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1. INTRODUCTION

The fractional calculus has origin during the same time as that of the ordi-
nary calculus. It has been concerned with derivatives and integrals of arbitrary
order that can be non integer of functions. In recent years, several researchers
have exposed attention in the field of qualitative theory of fractional differential
equations, which will be used to describe phenomena of real world problems.
For more details, see the monographs [4, 18, 19, 27, 29, 31, 34, 39, 47| and the
references therein.

Several interesting and important area concerning of research for fractional
differential equations are devoted to the existence theory and stability analysis
of the solutions. In recent years, there are many researchers have discussed
the existence, uniqueness and different types of Ulam—Hyers (UH) stability
of solutions of initial and boundary value problems for fractional differen-
tial equations. The UH stability is the essential and special type of stability
analysis that researchers studied in the field of mathematical analysis. The
concept of Ulam stability of functional equations was firstly initiated by Ulam
[42, 43] and Hyers [23] presented the partial answer to the question of Ulam
in the case of Banach space. Thereafter, this type of stability is called the UH
stability. In 1950, the Hyers stability was generalized by Aoki [10]. Rassias
[36, 37] provided an interesting generalization of the UH stability of linear
and nonlinear mappings. The UH stability was initially applied to linear dif-
ferential equation by Obloza [33]. We refer the reader to see monographs
[1, 3, 5, 11, 12, 14, 17, 26, 30, 32, 45, 46]. It is to be noted that, the above
said areas of interest (existence and stability) have been fabulously deliberated
within Riemann—Liouville, Caputo, Hilfer or Hadamard derivatives.

Recently, Jarad et al. [24] introduced a new type of fractional derivative
operator so called generalized proportional fractional (GPF) derivatives ex-
tended by local derivatives [9]. The characteristic of the new derivative is
that it involves two fractional order, preserves the semigroup property, pos-
sesses nonlocal character and upon limiting cases it converges to the original
function and its derivative. The GPF derivative is well behaved and has a
various helpful over the classical derivatives in the sense that it generalizes
previously defined derivatives in the literature. We list some recent papers
which have been refined in frame of GPF derivative and other related works
(2, 7, 8, 25, 35, 40, 41].

Nonlocal boundary value problems have become a rapidly growing area of
research. The study of this type of problems is driven not only by a theoretical
interest, but also by the fact that several phenomena in engineering, physics
and life sciences can be modelled in this way. The idea of nonlocal conditions
dates back to the work of Hilb [22]. However, the systematic investigation of
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a certain class of spatial nonlocal problems was carried out by Bitsadze and
Samarskii [15]. We refer the reader to [13, 16] and the references cited therein
for a motivation regarding nonlocal conditions.

In [12], the authors considered a fractional differential equations with mixed
nonlocal fractional derivatives, integrals and multi-point conditions of the form

‘Dr(t) = f(t,z(1)), t € (0,77,

E Yix(ni) + § )‘jc@ﬁjx(gi) + § Url.érx(d)r) = A, (1)
=1 J=1 r=1

where z € C*([0, T],R) is a continuous function, ‘D, ¢®bi denote the Caputo
fractional derivatives of order o and f;, respectively, 0 < 8; < o <1 for j =
1,2,...,n, Z% is the Riemann-Liouville fractional integral operator of order
0 >0 forr=1,2,....k, v, )\j, or, A €R, n, fj, or € [O,T], 1=1,2,...,m
and f € C([0,T] x R,R).

The existence and uniqueness results were obtained by applying Schaefer’s
fixed point theorem and Banach’s contraction mapping principle. In addi-
tion, the authors established different kinds of Ulam stability for the purposed
problem.

In [44], the authors studied the existence, uniqueness and Ulam-Hyers—
Rassias stability for a class of w-Hilfer fractional differential equations de-
scribed by

HooPWu(t) = f(t,z(t), 7D a(t)), teJ=(a,T) 12)
2% a(a) =20, a<y=a+p—ap, T>a,

where #D%F ¥ is the ¢-Hilfer fractional derivative of order a € (0, 1] and type
p € [0,1], Ii; 7% is the Riemann-Liouville fractional integral of order 1 — v
with respect to the function 1, f € C(J x R?,R) and z, € R.

Harikrishman et al. [21] discussed existence, uniqueness of nonlocal initial
value problems for Pantograph equations with ¢-Hilfer fractional derivative of
the form

Hoorva(t) = f(t,x(t),z(Mt), teJ=(ab, 0<A<L,

. (1.3)
Ii:v’d}x(a) = Zcix(n), 7i € (a,b], a<y=a+p—ap,
i=1
where @gf W is the 1-Hilfer fractional derivative of order o € (0,1) and type

p € [0,1], Ii;wp is the Riemann—Liouville fractional integral of order 1—+ with
respect to the continuous function v such that ¢’ > 0 and f € C(J x R%, R).
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In [6], the authors established existence, uniqueness and Ulam-Hyers stabil-
ity of implicit Pantograph fractional differential equations involving -Hilfer
fractional derivatives of the form

ngf%(t) = f(t,z(t),x(M), FDIFY (M), ted, 0<A<1,

1.4
IV Zblﬁw:v& GeJ, a<y=a+p—ap, 4

where 7D’ ¥ is the ¢-Hilfer fractional derivative of order o € (0, 1) and type

p € [0,1], Ié;%w and Igjrw are the ¢-Riemann-Liouville fractional integral of

order 1 —~ and B > 0, respectively, with respect to the continuous function

such that ¢/ # 0 and f € C(J x R3,R), J =[0,T], b; € Rand 0 < & < & <
' S gm < T, T > 0.

