € X,||z,x2,...,zn|| = 1,|ly,z2,...,zn]| = 1, we have

1Az + (1 — Ny, x2, ..., 2] <1, where 0 < A < 1.

(@D 1Az + (1= ANy, z2, ... n # 1.
Otherwise, we get

1
1 = |[Pz+(1—=Ny,z2,...,zp]|?

1 1

= | Az, za, ..., zp||? + (1 = Ny, z2, ...,z || 7.

It follows that x = y from the definition, which is a contradiction.
(IT) Tt is also impossible that |[Ax + (1 — A)y, 22, ..., x,|| > 1. Otherwise, let

w— Az +(1— Ny
||)‘:E + (1 - )‘)ya L2y -ey l‘nH

)

3=

= & Y1 = Y T

Az + (1 = Ny, z2, ..., zp]|? Az + (1 = Ny, z2, ..., zp |7
Then w = Ax1+(1=N)y1, |[w, T2, ..., n || = 1. Let ¢(t) = |[tx1+(1—t)y1||,t € R.
Then, ¢(t) is continuous on R and ¢(0), ¢(1) < 1. Letting t — 400 or t — —o0,
then from the theorem of middle value we can find ',y  and 0 < p < 1 such
that ||z, 2o, ...,znl| = 1,y 22, ., n|| = 1 and w = pz’ + (1 — )y’ which
contradicts with (I).

Since Ox is an open convex set, there exists a subadditive and positive
homogenous function p(z) : X — R such that Ox = {z € X : p(z) < 1} and

I

{re X |z,z9,...,zp|| <1} ={z € X : p(x) < 1}.
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Therefore
{r e X :|lz,z0,...,zp]| =1} ={z € X : p(z) =1}

For any = € X, we have

x
|[—————1, 72,z = 1.
|z, x2, .y zp || P
1 1

Hence we ahve p(z) = ||z, za, ..., z,||?. It follows that ||-,-||7 is a n-norm. [O
Theorem 3.4. (X,||-,...,+||) is a p-strictly convex linear (n,p)-normed space

1
if and only if (X,||-, ..., ||? ) is a strictly convex linear n-normed space.
Proof. 1t is clear by the Lemma and Definition above. O

Lemma 3.5. Let X,Y be linear (n,p)-normed spaces. And assume that if z,y
and z are collinear, then f(x), f(y) and f(z) are collinear and that f satisfies
(AOPP). Then f preserves the area 2", for each n € N.

Proof. The proof is carried out by induction on n.

For ||z1 — zg, ..., xn, — zo|| = 1 we have || f(x1) — f(z0), ..., f(xn) — f(z0)]| =1
from the assumption.
Assume that for |z, — zo, ..., zn, — 20| = 2*~VP, the conclusion

| f(z1) = f(x0), -, f(xn) — f(0)]| = o(n—1)p
is established. We will show that

|f(x1) — f(x0), ..., f(zn) — f(z0)| = 2"

holds for ||z1 — xg, ..., zn, — 20| = 2"P.

Let w = mfl Then it is easy to see xg,x; and w are collinear, which
implies f(xo), f(x1) and f(w) are collinear, that is f(w) — f(zo) = a(f(x1) —
f(w)). We also have

lw — xo, ..., 2n, — x0|| = 2(”_1)p,

21 — w, 29 — w, ..., 2p — w|| = ||&1 — w, T2 — T, ..., Tn — o] = 2077IP
and

1f (w) = f(x0), f(x2) = f(@0), ... f (x0) — f (o) ]| = 27 VP,

1f(@1) = f(w), f(x2) = f(0), .., f(zn) — f(z0)]]

f
= |f(z1) = flw), fz2) = flw)..., flan) — f(w)]|
9(n—=1)p_
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Hence a =1, f(w) — f(xo) = f(z1) — f(w). And also, we have

1 (1) = f(2o), s f(2n) = f(xo)| = 1120 (w) = f(0)), -..s f(@n) = f(z0)]]
= 2P f(w) = (o), oo f(xn) = f(z0)]]

2"P,

g

Theorem 3.6. Let X be a linear (n,p)-normed space and Y be a linear p-
strictly convex (n,p)-normed space and f : X — Y be locally n-Lipschitz
and satisfies (nDOPP). And assume that if x,y and z are collinear, then
f(z), f(y) and f(z) are collinear. Then f is a n-isometry.

