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Abstract. The aim of the present paper is to prove the Hyers-Ulam stability of the quadratic
functional equation

fety)+f@+oy) =2f(x) +2f(y), zyeck
and the Jensen functional equation

fe+y)+f@+o(y)=2f(z), z,yeck

on a restricted domain, where o is an involution of the normed space E.

1. INTRODUCTION

In 1940, S. M. Ulam [27], during his talk before the mathematics club of the
university of Wisconsin raised a question concerning the stability of functional
equations: Given a group (Gi,-), a metric group Gy with the metric d, a
number € > 0 and a mapping f : G; — G2 which satisfies the inequality

d(f(z-y), f(x)f(y)) <e
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for all x,y in (1, does there exists a homomorphism a: G; — G2 and a
constant k£ > 0 such that

d(a(z), f(x)) < ke
for all z in G17

In 1941, D. H. Hyers [8] has given the following answer to Ulam’s question.

Theorem 1.1. [8] Let f : E1 — E2 be a mapping between Banach spaces Ex,
Es5 such that

1f(z +y) = f@) = f)ll < e forallz,y € Ex,

for some € > 0. Then, there exists exactly one additive mapping A : E1 — Es
Az +y) = A(z) + A(y) for allz,y € Ey
such that
|A(z) — f(2)|| <€ forallx,y € Ex,
given by the formula

A(z) = lim 27"f(2"z), =€ Ej.

n——+00
Moreover, if f(tx) is continuous in t for each fized x € Ey, then A is linear.

In 1978, Th. M. Rassias [16] considerably weakened the condition for the
bounded of the norm of the Cauchy difference

flx+y) = flx) = fly)

by allowing growth of the form €(||z|[P + ||y||”) for the norm of the Cauchy
difference, where 0 < p < 1, and still obtained the formula

Az) = nErJPoo 27" f(2"x)

for the additive mapping approximating f.

The terminology Hyers-Ulam-Rassias stability originates from his historical
background. Since then, a great deal of work has been done by a number of
authors in various directions, (see for example [4], [5], [6], [7], [11], [10], [13],
[17], [18], [19], [20], [21], [22]).

Concerning the stability of functional equations on restricted domains, F.
Skof [24] was the first author to solve the Ulam problem for additive mappings.
Given a real normed vector spaces X and F, a function f : X — F will satisfy
the functional equation

fx+y) = f(x) + f(y) forallz,ye X
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if and only if

1f(z+y) = f@) = f) =0 as [lz] + [lyll — +o0.

In [9] D. H. Hyers, G. Isac and Th. M. Rassias considered the asymptotical
aspect of Hyers-Ulam stability close to the asymptotic derivability.
In [12] S. -M. Jung investigated the Hyers-Ulam stability for quadratic map-
pings
fle+y)+fle—y) =2f(2) +2f(y), z,yeE (1.1)
on restricted domain.

Theorem 1.2. [12] Let d and § > 0 be given. Assume that a mapping f:
Ey — FE» satisfies the inequality

[f(z+y)+ flz—y)—2f(z) —2f(y)|| <0

for all x and y in Ey such that |z|| + ||y|| > d. Then there exists a unique
mapping Q : By — Ea, solution of equation (1.1) such that

7
I7@) - Q) < I
for all x in E;.

In this paper, we consider the quadratic functional equation

f@+y) +fle+o(y) =2f(x) +2f(y), zyek (1.2)
and the Jensen functional equation
fety)+flz+oy)=2f(z), z,yeckE (1.3)

where o : E — FE is an involution of the normed space FE, i.e. o(z +y) =
o(x)+o(y) and (o oo)(x) =z for all z,y € E.

The functional equations (1.2) and (1.3) has been solved by Stetkaer [26].
The stability problem for the quadratic equation (1.1) was proved firstly by
Skof [25]. In [4] Cholewa extended the skof’s result on an abelian group.

Recently the Hyers-Ulam-Rassias stability of the functional equations (1.2)
and (1.3) has been investigated in [1], [2] and [3]. We refer also to [14] and [15]
for the stability of equation (1.2) and (1.3), respectively. If we look carefully
at the proof of the main part of the result obtained in ([1], Theorem 2.1), we
easily recognize that the result is true if we replace the abelian group G by a
commutative semigroup S not necessarily unitary.

Theorem 1.3. [1] Let § > 0 be given. Assume that a mapping f: E1 — F»
satisfies the inequality

If(z+y)+ fz+oly) —2f(x) = 2f (W)l <0
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for all x and y in Ey, where Ey is a commutative semigroup without unity and
FEs is a Banach space. Then there exists a unique mapping Q : F1 — Eo,
solution of equation (1.2) such that

|

1f(z) = Q)] <

for all x in E.