Motivated by the papers [6, 12, 21, 44] and some familiar results on frac-
tional Pantograph differential equations, we discuss the existence results and
different types of Ulam stability such as Ulam—Hyers, generalized Ulam—Hyers,
Ulam—-Hyers—Rassias and generalized Ulam-Hyers—Rassias stability for the
generalized proportional fractional Pantograph differential equations with mixed
nonlocal conditions of the form:

CDPe(t) = f(t,x(t), z(Mt), S DYPx(At)), tea,T], 0< <1,

m n
Z%w(m) +Z/€ngﬁj’p$ +Za I°rP3(6,) = A,
i=1 j=1

(1.5)

where ¢ D%* is the Caputo GPF derivative of order ¢ = {a, 3;} with 0 < 3; <
a <1, forj =1,2,...,n, 0 < p < 1, the notation oI is the Riemann-
Liouville GPF integral of order §, > 0 for r = 1,2,... k, p > 0, the given
constants 7;, kj,0, € R, the points 1;,§;,6, € [a,T], i = 1,2,...,m, and
f :[a,T] x R® = R is a given continuous function, 7' > a > 0.

The paper is organized as follows: In Section 2, we recall some basic and
essential definitions and lemmas. In Section 3 the existence and uniqueness
results for the problem (1.5) are obtained, via Banach contraction principle,
Leray-Schauder nonlinear alternative and Krasnosel’skii’s fixed point theo-
rems. In Section 4, we discuss the Ulam-Hyers, generalized Ulam-Hyers, Ulam-
Hyers-Rassias and generalized Ulam-Hyers-Rassias stability results. Finally,
some examples are given in Section 5 to illustrate the benefit of our main
results.
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2. PRELIMINARIES

In this section, we recall some definitions and properties of generalized
proportional fractional derivatives and fractional integrals that will be used
throughout the remaining part of this paper. For more details, see; [20, 24, 38].

Definition 2.1. ([24]) The generalized proportional fractional (GPF) integral
of a function f of order a > 0 with p € (0,1] is defined as
1 t o1
AP f t:/ep( s)t—saflfsds, 2.1
o= | (t— 57 1 (s) (2.)

where I'(+) is represent the Gamma function [29].

Definition 2.2. ([24]) The Caputo type generalized proportional fractional
derivative of a function f of order a with p € (0, 1] is defined as

t o,
DN = sy [ 7 = D s, (22)

where n = [a] + 1, o] represents the integer part of the real number o and

DU f(t) = (DPF(1)" with DPf(t) = (1= p) £() — pf'(t):

Lemma 2.3. ([24]) For p € (0,1] and n = [a] + 1, we have
(D™ W™ f(5))(t) = £(1)

and

o1 n—1
(I D) = (1) — 7 0 Y0 PN piifa)

k=0

(t —a)k. (2.3)

Proposition 2.4. ([24]) Let « > 0, § > 0. Then, for any p € (0,1] and
n = [a] + 1, we have

() (a7 (1= @) ) @) = mriagme 7 "o =) 0 >0
(i) (CDve7 (=)' ) (@) = fFGhe T (@ — )1, B>,

) (
-1

(iii) (aCDO"peth(t —a)*)(z)=0, k=0,1,....,n—1

Let E = C(]a,T],R) be the Banach space of all continuous functions from
[a, T] into R equipped with the norm ||z[|g = sup,cf, 71{|2()]}.

In order to transform the purpose problem into a fixed point problem, (1.5)
must be converted to an equivalent Volterra integral equation. We provide the
following lemma which is an important in our main results.
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Lemma 2.5. Let h : [a,T] = R be a continuous function, 0 < f; < a < 1,
j=1,....,nand p, 6,, >0, 7 = 1,2,..., k. Then, the function x € E is
a solution to the following linear generalized proportional fractional equation
equipped with mized nonlocal conditions of the form:

CpYPr(t) = h(t), tela,T],
m n
Z%»’U(m)+zﬁjfl76j’p$ +ZU I (6,) = A,
i=1 j=1
if and only if x satisfies the following integral equation

2=l 4—aq)
_ a, e’ ) a—p;,
x(t) = oI ph(t)—{—Q(A Z%“ “Ph(n;) Z/{ I7PiPh(&;)

=1

(2.4)

k
-> amlo‘”T’ph(@T)) : (2.5)
r=1

where
221 (0,—a)

(ni—a) 0'7«9—& Te P
Q—Zyep —1—2 T T 0,) # 0. (2.6)

Proof. Let x be a solution of the problem (2.4). By using Lemma 2.3, the
integral equation can be written as

z(t) = JIYPh(t) + clep;Pl(tfa), (2.7)

where arbitrary constants c¢; € R.
Taking the operators ¢ D% and I into (2.7) with Proposition 2.4 (i),
we obtain

CDAea(t) = I°PPh(t),

(t—a)5 e (1=a)
prT(1+0r)

Applying the given boundary condition in (2.4), we have

JIOPx(t) = JITPR(E) + e

m n k
> il Phin) + 3 wjal PP + Y 0l FOPR(6,)
i=1 j=1 r=1

+c1 Z o5 (nim a)+za,,0_aaep;f(er—a)
Vi 5 '
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Solving the above equation, it follows that

o= [ A= Sl hn) = 3 a1 () Za 1945 2n(g,) |

=1 7j=1

where € is defined by (2.6). Inserting these value of ¢; in (2.7), we get (2.5).

