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Abstract. In this paper, we determine position vector of a line of curvature of a regular
surface which is relatively normal-slant helix, with respect to Darboux frame. Then, a vector
differential equation is established by means Darboux formulas, in the case of the geodesic
torsion is vanishes. In terms of solution, we determine the parametric representation of a
line of curvature which is relatively normal-slant helix, with respect to standard frame in
Euclidean 3-space. Thereafter, we apply this result to find the position vector of a line of

curvature which is isophote curve.

1. INTRODUCTION

Curves theory is an important branch in the differential geometry studies.
We have a lot of special curves such as circular helices, general helices, slant
helices, k-slant helices etc. Characterizations of these special curves are heavily
studied for a long time and are still studies. We can see the applications of
helical structures in nature and mechanic tools. In the field of computer
aided design and computer graphics, helices can be used for the tool path
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description, the simulation of kinematic motion or design of highways. Also
we can see the helix curve or helical structure in fractal geometry.

In a recent paper, Dogan and Yayli [3] study isophote curves and their
characterizations in Euclidean 3-space. An isophote curve is defined as a
curve on a surface whose unit normal field restricted to the curve makes a
constant angle with a fixed direction. They also obtain the axis of an isophote
curve. In 2017, Macit et al. [7] have defined a relatively normal-slant helix on
a surface by using the Darboux frame (T, V,U) along the curve whose vector
field V makes a constant angle with a fixed direction.

The determining of the position vector of some different curves according to
the intrinsic equations k = k (s) and 7 = 7 (s) (where k and 7 are the curvature
and torsion of the curve) is considered as a one of important subjects. Recently,
the parametric representation of genral helices [6, 10] and slant helices and

slant slant helices as an important special curves in euclidean space E® are
deduced in [1, 2, 4].

In this work, first, we establish position vector of a line of curvature which
is relatively normal-slant helix with respect to Darboux frame. Second, we use
vector differential equations established by means Darboux frame in Euclidean
space E3 to determine position vectors of a line of curvature which is relatively
normal-slant helix in terms of the normal curvature and geodesic curvature in
E3. Then, we can deduce the parametric representation of a line of curvature
which is isophote curve.

2. RELATIVELY NORMAL-SLANT AND LINE OF CURVATURE
LYING ON A REGULAR SURFACE

In this section, we give the definition and a characterization of relatively
normal-slant helix as well as a line of curvature lying on a regular surface, and
we deduce an immediate property in the case where the curve satisfies the two
conditions.

Let M be a regular surface, and ¢ : I C R — M be a regular curve with
arc-length parametrization. The Frenet frame along the curve ¢ is denoted by
(T, N, B, k,7), where T is unit tangent vector, N is principal normal vector,
B is the binormal vector, x and 7 are the curvature and the torsion of ¢,
respectively. On the other hand, if we denote the Darboux frame along the
curve ¢ by (T,V,U), we have the derivative formula of the Darboux frame as:

T = kgV + k,U,
V= —kgT + 14U, (2.1)
U'=—k T — 14V,
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where T is the unit tangent vector of the curve ¢, U is the unit normal
vector of the surface restricted to the curve ¢, V' is the unit vector given by

V=UxT, and kg, ky,, Ty denote the geodesic curvature, normal curvature,
geodesic torsion of the curve ¢, respectively [8].

The relations between geodesic curvature, normal curvature, geodesic tor-
sion and k, 7T are given as follows:

Kn = Kcos (@),
kg = K sin ((]5) )
N d (2.2)
Tg=T4+ —
g ds’
where ¢ is the angle between the vectors N and U.

Remark 2.1. ([9]) For a curve ¢ lying on a surface, the following are well
known:

(1) ¢ is a geodesic curve if the geodesic curvature x4 vanishes.
(2) ¢ is an asymptotic line if the normal curvature &, vanishes.
(3) ¢ is a line of curvature if the geodesic torsion 7, vanishes.

Definition 2.2. Let ¢ be a unit speed curve lying on a regular surface and
(T, V,U) be the Darboux frame along ¢. The curve ¢ is called a relatively
normal-slant helix if the vector field V' of ¢ makes a constant angle with a
fixed direction, that is, there exists a fixed unit vector d and a constant angle
# such that

(V,d) = cos (0). (2.3)

Theorem 2.3. ([7]) A unit speed curve ¢ on a surface with (kg,74) # (0,0)
1s a relatively normal-slant helix if and only if

1
o, = 3 (Té/ﬁg - H;Tg — Kn, (7'92 + K,g)) (2.4)
(2 +2)
15 constant.