Theorem 1.4. [15] Let § > 0 be given. Assume that a mapping f: E1 — E»
satisfies the inequality

If(@+y)+ flz+o(y) —2f(z)]| <0

for all x and y in E1. Then there exists a unique additive mapping J : E1 —
Es, solution of equation (1.3) such that J(o(x)) = —J(z) and

1f () = £(0) = J (@) < 56

| W

for all x in E.

In the present paper, we establish new theorems about the Hyers-Ulam
stability on restricted domains of the functional equations (1.2) and (1.3).
Furthermore, we apply the results obtained to the asymptotic behavior of the
above functional equations (1.2) and (1.3).

Throughout this paper, let E be a real normed space and F' be a real Banach
space.

2. STABILITY OF EQUATION (1.2) ON A RESTRICTED DOMAIN

In the present section, we investigate the Hyers-Ulam stability of the qua-
dratic functional equation (1.2) on a restricted domain. We present our main
result in theorem below.

Theorem 2.1. Let d > 0 and 6 > 0 be given. Assume that a mapping
f: E — F satisfies the inequalities

If(x+y)+ fz+o(y) —2f(x) = 2f (W)l <0, (2.1)

forallz,y € E with |ly|| > d. Then, there exists a unique mapping q: E — F
solution of equation (1.2) such that

[NCRREN

1/ () = q(@)] < 50 (2.2)

forallx € E.
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Proof. Let x,y € E with |ly|| < d. If y =0, then we have

1f(z +0) + f(z +0(0)) = 2f(z) = 2£(0)]
= [127(0)]]
= [IF(0+0)+ f(0=0) = 2f(0) = 2f(0)]-
So in view of [12], we obtain
76

[/ +0) + f(a +0(0) = 2f(x) = 2/ (0)] < 5

If y # 0, we choose z = 2"y, with n € N.

Case 1: o(y) # y. For n large enough, we can easily verify that
Izl = 2"yl = d,

ly+2—o@)l =2"I55 +y— o) = d
and

ny Y
ly = o ()l = 2"l — o) = d.

Therefore, from (2.1), the triangle inequality and the following decomposition

fl@+y)+ fle+o(y) —2f(z) - 2f(y)
= —[fle+y+z—02)+ flea+o(y)+o(z)—2) (2.3)
—2f(z) =2f(y + 2z — 0(2))]
F2[f(x+2)+ flz+0(2)) = 2f(x) — 2f(2)]
+f@+y) + fla+o(z)+oy) —2) —2f(x+0(2) = 2f(y — o(2))]
Tfla+tz+y—0(2)+ flatoy) —2f(x+2) - 2f(y — o(2))]
=2[fly—o(2) +2) + fly) = 2f(y — o(2)) — 2f(2)],
we get
1f(@+y)+ flz+oy) —2f(x) - 2f(y)|| < 70. (2.4)
Case 2: o(y) = y. By using (2.3), we obtain

() = 2f(y)]

2[f(x+y) + flx+o(y) —2f(x)
) —2f(x) — 2f(2)]

) +o(y) —

o(

[f

= 2[f(x+2)+ f(z+o(z
+flx+y) + fle+o(z ) —2) = 2f(z +0(2)) = 2f(y — 0(2))]
+Hfle+z+y—0(2)+ flz+o(y) —2f(z+2) —2f(y — o(2))]
=2[fly—o(2) +2) + f(y) = 2f(y — o(2)) — 2f(2)].
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So in view of inequality (2.1), the triangle inequality and for n large enough,
we get

21 f(x+y) + f(z+o(y) —2f(x) = 2f(y)|| < 69.

Finally, the inequality (2.4) holds true for all z,y € E. By applying The-
orem 1.3 one gets that there exists a unique mapping ¢ : £ — F' which is a
solution of equation (1.2) and satisfies the inequality (2.2). This completes
the proof. O

The following corollary holds according to Theorem 2.1 and some compu-
tations used by S. -M. Jung in [12].

Corollary 2.2. A mapping f : E — F is a solution of equation (1.2) if and
only if

igg\lf(w+y)+f($+0(y))—2f(iv)—2f(y)||—>0 as |yl = +oo. (2.5)

Corollary 2.3. A mapping f : E — F is a solution of equation (1.2) if and
only if

If(@+y)+ fle+o(y) —2f(x) =2fWI =0 as |lz] + |yl = +oc. (2.6)

The following result is a generalization of the one obtained in [12]. We
notice here that {(z,y) € E%: |ly| > d} C {(z,y) € E*: ||z|| + ||y|| > d}.