Conversely, it is easily to shown by direct computation that the solution
x(t) is given by (2.5) satisfies the problem (2.4) under the given conditions.
This completes the proof. Il

Fixed point theorems play a major role in establishing the existence theory
for the problem (1.5). We collect here some well-known fixed point theorems
used in this paper.

Lemma 2.6. ([20], Banach contraction principle) Let D be a non-empty
closed subset of a Banach space E. Then any contraction mapping T from D
into itself has a unique fixed point.

Lemma 2.7. ([20], Nonlinear alternative for single-valued maps) Let
E be a Banach space, C' be a closed, convex subset of M, X be an open subset
of C, and 0 € X. Suppose that F : X — C is a continuous, compact (that is,
F(X) is a relatively compact subset of C) map. Then either
(i) F has a fized point in X, or
(ii) there is x € 0X (the boundary of X in C) and ¢ € (0,1) with x =
oF (x).

Lemma 2.8. ([28], Krasnoselskii’s fixed point theorem) Let M be a
closed, bounded, convex, and nonempty subset of a Banach space.Let A, B be
the operators such that

(i) Az + By € M whenever z,y € M;
(ii) A is compact and continuous;
(iii) B is contraction mapping.
Then there exists z € M such that z = Az + bz.

3. EXISTENCE RESULTS
For simplicity, we set
Fy(t) = f(t,2(t), (ML), Fz(AL)).
Throughout this paper, the expression ,I*”F,(s)(c) means that

JVPEL(s)(c) = ! / epzl(cfs)(c — 5)T 1 Fy(s)ds,
pT(q) Ja
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where ¢ = {a,a — fj,a + 6,} and ¢ = {t,n;,&,0:}, i = 1,2,...,m, j =
1,2,....,n,r=1,2,...,k.
In view of Lemma 2.5, an operator Q : E — E is defined by

e L (t—a)
(Qz)(t) = oI Fy(s)(t) + (A Z’Y@a TP Ey(s)(ni)

=D Rl TIPE(s)(&) — ) Grafa”“”Fx(S)(ﬂr)) »(3.1)
j=1

r=1

where the operators Q1, Qs : E — E are defined by

(Quz)(t) = oI*PFu(s)(1), (32)
e%}(pa) m
(Qex)(t) = Q<A—Z%a1 P Ey( ZH 1°7PPEy(5)(&5)

r=1

k
-3 araIa+§T’pr(s)(9r)> : (3.3)

which implies Qzr = Qix + Q. It should be noticed that the problem (1.5)
has solutions if and only if the operator Q has fixed points. In the following
subsection, we establish the existence results of solutions for the problem (1.5),
which is studied by applying Banach contraction principle, Leray-Schauder
nonlinear alternative and Krasnosel’skii’s fixed point theorem.

The first existence and uniqueness result of a solution for the problem (1.5)
will be proved by using Banach contraction principle (Banach’s fixed point
theorem).

Theorem 3.1. Assume that f : [a,T] xR? = R is a continuous function such
that

(Hy) there exist constants L1 > 0 and 0 < 2L1A1 + Lo < 1 such that
|f(t,ur,v1,wr) — f(t, uz,v2,w2)| < Ly (Jug — uz| + |v1 — v2|) + La|wy — wy|

for any u;, v;, w; €R, i =1,2 and t € [a,T).
If

2L1A4

1— Lo

<1, (3.4)
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then the problem (1.5) has a unique solution (z € E) on [a,T], where

(T —a)* il — @)~ _Im51(& — a)* P
A =
! p°T(a+1) ]Q\ Z peT(a+ 1) ; p* Bl (o — B + 1)
k
|07 ] (B — @) For
+;pa+6rf(a+5r+l) . (3.5)

Proof. Firstly, we transform the problem (1.5) into a fixed point problem,
x = Qu, where the operator Q is defined as in (3.1). It is clear that the fixed
points of the operator Q are solutions of the problem (1.5). Applying the
Banach contraction principle, we shall show that the operator Q has a fixed
point which is the unique solution of the problem (1.5).

