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Abstract. In this paper, we discuss and achieve the Hyers-Ulam stability of the quadratic
functional equation in the framework of linear 2-normed spaces, therefore we generalize the

corresponding theorems.

1. INTRODUCTION

The first stability problem was raised by S.M. Ulam [11] during his talk at
the university if Wisconsin in 1940. Given a group G1, a metric group (Ga,d)
and a positive number ¢, does there exist a § > 0 such that if f: Gy — G
satisfies

d(f(zy), f(z)f(y)) <é

for all z,y € G1, then a homomorphism h : G; — G exists with

d(f(x), h(x)) <e

for all z,€ G17 For general functional equations, the concept of stability for
functional equations arises when the equation is replaced by an inequality
which act as a perturbation of the equation. If the answer is affirmative, the
functional equation for homomorphism will be called stable.

The first affirmative result concerning the stability of functional equations
was presented by D.H. Hyers [4]. He dealt with e—additive mappings f : Ey —
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FE5 between Banach spaces, i.e. f satisfies the inequality

1f(z+y) — flz) = fly)ll <e,Va,y € Ey.

Th.M. Rassias [6] considered a generalized version of the previous result which
permitted the Cauchy difference to become unbounded. That is, he assumed
that

1f(x+y) = f2) = Fl <ellzl” + lylI”), Yo,y € E1,0 <p <1

This result was later extended to all p # 1 and generalized by Z. Gajda [3]
and Th.M. Rassias [7].

For a real constant ¢, the quadratic function f(z) = cz? satisfies the equa-
tion

flx+y) + flx—y)=2f(x) +2f(y). (1.1)

Hence, equation (1.1) is called the quadratic functional equation, and the solu-
tion of the quadratic functional equation (1.1) is called a quadratic function.

F. Skof [10] proved the Hyers-Ulam stability of the quadratic functional
equation for functions f : Ey — FEs, where F; is a normed space and Fs
a Banach space. P.W.Cholewa [1] demonstrated that Skof’s theorem is also
valid if E; is replaces by an Abelian group G.

Theorem 1.1 ([1]). Let G be a Abelian group, E be a Banach space and a
function f: G — E satisfies the inequality
1f(x+y) + f(z —y) = 2[f(x) + FW)]Il <,

for some § > 0 and for all x,y € G. Then there exists a unique quadratic
function Q : G — E such that

1f () = Q)| < 59,

N | =

forallz e X.

S. Czerwik [2] proved the modified Hyers-Ulam stability of the quadratic
functional equation for the case p > 2 and p < 2 separately, that is, assume
that f satisfies

1f(x+y)+ flz—y) = 2[f (@) + FWII < 6+ 0(lz|” + llylI”), p <2

and

1z +y) + f@ —y) = 2[f(x) + FWII < Ol )" + lly[”), p > 2.

If p = 2, the quadratic functional equation 1.1 is not stable. (see [9]).
A. White [12] introduced the concepts of Cauchy sequence and convergent
sequence in linear 2-normed spaces and the notion of 2-Banach spaces.
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In this paper, we investigate and give a generalization of Hyers-Ulam sta-
bility for quadratic functional equation in the framework of linear 2-normed
spaces.

2. MAIN RESULTS

Theorem 2.1. Let E be a linear 2-normed space and F a 2-Banach space.
The dimension of E and F is greater than one, and let f : E — F be a
surjective mapping. Assume that there exists § > 0 and o, 8 € R,a+ § # 2,
such that

1f (@ +y) + fz —y) = 2[f (@) + F@, f() < 8, 2|y, 1| (%)
for all x,y,z € E. Then there exists a unique function g : E — F such that

g(x+y) +g(x —y) = 29(x) + 29(y)

and
1£(2) = g(x), f(2)]| < ellz, 2[|*F7,
where
8: 470 a+ <2,
27(“#})1_22%&75 a+p4>2.
Proof. (I) For the case o+ 3 < 2. Apply the induction assumption
n—1
If () = 47" f(2"2), f(2)]| < 4716|, 2|27y 2etF=2), (2.1)
=0

Put = y in () and dividing by 4, we can get that the induction assumption
is true for n = 1. Assume now that the induction assumption is true for the
case n, we want to show that the assumption is true for the case (n + 1).