From the above theorem and characterization of general helix(% is constant)

(k2472)7 "

and slant helix (“2 (5)/ is constant) [5, 10] the following results follow:

Corollary 2.4. ([7]) Let ¢ be a curve lying on a regular surface . :

(1) If ¢ is an asymptotic curve on ), with kg # 0, then ¢ is a relatively
normal-slant heliz on Y, if and only if ¢ is a slant heliz.

(2) If ¢ is a geodesic curve on Yy, with T, # 0, then ¢ is a relatively
normal-slant helix on > if and only if ¢ is a general heliz.
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3) If ¢ is a line of curvature on with K 0, then ¢ is a relatively
P g ¥

normal-slant heliz on >, if and only if % 18 constant.
g
According to [1, 2] and Corollary 2.4, we know the parametric representation
of an asymptotic (resp. geodesic) curve on a regular surface, which is relatively
normal-slant helix. In this work, we propose to give the position vector of a
line of curvature which is relatively normal-slant helix with respect to Darboux
frame and standard frame, respectively.

First, we give the following result:

Corollary 2.5. Let ¢ be a line of curvature lying on a regular surface, which
is a relatively normal-slant helix, with kg # 0. Then ¢ is a plane curve and
its axis, noted d, belongs to the plane perpendicular to the vector tangent T.

Proof. The fact that ¢ is a line of curvature and also a relatively normal-slant
helix, we have 7, = 0 and “ is constant. By means formulas (2.2), we get
that the torsion 7 = 0. On the other hand, differentiating the equation (2.3),
and using the derivative formula of Darboux frame (2.1), we obtain the result
as desired. O

3. POSITION VECTOR OF A LINE OF CURVATURE OF A REGULAR SURFACE
WHICH IS RELATIVELY NORMAL-SLANT HELIX, WITH RESPECT TO
DARBOUX FRAME

Theorem 3.1. The position vector ¢ (s) of a line of curvature of a regular
surface with kg # 0, which is relatively normal-slant helix, with respect to
Darboux frame (T,V,U) is given by :

w(s)=a(s)T+ (—/ﬁga(s) ds+cl> V+ (—/mna (s)ds +02) U, (3.1)
where

a(s)

= cos (\/ngcf’ﬁgds) < € \/ﬁf ds (ng> sin (mf’igds) ds)

+ sin (\/mf /‘ng3> <C4+mfds (;g)cos <\/T0%Cf mgds) ds) :

. ) Kn
while c1 c2,c3, ¢4 are arbitrary constants, and op. = —.
K
g

Proof. Let ¢ = ¢ (s) be a line of curvature, that is, 7, = 0, lying on a regular

surface in Euclidean 3-space, which is relatively normal-slant helix, that is, ==
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is constant. Then, we may express its position vector as follows:

p(s)=a(s)T(s)+L(s)V(s)+v(s)U(s), (32)
where «, 8 and ~ are differentiable functions of s € I C R. Differentiating the
above equation with respect to s and using the derivative formula of Darboux
frame (2.1), we get the following:
o —Kgf — Kpy =1,
B+ akrg =0, (3.3)
v + ak, = 0.

By means of the change of variables t = [ kg4ds, the system (3.3) becomes:
a—p3— OrcY = %97
B+ a=0, (3.4)
v+ oprex = 0,

where 0., = fin and dot denote the derivative with respect to t. The second
kg
and third equation of (3.4) leads to
Bt)=—[at)d+c,
v () == [orea(t)dt + co,

where ¢y, ¢o are arbitrary constants. Differentiating the first equation of (3.4)
and using the second and the third equation of (3.4), we get the following
equation:

(3.5)

a+ (1+07,)a= % <ng> : (3.6)

%) sin ( 1+ a,%ct) dt>

The general solution of equation (3.6) is

_ 1 d
a(t) = cos ( 1+ JEJ) <03 - i [ & ( -
. 1 d 1
+ sin ( 1+ U?Ct> <C4 + vy IF (@) cos < 1+ JZCt) dt) ,
(3.7)
where c3,cq4 are arbitrary constants. Setting t = [ kyds and substituting

equation (3.7) and (3.5) into (3.2) we get equation (3.1) which completes the
proof. O

As a consequence of the above theorem we have the following corollary.