Let supyefq,r71f(2,0,0,0)| :== My < oo. Next, we set

BR1 = {CL‘ cE: H(IZ”[E < Rl}

with

R > M1A1’Q‘ + ‘A|(1 — Lg)

LA+ Ly < 1, 3.6
Z QI — (LA + L) vt b (36)

where 2 and A; are given by (2.6) and (3.5), respectively. Observe that Bp, is
bounded, closed, and convex subset of E. The proof is divided into two steps:

Step I. To show that QBr, C Bp,.
For any = € Bg,, we have

Sk a) m
[(Qz)(t)] < aIO"”!Fm(S)\(t)Jr,m(!A!+Z|’maI°"”!Fx(8)\(m)

i=1

n k
+ Z |’£j‘aIaiﬁj’p‘Fw(3)’(§j) + Z ’Ur‘aIaJrar’p‘Fz(S)’(HT)) :

j=1 r=1

It follows from condition (H;) that

[Fe(D)] < [f(Ea(t), x(At), Fe(At)) — £(2,0,0,0)[ 4 | f(£,0,0,0)]
< 2Lyfo(t)] + Lo|Fy(t)| + M,
< 2L1|.’L’<t)‘—|—M1

1— Lo
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This implies that

(@] < e (HETE ) )

2= l(t a) 27,
a,p 1‘$(8)’+M1 )
o |A|+Z|vu (PR )

+ Z |Fijla P3P (2L1‘f(j)’ - Ml) (&)
=1

e
T

Lo
k
- 2L1 X S)| + M1
‘|‘Z |UT|aI +orop < ’1(_ L, ) (07‘)] .
r=1

Byusmg0<e P ) < 1forany a < s < u < T, we obtain

<2L1R1+M1> (T—a)"‘
1L, T (a+ 1)

[(Qz)(1)] <

i ~Iml(E — )
o (Z ar (a+ 1 ; PO BT (o — B + 1)
|Ur’ (6, _a)a+6 @
+Z T (ate +1) ) ) T

2L1R1—|—M1 ‘A’
= |———— A
AR mrg <

which implies that ||Qz||g < R;. Therefore, OBr, C Bg,.

Step II. To show that the operator Q : E — E is contraction.
For any z, y € E and for each t € [a,T], we have

[(Qx)(t) — (Qu)()| < oI*P|Fy(s) — Fy(s)I(T)
—(T a)
<Z\% oI VP (s) — Fy(s)|(n:)

+ Z [kl PP | Fu(s) — Fy(5)I(&))

=1

k
+ Z |0r‘aIa+5hp
r=1

Fa(s) — Fy(8)|(9r)> (3.7)
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and

() = RO < 1(6(0),200), E() = £t 2(0),2(0), ()
< Lullalt) - (0)] + 1200) = yN0)) + Lol Fo(\t) = F, ()
< 2Lafa(t) — y(0)] + LalF(t) — By 0)
< () -yl (38)

Then, by substituting (3.8) in (3.7), we get
[(Q)(t) = (Qu) ()]

<1 (2_L1er<s> ) (1)
(T —a)

Z Vila [a,p<

+Zw e (25 faty —y(s>|> )

+Z\a . za+w( 2];22, )~ 909 <9T>]

2L, | (T - Z [vil(ni — a)®
T 1-Ly O‘F(a—i—l \Q] peT(a+1)
) k
|"<‘73‘ & — a) b 0| (0, — a)a—i—ér
+ + _
]231 pa ﬁ;l“ a — B —+ ) ; ,OO‘+67'P(04 + 57’ 4 1) H.%' yHE
_ 2 )

which implies that ||Qz — Qu||g < (2L1A1)/(1— Lao)||lz —y|lg. As (2L1A1)/(1—
L) < 1, hence, the operator Q is a contraction map. Therefore, by the Banach
contraction principle (Lemma 2.6), the problem (1.5) has a unique solution in
E. The proof is completed. O

The second existence result is based on the Leray-Schauder nonlinear alter-
native.

Theorem 3.2. Assume that

(H2) there exists a continuous nondecreasing function 1 : [0,00) — [0, 00),
p € C(la, T],R") and q € C([a, T],RT U{0}) such that

[f(t, 2 (1), 2(At), § DPx(A))| < pt)i(l2(1)]) + q(t) [T D (M)
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for all (t,z) € [a,T] x R, where py = supyc,r{p(t)} and qo =

SUPtefa,r){9(t)} with go < 1.
(Hs) there exists a positive constant Ny such that

No
%} + po (2_q0) Y(Na)Ay

> 1,

1—qo
where Ay is defined by (3.5).
Then the problem (1.5) has at least one solution on [a,T].

Proof. Let the operator @ defined by (3.1). Firstly, we shall show that @
maps bounded sets (balls) into bounded sets in E. For a constant Rs > 0, let
Bp, :={z € E: ||z||g < Rz} be a bounded ball in E, we have, for ¢t € [a,T],

ep—;l(T—a) m
[(Qu)(B)] < oI*P[Fe(s)(T) + o (|A| + Y ilad ™1 Fu ()| (mi)

=1

n k
+ Z koI PiP | Fy(8)] (&) + Z ]gr|a[a+5mp|Fx(s)|(9T)>.