Proof. (I) If ||x1 — 0, ..., xn, — x0]| < 1, then we claim that
1f (1) = f(20), o f2n) = F(@)]] = ll21 = @0, oo @0 — o]
Suppose that || f(z1) — f(z0), ..., f(zn) — f(2)]| < ||x1 — 20, ..., T, — x0|| and let

w=xo+ £=20 . Then we have ||w — zg, ..., 2, — z9|| = 1 and
lz1—z0,....2n—0l| P

1 1

lx1 —w,x0 —w, ...z, —w||? = |lz1 —w,z92 — 0, ..., Ty, — Tol|?

= 1- Hxl — XLy ey Ly — l‘oH%
< 1
By the assumption, we get
[f(w) = f(zo), ..., f(zn) = flzo)| =1
and
1£(@1) = f(w), £(@2) = f(0), s flewn) = (z0)]
= [[f(z1) = f(w), f(z2) = f(w), ... f@n) — f(w)]|?
< 1—|lx1 — 20y ey Tp — a:0||%.

It follows that

1= [[fw) = f(20), ., fn) — f(0)||7
= f(w) = F(0), e, F(@n) — F(z0)||?
< fw) = f@1), o, ) — F(@)]|7

Hf(@1) = F(@0), o f () — flz — O)[|
ly—z,2—alp + (1 —|ly— 2,2 —z|)
= 1.

A

Which is a contradiction.
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II) Assume that for |21 — zg, ..., Zn — 2o|| < 2"~ YP_ the conclusion
(

I f(z1) = f(®0), s f(zn) — fwo)l| = |1 — @0, ..., Ty — 0|

is established.
Assume that ||z — o, ..., &, — 2o|| < 2"P. Let w = 2232, Then x¢, 21 and
w are collinear, which implies f(x¢), f(z1) and f(w) are collinear, that is

f(@1) = f(w) = a(f(w) = f(x0))-
We also have
|lw — g, ..., xn — xo]| = 27P|| 21 — T0y -y TH — T0|| < 9(n—=1)p
and

lx1 —w,x0 —w,...,zp —w|| = |x1 —w,x3 —x0,..., T — X0
= 27P||lx1 — x0y ..y T — X0
< o=bp,

From the inductive hypothesis,
||f(w) - f(x())a ey f(xn) - f(x())H = ||1U — X0y ey T — xOH?

1f(z1) = f(w), f(x2) = f(0), .., f(zn) — f(z0)]]
1f(@1) = f(w), f(x2) = f(w), ..., f(zn) = f(w)]]

= |lz1 —w,...,zy, — w|.
Hence a =1, f(z1) — f(w) = f(w) — f(x). Therefore
[ (1) = f(2o), s f(2n) = F(xo)| = N12(f(w) = f(0));.os f(@n) = f(z0)]]

= 2P| f(w) — f(xo), ..., f(zn) — f(z0)]|
= 2P||w — 0, .ery Tn — o

= |lx1 — zo, ..., Tn — x0]|-

g

Lemma 3.7. Let X,Y be linear (n,p)-normed spaces. And assume that if x,y
and z are collinear, then f(z), f(y) and f(z) are collinear and that f satisfies
(nDOPP). Then f preserves the area kPand 7 for each k € N.

Proof. It ||x1 — xo, ..., xn, — To|| = kP, put
)

wW; = o + E(xl - :L’o),i =0,1,..., k,
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then we have f(w;+1) — f(w;) = f(w;) — f(wi—1),i = 0,1, ..., k, from the same
argument as above. Hence

| f(z1) = f(xo), f(z2) = f(20), -, f(zn) — fz0)]
k
= D (fwi) = f(wiz1)), f(22) = F(@0),-ons f(@n) = f(x0)|
=1