Corollary 3.2. The position vector ¢ (s) of a line of curvature lying on a
reqular surface with kg a non-zero constant, which is relatively normal-slant
heliz, with respect to Darbouz frame (T, V,U) is given by

p(s)=a(s)T+B(s)V+7(s)U,
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for
a(s) = C3COS(HQ\/TO'ZCS>+C4SH1< \/14—705)
-1
B(s) = 7(038111( 1+0? S)—C4CO ( 1+ 02 5>)+617
Jiron
v(s) = &(Cﬁin( 1402 S)—C4COS< 1+ 0?2 s))+02,

V1402,

while c1 c2,c3, c4 are arbitrary constants, and o,. = ;T'
g
4. POSITION VECTOR OF A LINE CURVATURE OF A REGULAR SURFACE
WHICH IS RELATIVELY NORMAL-SLANT HELIX, WITH RESPECT TO
STANDARD FRAME

Theorem 4.1. Let ¢ = ¢ (s) be a line of curvature, that is, 7, = 0, lying on
a regular surface in Fuclidean 3-space with k, # 0, kg # 0. Then, the vector
V satisfies a vector differential equation of third order as follows:

V" () + (L4 02,) V' () — Z, Eg (V" (t)+V (b)) =0, (4.1)
where t = [ kgds and oye = i—:

Proof. Let ¢ = ¢ (s) be a line of curvature, that is, 7, = 0, lying on a regular
surface with , # 0 and r, # 0. By means of the change of variables t = [ kyds
n (2.1), we have the new Darboux equations as follows:

d% =V +o..U,
= -T, (4.2)
% —opc T

where oy = ’Z—Z Differentiating the second equation of (4.2) and using the
first equation of (4.2), we obtain

d?V (t)

dt?

Differentiating (4.3), we have

3V (1) dV (t)  doy(t) dU (t)

=— - U (t) — ope ( .

e dt a0 o) =5

By substituting the second equation of (4.2) in the third equation of (4.2), we
give

= V({t) - o U (1). (4.3)

(4.4)

(4.5)
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If we substitute (4.5) and (4.3) in the equation (4.4), we have a vector differ-
ential equation of third order (4.1) as desired. O

The solution of equation (4.1) gives a position vector of a line of curvature,
however, in the case where this curve is also a relatively normal-slant helix,
we have the following theorem:

Theorem 4.2. The position vector ¢ (s) of a line of curvature of a reqular sur-
face, with Kk, # 0, kg # 0, which is relatively normal-slant heliz, is computed
in the natural representation form with respect to standard frame (e, ez, e3)

by
1(s) = \/1+a,?cfsm <\/1+chf/<gds) ds,
2 (s) = ——\/1+arcfcos (\/1+0rcf/<;gds> ds,
3 (s) =

or in the pammetmc form

p1(t) = 2T+ 07 [ L sin (VI+o%t)dt,

g

pa (t) = — /14 02, f% os< 1+a§ct)dt,
p3(t) =c,

where t = | kods, ore = 22 and ¢ is a constant, m = =2
gs, Orc rog g

V1-n2’

0 is the angle between the fized straight line es (azis of relatively normal-slant
heliz) and the vector V of the curve .

n = cos(f) and

Proof. Let s — ¢ (s) be the arc-length parametrization of a line of curvature
lying on a regular surface with , # 0 and x4 # 0. As ¢ is a relatively normal-
slant helix, then o, = Z—Z is constant. Therefore the Eq.(4.1) becomes

V" () + (14 02,) V' (t) =0, (4.6)
where t = f Kgds.
If we write the vector V in (eq, ez, e3), as the following;:
V(t)=Vi(t)er + Va(t)ea+ V3 (t)es, (4.7)

by reason of the curve ¢ is a relatively normal-slant helix, that is, the vector
V makes a constant angle 0, with the constant vector called the axis of the
relatively normal-slant helix, so, without loss of generality, we can take the
axis of a relatively normal-slant helix parallel to e3. Then

Vs = (V,e3) = cos (6) = n. (4.8)
Also, the vector V is a unit vector, so the following condition is satisfied

VE () + Vi (t) =1 —n (4.9)
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The general solution of equation (4.9) is given by