7=1 r=1
It follows from (Hs) that
& D*Pa(t)] p)e(Ja(6)]) + q(t) |[§ DV (X))

IA N

P (Jz(t)]) + q(t) |§ DV (t)| .
This implies that
pt)y(|z(t)])

1—q(t)

<lforanya<s<u<T, weget

@ D¥Pa(t)| <

-1
By using 0 < 7 ()

ﬂ 2 —qo 1 ’ _s) 1
()] < |Q|+po(1_q0)w<ux||£>!par(a) [ s

i % "71| i s a—1 5
ﬂm(z i ), e

i=1
|54 /5”' —Bj—1
+ — (& —8)* P ds
jZ::lpa ﬁjr(a_ﬁj) a !
k

|UT| /Gr a+d,—1
+Zpa+5TF(Oz+5T) . (0r —s) ds

r=1

_ 14 2—q
= |Q|+po T Y([|zlle)A1,
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which leads to

|A] <2—qo)
< — ++po Ro)A1 := K.
Qg < Q) w0 Y(R2) Ay 1

Next, we shall show that the operator () maps bounded sets into equicon-
tinuous sets of E. Let points t1,ty € [a,T] with t; < ty and € Bg,. Then
we have

[(Qu)(t2) — (Qz)(t1)]
< ]aI""pF (8)(t2) — oI*PFy(s)(t1)]

1
e p —a) epT(tl—a)

+ ’Q‘ (’A‘ +Z|7¢|ala7p
=1

n k
+ ) Rl F ()| (&) + ) !Ur\afa+6r’p\Fz(8)!(9r)>

j=1 r=1

2—q 1 h
<m (322 w(lel) (,)ar(a) /

(tg —t1)"
ds + pO‘F(oH—l))

=L,
ep(t2a)_ tla)

Fo(s)[(m:)

eT(tQ 8)( ty — S)a—l

221 (ty—s)

—€e 7 (t; —s)* 7t

po (3222) w(lzl)
Q]

il (i — a
- |A\+Z ;FZOé-i-

5 ou (6, — a)ter

- |%5(&5 — a) B
Zpa—ﬁjf(a—ﬁj+1) ;pa Ol(a+ 6, +1) |

=1

Clearly, which independent of z € Bpg, the inequality,

(Qu)(t2) — (Qx)(t1)] = 0

as to — t1. Therefore it follows from the Arzeld-Ascoli theorem the operator
Q : E — E is completely continuous.

Finally, we shall show that there exists an open set X C E with = # pQ(z)
for p € (0,1) and z € OX.

Let 2 € E be a solution of x = pQx for ¢ € [0,1]. Then, for ¢t € [a,T], we
obtain
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[z(@)] = [o(Qx)(t)]
A 2— ( il (i — a)®
T Ty ) Pl | oy +1 yQ| Z pol(a+ 1)
. k
+Z |l (& — a)* " S |07 | (0, — @)
j= i #T(a =B +1) rzlpa—i_(srr(a"‘ér"‘l)

_ Al 2—qo
= o (122 wllell,

which on taking the norm for ¢ € [a, T], implies that

|A] (2 QO)
Tlp < + z|lg)A
ol < g5 + 20 (=2 ) wel)

Consequently, we get

IN

EE
B+ po (£2) v(lzle)as

In view of (H3), there exists Ny such that ||z||g # N2. Let us set

<1

X={ze€k:|z|lg < N2} and Y =XNDBg,.

Note that the operator Q : Y — E is continuous and completely continuous.
From the choice of Y, there is no 2 € ) such that z = pQux for some p € (0, 1).
Hence, by the nonlinear alternative of Leray-Schauder type (Lemma 2.7), we
deduce that Q has fixed point # € ) which implies that the problem (1.5) has
at least one solution on [a,T]. This completes the proof. O

By using Krasnoselskii’s fixed point theorem, the final existence theorem
will be obtained.

Theorem 3.3. Let f : [a,T] x R® — R be a continuous function satisfying
(Hy). In addition we assume that

(Ha) |f(t,u,0,w)| < g(t), Y(t,u,v,w) € [a,T] X R? and g e C([CL?T]?R+)‘
Then the problem (1.5) has at least one solution on [a,T] provided
hil(m — a)* |~ _Isil(& —a)* =
|Q]<Z p°T(a+ 1) ;pa_ﬁjF(a—ﬁj+1)
k
|ov| (6 — a)>*or
1. 3.9

r=1
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Proof. Setting sup;c(o 1119(t)| = [|g/l and cloosing
14l
9]
We consider Bg, := {z € E: ||z||g < R3} and the operators Q; and Qs on
Bpg, are defined by (3.2) and (3.3), respectively, for ¢t € [a,T]. Note that
Q=09+ Qo

For any z,y € Bg,, we obtain

| Q12 + QoylE

R3 > — + |lgllgA1. (3.10)

-1 m
a,p epT(t_a) a,p
< sup ol \Fx(S)I(t)JrT AL+ [Yila ™| Fa(5)|(ms)

=1

k
+Z|/~@J| 197000 | Fy (s)] £j)+Zlarlafo‘”“plFx(S)l(@r))}

7j=1 r=1

(T_ | nz_a
<
_|Q|+H9HE{ [la+1) yQ| Z P T(a+ 1)

. k
|K51(& — a) b |07 | (0 — a)> O
+]z:pa Bil(a— B+ 1 )+;p"‘+5fl“(a+6r+1)
_ 4]
Y

This implies that Q;x + Qo2 € Bpr, which satisfies assumption (i) of Lemma
2.8. Tt is easy to see, using (3.9), that the operator Qs is a contraction mapping
and also assumption (iii) of Lemma 2.8 holds.

To show that assumption (ii) of Lemma 2.8 is satisfied. Let {x,} be a
sequence such that =, — x in E where n — oo. Then for each t € [a,T], we
get

+lglleAr < Rs.