If () — 47" f (2" ), £(2))]
<|If(@) = 47" f(2%), f(2)ll + 47" F(2"2) — 47" 7L F (27 ), f(2)]

n—1
<478, 2|0 T 2medBD gl 2m e, 2P

m=0
n
_ 4_1(5”16, Z”a—f—ﬁ Z 2i(a+ﬁ—2)'
i=0
Thus the assumption is true for any positive integer n. It follows that

—n n — @ 1
If(z) — 47" f(2"), f(2)]| <476, ]| +ﬁm'
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Put g,(z) = f(an), for n > m > 0, we have

477,
(@) — gn(x) = f(i:a:) _ f(i;x)
f(me) _ 4—(n—m)f(2n—m . me)

4m

we can apply (2.1) to get
f(2mx) _ 4—(n—m)f(2n—m . me)
4m

n—m
< 4715||x7z||a+ﬂ Z 2i(a+ﬁf2)'

i=m

1gm () = gn(2), f(2) = |

2]

It follows that for each x € E,{gn(z)}, is a Cauchy sequence in F. Since F
is a 2-Banach space, there is a limit
g(x) = lim gn(z),
which satisfies
1£ (@) = g(@), F(2)| < ell, ]|+,

for all z,z € E, where ¢ = 4_151_26!%.
From (%) we get
£ (2" z+2"y)+f (2" a—2"y)=2[f(2"2)+f(2"y)], F(2)|| < 8(][2" 2, 2[*|12"y, 2|17
and

lgn (2 +y) + gn(z = y) = 2[gn() + gn ()], F ()]

= 47"+ 2%) + 47" f (2" — 2%y) — 20477 f(2"2) + 47 F(2%y)), £ (2)]]

52" |z, 2|y, 2.
Letting n — oo, we obtain g(z + y) + g(z — y) = 2g9(z) + 2g(y).

Next we show the uniqueness of g. Assume that there exists another map-
ping h: E — F', a constant €1 > 0 such that

1 (2) = h(@), f(2)]| < exla, 2|7,
Since g(x), h(x) are quadratic functions, we have

g(nz) = nQQ(az), h(nz) = nzh(x).

IN

Hence

lg(na) — h(nz), f(2)] 1f (nz) — g(n), f(2)|| + || f (nz) — h(nz), f(2)]

sHmc,zHO‘Jrﬂ +61an,zHa+ﬂ
= (e+ 61)no‘+6||:r, z||°‘+ﬂ.
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Therefore

lg(x) = h(z), f(2)Il = %Hg(m) — h(nz), f(2)]
< (e +en)n®t2 |z, 2|40
Thus
Tim [lg(x) — h(a). ()] = 0.
for all z,z € E. Since f is surjective, g(z) = h(z) for all x € E.

II) For the case a4+ (3 > 2. We can prove the induction assumption
( p p
n—1 '
|f () —4mf@ "), f(2)] < 627 CFD Y 79D g oot
i=0
for all x,z € FE and any positive integer n. Put g,(z) = 4" f(27"z), by the
same argument as above we can show that sequence {g,(x)}, is a Cauchy
sequence in 2-Banach space F', and the limit function
g(x) = lim g, (z)
n—oo

is the unique linear mapping satisfying

1 () = g(2), F(2)]| < ellz, 2] **7,

gz +y) +g(x —y) = 29(x) +29(y),

for all x,y,z € E, where € = 2_(0““6)61722%&_5. O

From the above Theorem, we get several direct corollaries in the following:
Corollary 2.2. Let E be a linear 2-normed space and F' a 2-Banach space.