= !\k(f(wl) — f(wo)), f(x2) = f(@0), ... flzn) — f(zo)||
—

If |21 — zg, .., Ty — 0| = n—lp, put
u; = xo+i(ry) —x0),v; = x +i(xe —x0) 1=0,1,..., k,
then we have
fuivt) = fwi) = f(us) = flui-1)
and
fis1) = f(vi) = f(vi) = f(vie1)
from the same argument as above. Hence

k= (ur) = f@o), f(or) = f(@o), -, f@n) = f(20)]

k k

= | Z(f(ui) - f(uifl)%Z(f(Ui) = f(i-1)), -, f(@n) = f(@0) ||
i=1

=1
= [k(f(21) = f(0)), k(f(22) = f(20)), -, f(2n) = f (o)l
= k|| f(x1) = f(20), f(x2) = f(x0)ewrrs f(an) — f(z0)]-

Therefore || f(z1) — f(20), f(w2) — f(@0)..., f(an) — f(z0)|| = 75 =

Lemma 3.8. Let X,Y be linear (n,p)-normed spaces. And assume that if
XO, X1, ..y Ty are m-collinear, then f(xo), f(x1), ..., f(zn) are m-collinear
(m=2,...,n), and that if y1 — y2 = a(ys — y2) for some « € (0, 1], then f(y1) —

fly2) = B(f(ys) — f(y2)). If f satisfies (nDOPP) then f is a n-Lipschitz
mapping.

Proof. If ||x1 — zg, z2 — x0, ..., Tn, — x| = 0, then xg, x1, ..., x,, are n-collinear,

so || f(z1) = f(wo), f(x2) = f(20), -, f(zn) — f(zo)|| = 0 from the assumption.
Next, we will show that if

s
|lx1 — zo, x2 — 0, ..., Ty — Tpl| < (;)p,Vr, s €N,

then
[f(z1) = f®o), f(x2) = f(20), ... f(@n) — flao)] < (;)p~
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1

Let p; = o + % (1 — x0), where i=1,...,s. Then

1
(|lz1—z0,-..,zn—x0l|) P

1
|pi — Pic1, T2 — Pic1y oo T — Dic1|| = |Pi — Piz1, T2 — T0y oo, Ty, — To| = et
Hence

1f(pi) = f(pi-1), f(22) = f(@0), -, f(wn) — f(z0)]|
= |If(pi) = f(pi-1), f(x2) = f(Pi-1), -, [(zn) — f(Di-1)|
1

,’,,7[).
Since x1 = ps—1 + a(ps — ps—1) for some «a € (0, 1], we obtain that f(x;) =
f(ps—1) + B(f(ps) — f(ps—1)) for some [ € (0,1] from the hypothesis. Hence

1f (1) = f(@o), f(w2) — f(@0), .., fan) — f(zo)ll
s—1
= [[(f(21) = f(Ps—1)) + Y F(Pi) = F(Pi-1)s s f(wn) = f (o)
=1
= (s = 14 B)(f(p1) = f(po)), f(x2) = f(@o), ... f@n) = f(zo)]l

_ (m—:+ﬁ)p
< (Y

g

A direct application of Theorem 3.8 and the above two Lemmas yields the
following results.

Theorem 3.9. Let X be a linear (n,p)-normed space and Y be a linear p-
strictly convez (n,p)-normed space. And assume that if xo,x1,...,T, are m-
collinear, then f(xo), f(x1), ..., f(zn) are m-collinear (m=2,...,n ), and that if

y1—y2 = a(ys —y2) for some o € (0,1], then f(y1) — f(y2) = B(f (y3) — f(y2))-
If f satisfies (nRDOPP) then f: X — Y is a n-isometry.

By the same argument as that in the above section, we may get the following
result:

Theorem 3.10. Let X,Y be linear (n,p)—normed spaces. Let f : X —Y be
a mapping. And assume that if x,y and z are collinear, then f(x), f(y) and
f(2) are collinear, and there exist p € R with p >0, and N € N with N > 1,
f satisfies the following conditions:

(1) if ||z1 — o, x2 — X0, -.., T — X0 || = p, then

1f(z1) = f(z0), - fzn) — f(0)]| < p,
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(2) if |z1 — 0, T2 — 20, ..., T — x0|| = P2V, then

I1f(@1) = f(@0), .., fan) — flzo)|] = p2P.

Then f is a n-isometry.
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