[(Quwn)(t) = (Quz) ()] < oI ™| Fy,, (s) — Fr(s)|(?)
MH
~ pT(a+1) "
Since f is continuous, it implies that F) is also continuous. Therefore, we
obtain ||Q1z, — Qiz|lg — 0, as n — oco. Thus, this shows that the operator
Qi is continuous. Also, the set Q1 Bp, is uniformly bounded as
MH gz
poT (e +1) 70

— F.||g.

1Q1z]le <

Next, we prove the compactness of the operator Q7.



212 B. Khaminsou, Ch. Thaiprayoon, W. Sudsutad and S. A. Jose

Setting SUP (s v,w)ecla,xrs |t u, v, w)| = f* < oo, then for each t1,t2 €
[a, T] with t; < ta, we have

[(Q12)(t2) — (Quz)(t1)]
= oIV Fy(s)(t2) — ol ™ Fu(s)(t1)]

1 h
<
= poT(a) / ‘

p—1

prl(tg—s)(tz _ S)a—l _ eT(tl—S)(tl _ S)a—l |Fm(5)|d8

1 b2 o
T T (@) /t (t2 = 5)° [ Fu(s)|ds
1
* t1 1
= par(J; 1) </ e 27ty — 507

p—1

e i) (t; —s)* 1

|Fy(s)|ds + |ta — tl\o‘> ,

which is independent of xz and [(Q1x)(t2) — (Q1x)(t1)] — 0 as to — t1. There-
fore, the set QlBﬁ3 is equicontinuous, the operator @1 maps bounded subsets
into reltively compact subsets, it follows that the set Q1 Bg, is relatively com-
pact. Then, by the Arzeld-Ascoli theorem, the operator Qi is compact on
BE. Thus all the assumptions of Lemma 2.8 are satisfied. So, the conclusion
of Lemma 2.8 implies that the problem (1.5) has at least one solution on [a, 1.
The proof is completed. O

4. ULAM-HYERS STABILITY RESULTS

In this section, we are analyzing the different kind of Ulam stability such as
Ulam-Hyers stable, generalized Ulam-Hyers stable, Ulam-Hyers-Rassias stable
and generalized Ulam-Hyers-Rassias stable of the boundary value problem
(1.5).

Here we mention that in this paper the definitions of stability have been
adopted from [38].

Definition 4.1. ([38]) The problem (1.5) is said to be Ulam-Hyers stable if
there exists a constant ® € Rt \ {0} such that for each ¢ > 0 and solution
z € B = CY([a, T],R) of the inequality

D> 2(t) — f(t, 2(t), z(At), (EDPz) (M) < 0, t € [a,T], (4.1)
there exists a solution 2 € E! of the problem (1.5) such that
2(8) — 2(t)] < Do, 1€ [a,T]. (42)
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Definition 4.2. ([38]) The problem (1.5) is said to be generalized Ulam-Hyers
stable if there exists a function @y € C(R™,R™) with ®;(0) = 0 such that for
each solution z € E! of inequality (4.1) there exists a solution x € E! of the
problem (1.5) such that

|z(t) —z(t)| < (o), t€[a,T). (4.3)

Definition 4.3. ([38]) The problem (1.5) is said to be Ulam-Hyers-Rassias
stable with respect to ®; € C([a, T],R") if there exists a real number Cy o > 0
such that for each solution z € E! of the inequality

CDM5(8) — £, 2(), 20), (CD™P2)(\))| < 0B (8), t€ [a,T],  (44)
there exists a solution 2 € E! of the problem (1.5) such that

12(6) — ()] < Crao®s(t), 1€ [aT] (45)

Definition 4.4. ([38]) The problem (1.5) is said to be generalized Ulam-

Hyers-Rassias stable with respect to @7 € C([a, T],R") if there exists a real
number C'y g > 0 such that for each solution z € E! of the inequality

€D () — £(t, 2(¢), (M), (CDP2)(M))| < ®5(8), t€[a,T],  (4.6)
there exists a solution 2 € E! of the problem (1.5) such that

2(t) — 2()] < Crady(t), tea,T). (4.7)

Remark 4.5. It is clear that

(i) Definition 4.1 = Definition 4.2;
(ii) Definition 4.3 = Definition 4.4;
(iii) Definition 4.3 for ®;(-) = 1 = Definition 4.1.

Remark 4.6. A function z € E! is a solution of the inequality (4.1) if and
only if there exists a function ¥ € C([a,T],R) (dependent on z) such that

(i) | (t)| < o, Vt € [a,T].
(ii) CD>Pz(t) = f(t, 2(t), z(At), (( D*P2)(At)) + W (t), t€ [a,T].

By Remark 4.6, the solution of the problem

SD*P(t) = f(t,2(1), 2(A), (§ DP2)(M) + ¥(b), t € [a,T],
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can be written by
o2 (t=a) m
2(t) = GJdMPF(s)(t) + - qa A— Z%‘al PE,(s)(mi)
— Z Kjal PP E, (s Za 1100 P B (5)(6, ))
P 1(t a)
+o 1P (s)(t) — Z YiaI®PW(s)(n:)

LY () + Y omfa”“msxer)) . (8)

j=1 r=1

Firstly, we present an important lemma that will be used in the proofs of
Ulam—Hyers stability and generalized Ulam—Hyers stability.