Vi (1) = —cos (A (1)),

4.10
Vo (t) = zsin(/\(t)), (4.10)

where m =

\/17i7 and A is an arbitrary function of ¢. Each one of the compo-
nents of the vector V satisfies the equation (4.6) . So, substituting the compo-
nents Vi (¢) and V5 (t) in the equation(4.6), we get the following differential

equations of the function A (t)
()\’” — N3y (1 + afc) )\’) sin (A) + 3\ X cos (\) = 0, (4.11)
(N — PR (1+ GEC) N) cos (A) — 3NN’ sin (X)) = 0. (4.12)

It is easy to prove that the above two equations lead to the following two
equations

3NN =0, (4.13)
N = N3+ (1+02,) N =0. (4.14)

As ) is not constant, then X # 0. The equation (4.14) becomes
-X?+ (1+07) =0. (4.15)

The general solution of the equation (4.15) is

A=+1+ 02t + o, (4.16)

where ¢y is a constant of integration. The constant ¢y can be disappear if we
change the parameter A — A+ ¢g. Now, the vector V take the following form

V(t (—cos( 1+02, ),—sm( 1+U%ct)’”)' (4.17)

On the other hand, as d—“a T and using the second equation of (4.2), we

have
p(t) = —/1 (i‘;) dt. (4.18)

Substituting the solution (4.17) in the equation (4.18) and setting t = [ kqds,
which completes the proof. O

Corollary 4.3. Let ¢ be a line of curvature lying on a regular surface, with
kn # 0 and kg # 0. We denote by (T, N, B) and (T,V,U), the Frenet frame
and Darbouz frame along the curve p, respectively. If ¢ is a relatively normal-
slant heliz, that is, its vector V. makes a constant angle with a fixed direction,
noted d, then the vectors d and B are collinear.
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Proof. If ¢ is a line of curvature (7, =0) and relatively normal-slant helix
(’Z—Z = constant) , according to Corollary 2.5, ¢ belongs to a fixed plane (zero

torsion), hence the binormal vector B is constant. According to Theorem 4.2,
and as the curvature of ¢ is not zero, we have es = +B, which completes the
proof. O

Now, we may give the following lemmas for the special cases of a line of
curvature lying on a regular surface which is relatively normal-slant helix.

Lemma 4.4. The position vector ¢(s) of a line of curvature which is relatively
normal-slant heliz with kg (s) = kg, where kg € R*, is expressed in the natural
representation form, with respect to standard frame (ey, ez, e3) by

n
01 (s) = — o8 (wl + U?C/fgs> :
9
w2 (s) = " sin («/1 + 0365g8> )
mk,g

¥3 (8) =G
where Ope = Z—:, ¢ is a constant, m = \/1’17, n = cos (0) and 0 is the angle

between the fixed straight line es (axis of relatively normal-slant heliz) and the
vector V' of the curve .

We can see a special example of such curve when k, =7,k = 1,n = %, in
the Figure 1-(A).

Lemma 4.5. The position vector ¢(s) of a line of curvature which is relatively

normal-slant heliz with r, (s) = % and kg (s) = g, is expressed in the natural

representation form, with respect to standard frame (e1, ez, e3) by

©1(s)
i ) e ()

@2 (5)
) _nsm) [cos (VT 1n (5)) + VT @sin (VT 1 () .

mb (b + a? + 1

p3(s) =c,

where oy = Z—", c 1s a constant, m =
g

n
JIn?’
between the fixed straight line es (axis of relatively normal-slant heliz) and the

vector V' of the curve .

n = cos (0) and 0 is the angle

We can see a special example of such curve when a =2, b =3 and n = %,
in the Figure 1-(B).
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Lemma 4.6. The position vector ¢(s) of a line of curvature which is relatively
ﬁ and kg (s) = ﬁ, 1s expressed in the

natural representation form, with respect to standard frame (e, ez, e3) by

normal-slant helix with K, (s) =

()= s
S) =
71 ma cos (w)’
n 1 — sin (w)
= 1

ez (5) 2ma n<1+sin(w)> ’

¢3(s) =c,
where w = arctan (s), ¢ is a constant, m = ﬁ, n = cos (0) and 6 is the

angle between the fized straight line es (axis of relatively normal-slant helix)
and the vector V' of the curve .

We can see a special example of such curve when n = % and a = %, in the
Figure 1-(C).