The dimension of E and F is greater than one, and let f : E — F be a
mapping. If there exists § > 0 and o # 1 such that

1f(x+y) + f(z —y) = 2[f(2) + FW)], F(2) < 0w, 2%y, 2|7,

for all x,y,z € E, then there is a unique nonlinear mapping g : £ — F such
that

gz +y) +g(x—y) =2[g(x) + g9(y)]
and

1£(x) = g(z), F()I| < ellz, 2],
for all x,y,z € E, where
)
c— {4_4a o< 17
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Corollary 2.3. Let E be a linear 2-normed space and F' a 2-Banach space.
The dimension of E and F is greater than one, and let f : E — F be a
mapping. If there exists 6 > 0 such that

If(z+y) + flz —y) = 2[f(z) + fW)], F(2)] <6

for all x,y,z € E, then there is a unique nonlinear mapping g : £ — F such
that

gz +y) +g(x—y) =2[g(x) + g9(y)]

and

1 f(x) —g(z), f(2)]l <e,
forall x,y,z € E where ¢ = g

Following Th.M. Rassias and P. Semrl [8], a function H : [0,00)2 — [0, 00)
is called homogeneous of degree p if it satisfies H (tu,tv) = tPH(u,v) for all
t,u,v € [0,00).

Theorem 2.4. Let E be a linear 2-normed space and F a 2-Banach space.
The dimension of E and F is greater than one, and H is a monotonically
increasing symmetric homogeneous function of degree p > 0,p # 2. Let a
function f: E — F satisfy the inequality

1f(@+y)+ fl@e—y) = 2[f(z) + FW)], fDI < H(llz, 2], ly, 2[)), ()

for some § > 0 and for all x,y,z € E. Then there is a unique quadratic
function g : E — F such that

1

1£ (@) = g(2), fDI = =5

H(1, 1)z, 2",
forall x,y,z € E.

Proof. Case 1. p < 2.
We first claim that for any n € N and all z,y,z €

n—1
If(x) = 47" f(2"2), f(2)|| < 47 H(L, 1|z, 2|7 Y 2072 (2.2)
i=0
It is clear that the assumption is true for n = 1. Assume now that the

assumption is true for the case n, we want to show that the assumption is true



On the stability of functional equations in 2-normed spaces 641

for the case (n+ 1).

1 f(z) =47 f (2" ), f(2)]]
< |f(@) =477 f(2%), f(2)|| + (|47 f(2"2) — 47" F (2 ), f(2)]
n—1
<47 H(L )|z, 2P ) 2007 4 47 H (L 1) |, 2| P20
i=0
n .
=47 H(1 1) [, 2| > 202,
i=0
Thus the assumption is true for any positive integer n. It follows that

[f(x) =477 f(2"), f(2)]] <

1
p
4 _ 2pH(17 1)||x7 ZH :

Put gn(x) = f(izx), for n > m > 0 we have

Im(T) — gn(x) = f2"z) - f(2'z)

4m 4qn

we can apply (2.2) to get

lom(e) — gu(e), 1)) = PEDATTCT2I iy,

n—m—1
< ATTHL |z, ) 2707
=m
It follows that for each = € E,{gn(z)}n is a Cauchy sequence in F. Since F
is a 2-Banach space, there is a limit

9(x) = lim gn(z)

which satisfies

1
1£ () = 9(2), f) = —,

for all z,z € E. From (xx), we get
[f (2" +2"y)+ [ (2" =2"y)=2[f(2"2)+F(2"y)], f(2)|| < H([[2"=, z[|, [[2"y, 2]])
and

H(1, 1)z, 2|~

Hgn(x + y) + gn(x - y) - Q[Qn(x) + gn(y)]v f(z)H
= lIF@ 2+ F@" — 2) — 27(2) + £, F(2)
< 2D (2], 2]).
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Letting n — oo, we obtain g(z +y) + g(x — y) = 2g(x) + 29(y).

Next we show the uniqueness of g. Assume that there exists another qua-
dratic function h : £ — F satisfy the assumption, then there exists a monoton-
ically increasing symmetric homogeneous function H’ of degree p > 0,p # 2

such that 1

<
W< 5
are quadratic function, we have

H'(1L, 1)z, 2|,

1/ () = h(z), f(2)
for all z,y,z € E. Since g(z), h(z)
g(nz) = n’g(x), h(nz)=nh(z).

T

Hence

lo(e) —h(a), I = —yllgna) — hina), £(:)]
< (1) — g, F) + | f(n) — hina), £()])
< e #PIH (L) + (L))

Thus

nh_)rgo lg(z) — h(x), f(2)|| =0,Vz,z € E.