Corollary 2.4. (0 = —1) Let d > 0 and 6 > 0 be given. Assume that a
mapping f : E — F satisfies the inequality

[f(z+y)+ flz—y)—2f(z) —2f(y)|| <0 (2.7)

forallx,y € E with ||y|| > d. Then, there exists a unique mapping q: E — F
solution of the quadratic functional equation (1.1) such that

7
If (@) = a(2)ll < 50 (2.8)
forallx € E.
Corollary 2.5. A mapping f : E — F is a solution of (1.1) if and only if

sup If (@ +y)+ fle—y) —2f(x) =2f W) = 0 as [jy| — +oo.  (2.9)

Corollary 2.6. A mapping f : E — F is a solution of (1.1) if and only if
If (@ +y)+ flx—y) =2f(x) =2f W) = 0 as |[lz]|+[ly] — +oo. (2.10)

Corollary 2.7. (c =1) Letd > 0 and § > 0 be given. Assume that a mapping
[+ E — F satisfies the inequality

If(z+y) = fz) = fy)l <6 (2.11)
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for all x,y € E with |ly|| > d. Then, there exists a unique additive mapping
A: E — F such that

If(z) — Az)|| <76 (2.12)
forallx € E.

Corollary 2.8. A mapping f : E — F is additive if and only if
sup [[f(z+y) = f(@) = fW) = 0 as|lyl] = +oo. (2.13)
Te

Corollary 2.9. A mapping f : E — F is additive if and only if
1f(@+y) = f@) = fWI =0 as [lzf + [yl — +oo. (2.14)

3. STABILITY OF EQUATION (1.3) ON A RESTRICTED DOMAIN

In this section, we will investigate the stability of Jensen functional equation
(1.3) on a restricted domain.

Theorem 3.1. Let d > 0 and 6 > 0 be given. Assume that a mapping
[ E — F satisfies the inequality

1f(x+y)+ flz+o(y) —2f(z)]| <0 (3.1)

for all x,y € E with |ly|| > d. Then, there exists a unique additive mapping
J: E — F solution of equation (1.3) such that J(o(x)) = —J(z) and

1f(z) = f(0) = J(z)|| <30 (3.2)
forallz € E.

Proof. Let z,y € E such that 0 < ||y|| < d. We choose z = 2"y, where n is
large enough, so ||z]| > d, ||z + y|| > d and |lo(z) + y|| > d. From (3.1), the
triangle inequality and the following equation

20f(z +y)+ f(z+0a(y)) - 2f(x)]

= —lflety+2)+fl@+y+o(z)—2f(z+y)
—flzt+ol) +2)+flz+oly) + (Z))— f@+o(y))]
/(@ +y+2)+ fz+o(y) +o(2)) —2f(2)]
+f @ +y+o(2) + flz+oly) +2) - 2f(2)),

we have

If(z+y) + flz+0o(y) = 2f (@)l < 20. (3.3)

Finally, the inequality (3.3) holds true for all z,y € E. By applying now
Theorem 1.4, we get the rest of the proof. O
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Corollary 3.2. A mapping f: E — F is a solution of (1.3) if and only if
sup If(@+y)+ fl@+o(y) —2f(@)] =0 as |y — +oc. (3.4)
xe

Corollary 3.3. A mapping f : E — F is a solution of (1.8) if and only if
If(z+y)+ fle+o(y) —2f(@)] =0 as |z +[yll = +o0.  (3.5)

Corollary 3.4. Let d > 0 and § > 0 be given. Assume that a mapping
f: E — F satisfies the inequality

1f(@+y)+ fle—y)—2f(x)| <6 (3.6)
for all z,y € E with ||y|| > d. Then, there exists a unique additive mapping
J: E — F solution of equation (1.3) with o(z) = —x such that J(-z)=-J(x)
and

1f(z) = f(0) = J(z)]| < 36 (3.7)
forallx € E.

Corollary 3.5. A mapping f : E — F is a solution of (1.8) with o(x) = —x
if and only if

sup If(@+y)+ fle—y) =2f(@)]| =0 as |yl — +oo. (3.8)

Corollary 3.6. A mapping f : E — F is a solution of (1.8) with o(z) = —x
if and only if

If(z+y)+ flz—y) =2f(@) =0 as |zl| + [y — +oc. (3.9)
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