Lemma 4.7. If z € E! satisfies the inequality (4.1), then the function z is a
solution of the following inequality

2(t) = (Q2)(B)] < Ao, 0<o<1, (49)
where Ay is given by (3.5).

Proof. From Remark 4.6 with (4.8), we obtain
|2(t) — (Qz2)(1)]
oL P (s)(t) (Z Yial P () (mi) + Y Kl “TPIPU(5)(E))

i=1 =1
—I-Za TP (g )‘

r=1

< IPIU(s)|(T) + [ (Z [ila L[ ()| () + ) Irejlal® 75210 (s)] (&)
i=1

W(S)\(&))

k
+ Z oy ’aIaJr(sr’p
r=1
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(T—a)* Z| (i —a)® zn: 151 (& — a)* 7%
O‘F(a—l—l |Q| p°T(a+1) ot p* Bl (a — B+ 1)
k

o] (0 — @)+
T2 (a5 )

r=1

=M\ 0,
where Ay is given by (3.5), from which inequality (4.9) is obtained. O

Now, we present the Ulam-Hyers stability and generalized Ulam-Hyers sta-
bility results.

Theorem 4.8. Assume that f : [a,T] x R® — R is a continuous function. If
(Hy) is satisfied with

1— Lo
Then the problem (1.5) is Ulam-Hyers stable as well as generalized Ulam-Hyers
stable on [a,T].

<1

Proof. Let z € E! be a solution of the inequality (4.1) and let  be the unique
solution of the problem (1.5),

CDa(t) = f(ta(0),2(0), S D r(N),  te (@ T, 0<A<L

m n
Z%ﬂf(m)JrZHjacDﬂj’pﬂﬁ +ZJ I’z (6,) = A.
i=1 j=1

By applying the triangle inequality, |u — v| < |u| 4 |v|, and Lemma 4.7, we
have

Sk a)
|2(t) — 2(t)] = |2(t) = I*PFL(s)(t) — <A Z%a IPEy(s)(mi)

n k
=S IR () () — Y araIO‘J“‘ST’pr(s)(HT)) ‘
j=1

r=1
= [2(t) = (Q2)(¥) + (Q2)(t) — (Qx)(?)]
< J2(8) = (Q2) ()] +1(Q2) (1) — (Qu)(?)]
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By setting
. S— (4.10)
we end up with
|2(t) — ()] < Do

Hence, the problem (1.5) is Ulam-Hyers stable. Moreover, if we set ® (o) = ®p
such that ®;(0) = 0, then the problem (1.5) is generalized Ulam-Hyers stable.
This completes the proof. O

Remark 4.9. A function z € E! is a solution of the inequality (4.4) if and
only if there exists a function © € C([a,T],R) (dependent on z) such that

(1) [O@#)] < 0¥e(t), Vt € [a,T].
(i) ED>P2(t) = f(t,2(t), 2(\t), S D¥Pz(\)) + O(t), t € [a,T].

By Remark 4.9, the solution of the problem
G D*Pz(t) = f(t,2(1), z(At), g D*Pz(A)) + O(t), t € [a,T],

can be written by
p—1
= (t—a) m
2(t) = WI"E(s)(t) + —5— A—Z%a[ PE,(s)(ni)

n k
_ Z I{jala_ﬂj7pFZ(S)(§j) — Z UTaIa+5T’pFZ(S)(9r)>
j=1

r=1

ep—;l(t—a) m
+alPO(s)(t) = —5— < > %ial®PO(s) (1)
=1

n k
+ Y Rl (E) + ) amfa”'r-vp@(s)(er)) . (411)

j=1 r=1

Lemma 4.10. Let z € E! be a solution of inequality (4.4). Then the function
z satisfies the inequality

12(t) — (Q2)(1)] < A1Te(t)o, 0< o<1, (4.12)

where Ay is given by (3.5).
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Proof. From Remark 4.9, we obtain the inequality

olz(t) — (Q2)(t)| =

=2 (t—a)
JPO(s)(t) — (Z%al‘”’p@ 1)

D el O(s) (&)

j=1

k
> amfawe@xer)) ‘

r=1

< JIP|O(s)|(T) + \;zy (Z 1VilaL*?1©(8)|(1:)
=1

+ ) 1ilaI*010(s)] (&)

j=1

k
+ IUrIaIO‘*‘ST’pI@(S)I(@r))
r=1

(T—@ Z’ (ni —a)”
p°T(a+ 1) |Q| p*T(a+1)

S SRIGET fﬁﬂ

|0T|‘9 _aoc+6
Ve (t
+Z AT (a1 5, T 1) o(t)o

= Al\IJ@( ) o,

where A; is given by (3.5), which leads to inequality in (4.9). O

Next, we are ready to prove Ulam-Hyers-Rassias and generalized Ulam-
Hyers Rassias stability results.

Theorem 4.11. Assume that f : [a,T] x R* — R is a continuous function.
If (Hy) is satisfied with with

211\
1— Lo

< 1.