Since f is surjective, g(x) = h(x) for all z € E.
Case II. p > 2.
Similarly we can prove the induction assumption
n—1
I () = 4" f27"2), f(2)]| < H(L,1)||z, 2[P(277 4 ) 2737P)),
i=1
for all z,z € FE and any positive integer n. Put g,(z) = 4" f(27"x) then we
claim that

n—1

1 () = gn(2), F(2)]| < HQ D) ||z, 2Py 272,

i=0
From the same argument as above we can show that sequence {g,(z)}, is a
Cauchy sequence in 2-Banach space F', and the limit function
g(z) = lim g,(z)
n—oo

is the unique quadratic function g satisfying

17@) ~ g(a). FE < HOL Dk, 275,

for all x,y,z € E. O

Inspired by the idea of G. Isac and Th.M. Rassias [5], we give another
generalization of Theorem 2.1.
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Theorem 2.5. Let E be a linear 2-normed space and F' a 2-Banach space. The
dimension of E and F is greater than one, and function v : [0,00) — [0, 00)
satisfy the following conditions:

(1) liHltﬂoo % = O;'

(2) ¥(ts) < P(t)ip(s), Vs, t € [0,00);
(3) ¥(t) < 2t,Vt € ]0,00).

If a surjective mapping f : E — F satisfies the inequality

1f(@+y) + fl@z—y) = 2[f(z) + fW)], F(2)] < 0@, 2[) + (v, 211)),

for some 0 > 0 and for all x,y,z € E, then there exists a unique quadratic
function g : E — F such that

@) = s(a). £ < 00(ll) - Vo € B (23)

Proof. We will prove first that

I
—

15) ~ 0@, 7 < Sullel) Y (P2 (24)

@
i
o

for any n € N and all z,z € E. The proof of (2.4) follows by induction on n.
Put z = y in (2.3) and dividing by 4 yielding the validity of (2.4) for n = 1.
Assume now that (2.4) holds for n, we want to prove it for the case n + 1.
Using the triangle inequality, we get

I£(z) - 4an< 2 1), £(2)]
= (@) — @), I+ g f @) — 7 ), 5G]

n—1
< 2u0lal) SRyt Ly (K2
=0

Sy
1=0
Which ends the proof of (2.4). It follows that

1) = 3 @) S < 60(lal) g, Vn e N
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For m > n > 0 we obtain

| f@7) — 4 F(2"0), 1)

1 1 m—naon n
47||477Hlf(2 2"z) — f(2"x), f(2)|

m—n—1
< opulizal) Y (Y2

oMyl 3o (A2

—

IN

By (3), we get that the sequence {47" f(2"z)} is a Cauchy sequence and con-
vergent, since F' is complete. Set g(x) = lim, oo 47" f(2"x), Vo € E. We will
prove that G(z) is a quadratic function. It then follows from the assumption
that

1 (2" +2"y) f(20e = 2"y) +2(F(2"2) + f(2"y)), f(2)]

+
< 012", 2[]) + (12", 2[))
< 0 @2)" (|, 2[) + 2 (lly, 2[1))-

Which implies that

FI@ 2Ny f@ o)+ 2 (2) + F2)), )

A

=
=
©

— )" @l 2[) + ¥y, z[1)-

Letting n — oo, since f is a surjective mapping, we conclude that g(z) is a
quadratic function. We claim that g(z) is the unique such quadratic function.
Suppose there exists another h : F — F satisfying

1f(x) = g(x), ()]l < 09" ([lz]) , Vo € B,

2
1= 9)
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where ' > 0 is a constant and ¢ : [0,00) — [0, 00) satisfies the conditions in
the assumption. Then

1

lg(z) = h(z), fF)Il = —5(llg(nz) = h(nz), f(2)]])

L (lgnz) — f(na), £ + [hnz) — f(na), F()])

<
$(n) W(n) g 2
< —== .
< B0ulel) g + StV el =
In view of (1) and the last inequality, we conclude that g(x) = h(x). O
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