FIGURE 1

5. APPLICATION FOR ISOPHOTE CURVES

In this section we will deduce the position vector of special curves such as,
line of curvature of a regular surface which is an isophote curve. First, we give
the definition.

Definition 5.1. ([2]) Let ¢ be a unit speed curve lying on a regular surface
and (T, V,U) be the Darboux frame along . The curve ¢ is called an isophote
curve if the vector field U of ¢ makes a constant angle with a fixed direction,
that is, there exists a fixed unit vector d and a constant angle n such that

(U,d) = cos (n) . (5.1)
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Theorem 5.2. ([2]) A unit speed curve ¢ on a regular surface with (ky, T4)
# (0,0), is an isophote curve if and only if
1
pi(s) = ———% (ng (792 + Iﬁ%) + T;Iﬁn — H%Tg) (s). (5.2)
(12 +£K2)>
1 a constant function.

Corollary 5.3. ([2]) Let ¢ be a curve lying on an oriented surface ) :
(1) If ¢ is an asymptotic curve on ) with T4 # 0, then ¢ is an isophote
curve on Y if and only if ¢ is a general heliz.
(2) If ¢ is a geodesic curve on Y with k, # 0, then ¢ is an isophote curve
on Y if and only if ¢ is a slant heliz.
(3) If ¢ is a line of curvature on Y with k, # 0, then ¢ is an isophote
curve on Y if and only if :—Z is constant.

Similar to the previous section, we can also give the following characteriza-
tions for a line of curvature which is an isophote curve without proof.

Theorem 5.4. Let ¢ = ¢ (s) be a line of curvature lying on a regular surface
in Buclidean 3-space with r, # 0 and kg # 0. Then the vector U satisfies a
vector differential equation of third order as follows

U" (@) + (1+p2) U () — /’fwg (U"(t)+U (1)) =0, (5.3)

where t = [ kypds and pic = =<,

Kn

Theorem 5.5. The position vector ¢ (s) of a line of curvature lying on a
reqular surface with Kk, # 0, kg # 0, which is an isophote curve, is computed
in the natural representation form, with respect to standard frame (e, ez, e3)

b
y 1(s) = %Mfsin (\/Tuch nnds> ds,
P2 (s) = —%\/Tufcfcos (Wf /inds) ds, (5.4)
)

or in the parametric form

1
o1 (t) = 1+ 2 [ —sin (/14 p2t) dt,
m K;nl
o (t) = —ﬁ\/ru%(:f — coS <mt> dt, (5.5)
m Kn

@3 (t) = c,
n

where t = [ Knds, pic = z—i and c is a constant, m = T = cos(n) and n

S

is the angle between the fized straight line es (axis of isophote curve) and the
vector U of the curve .
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Data Availability: The data used to support the findings of this study are
available from the corresponding author upon request. The articles used to
support the findings of this study are included within the article and are cited
at relevant places within the text as references.

[1]

REFERENCES

A.T. Ali, Position vector of general helices in Euclidean 3-space, Bull. Math. Anal.
Appl., 3(2) (2011), 198-205.

A.T. Ali, Position vector of slant helices in Fuclidean 3-space, J. Egyp. Math. Soc.,
20(1) (2012), 1-6.

F. Dogan and Y. Yayl, On isophote curves and their characterizations, Turkish J. Math.,
39 (2015), 650-664.

A. Elhaimi, M. Izid and A. Ouazzani Chahdi, Parametric Equations for space curves
whose spherical images are slant helices, J. Math. Research, Canadian Center of Science
and Education, 11(5) (2019), 82-88.

S. Izumiya and N. Takeuchi, New special curves and developable surfaces, Turkish J.
Math., 28 (2004), 153-163,.

M.A. Lancret, Mémoire sur les courbes a double courbure, Mémoires présentés a
UInstitut, (1806), 416-454.

N. Macit and M. Duldul, Relatively normal-slant helices lying on a surface and their
characterizations, Hacettepe J. Math. Statis., 46(7) (2017), 397-408.

B. O’Neill, Elementary differential geometry, Academic Press, 1996.

B. Ozcan and S. Yiice, Special smarandache curves according to Darbouz frame In E3,
arXiv:1203.4830 [math.GM] (or arXiv:1203.4830v1 [math.GM)] for this version (2012),
15 pages.

D.J. Struik, Lectures in Classical Differential Geometry, Addison-Wesley, Reading, Ma,
1961.