Then the problem (1.5) is Ulam-Hyers-Rassias stable as well as generalized
Ulam-Hyers Rassias stable on [a,T).
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Proof. Let z € E! be a solution of the inequality (4.4) and let  be the unique

solution of the problem (1.5). By applying the triangle inequality and Lemma
4.7 with (4.11), we get

2(t) = z(t)] = |2(t) = oI Fe(s)(2)

p—1

e (t—a) m
— [R— . a?p .
- Q A E fy'LCLI Fm(s)(nl)

=1
n k
=S kIO E(s)(E) - 3 UmIO‘H“pr(s)(QT)) ‘
i=1 r=1

) = (Q2)() + (Q2)(1) — (Qu)(1)
) = (Q2) (B +1(Q2)(¢) — (Qu)(1)]
2L;1A

T, A — ()

where A; is defined by (3.5), which implies that

A Vo(t)o
=) —2(t) < Togrge-
T 1-L,
By setting
Ay
Cf7cD = 1 2L A1
-1

we get the following inequality
2(t) = 2(t)] < Cro0Ve(t).
Hence, the problem (1.5) is Ulam-Hyers Rassias stable. Moreover, if we set
Pp(t) = oWel(t),

with ®¢(0) = 0, then the problem (1.5) is generalized Ulam-Hyers Rassias
stable. The proof is completed. O

5. EXAMPLES

In this section, we present two examples which illustrate the validity and
applicability of main results.

Example 5.1. Consider the following nonlinear GPF Pantograph differential
equation via mixed nonlocal conditions of the form:
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21
372

“D

i(igl)x(%;l)+§<215—1>0D%,;x(g> (5.1

i=1 j=1

x(t) =

Here « = 2/3, p=1/2, A =3/2,a=0,T =2, m =2, n=3, k =2,
b=+ 1))2 0 = i+ 1)/3, 1 = 1,2, 5y = (2] — 1)/5, 8 = (2 + 1)/10,
& =3/2,5=12,0,=7/3,6,=7/(r+1),0, =(r+1)/2r,r=1,2,

From the given all datas, we obtain that Q ~ 1.3039822 # 0, A; ~ 9.7044
and

o = 2l bl +lul
Y 95€2t cos 2t (1 + |u| + |v| + |w|)

For x1, z2, y1, y2, 21, 22 € R and ¢t € [0, 2], we have

(Jz1 — z2| + |y1 — y2| + |21 — 22]) .

1
t —f(t <
’f( 7$17ylazl) f( 7$2)y2722)| >~ 95€2t cos 2t

The assumptions (Hi) is satisfied with L; = Ly = g=. Hence

211\

~ 0.206476 < 1.
1— L, <

Since, all the assumptions of Theorem 3.1 are satisfied, the problem (5.1) has
a unique solution on [0, 2]. Furthermore, we can also compute that

A
= o ~ 12.22949 > 0.
o 1\
1-Lo

Hence, by Theorem 4.8, the problem (5.1) is both Ulam-Hyers and also gen-
eralized Ulam-Hyers stable.
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Example 5.2. Consider the following nonlinear GPF Pantograph differential
equation via mixed nonlocal conditions of the form:

11 1
CDQ 3x(t) — " i ,
243 (14 [o(t)] + l2(36)| + |°D>3(31)))

() () rn () et (l) e

i=1 j=1

Here « = 1/2, p=1/3, A =1/6,a=0,T =2, m =3, n =2, k=2,

3= (4 1)/2 7 = (i /4, 0= 1,2,3, 5 = (2] — 1)/3, B = /G + 1),

& =174/2,7=12,0,=(r—1)/3,0, =2r/(r+1), 0, =(r+1)/2r,r=1,2,
From the given all datas, we obtain that € =~ 0.809627 # 0, A1 ~ 10.02678

and
1

L+ Jul + o] + [w])
For 1, 2, y1, Y2, 21, 22 € R and t € [0, 2], we have

flt,u,v,w) = 75

1
|f(tx1, 91, 21) — f(t 22,92, 22)] < 13 (Jo1 = @] + |y1 — g2l + [21 — 22]) -

The assumptions (H;) is satisfied with Ly = Lo = é. Hence

2L1A1
~ 0.31831 < 1.
1—1Lo <
we can also compute that
A
$ = — 51— ~ 14.708709 > 0.

1— 1M

1—L,

Hence, by Theorem 4.11, the problem (5.2) is both Ulam-Hyers-Rassias and
also generalized Ulam-Hyers-Rassias stable.

6. CONCLUSION

In this paper, we constructed the equivalent between the purpose problem
(1.5) and the Volterra fractional integral equation. Afterwards, we investi-
gated sufficient conditions for the existence and uniqueness of solutions of
the purpose problem (1.5) by using Banach contraction mapping principle,
Leray-Schauder nonlinear alternative and Krasnoselskii’s fixed point theorem.
Moreover, we proved four different types of Ulam stability results including
Ulam-Hyers stability, generalized Ulam-Hyers stability, Ulam-Hyers-Rassias
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stability and generalized Ulam-Hyers-Rassias stability for the problem (1.5).
For the justification, two numerical examples were given to illustrate our main
theoretical results.

We believe that the all results of this paper will provide considerable poten-
tial to interested researchers to develop relevant results concerning qualitative
properties of nonlinear GPF differential equations. In a forthcoming work, we
shall focus on studying the different types of existence results and stability
analysis to an impulsive GPF differential equation with nonlocal fractional
integral multi-point conditions.
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