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Abstract. We proposed to give some new @—coupled fixed point theorems using simulation
function coupled with other control functions in a complete partially ordered metric space
which includes many related results. Further we prove the existence of solution of a fractional

integral equation by using this fixed point theorem and explain it with the help of an example.

1. INTRODUCTION AND PRELIMINARIES

The importance and usefulness of the metric fixed point can be seen in
different areas e.g. approximation theory, optimization etc. The idea of a
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coupled fixed point was introduced and studied by Opoitsev [19, 20]. Later, it
was studied by Guo and Lakhsmikanthan [10] and other researchers. Applica-
tion of contraction type conditions on coupled fixed points was first initiated
by Bhaskar and Lakhsmikanthan [6] which is further studied and extended to
tripled fixed point theorems in ordered and cone metric spaces, for instance,
see [1,2,3,5,7,9,8, 12, 13, 18, 22, 23, 24, 26] and references therein.

Ran and Reurings [25] studied the fixed point theorem in ordered metric
spaces and applied it to linear and nonlinear matrix equations. In [6] Bhaskar
and Lakhsmikanthan studied a coupled fixed point in ordered metric spaces
and applied to the solvability for a periodic boundary value problem. Fan et
al. [9] modified the notion of F-control function [15] and established some new
coupled fixed point in metric spaces, and applied it to prove the existence of
solution of integral equations.

We recall the following notations introduced by Bhaskar and Lakshmi-
nathan [6].

Definition 1.1. ([6]) Let (X , 4) be a partially ordered set and endow the
product space X x X with the following partial order:
for (z,y),(u,v) € X x X, (u,v) < (2,y) <= 2 = u, y <.

Definition 1.2. ([6]) Let (X, —4) be a partially ordered set and F': X x X —

X. We say that F has the mixed monotone property if F(a? y) is monotone
nondecreasing in x and is monotone nonincreasing in y, that is, for any x,y €
X,

xl,xgeX, x1<x2:>}%(a;1, ) F(IEQ, )
and R X X

y1,92 € X, y1 S y2 = F(o,y1) = F(z,y2).

Definition 1.3. ([6]) An element (z,y) € X x X is called a coupled fixed
point of the mapping F if F(z,y) = z and F(z,y) =y, for all z,y € X.

In [17], Matthews introduced the notations of partial metric, quasi-metric
spaces and presented the relation among the metric, partial metric and quasi-
metric as follows:

If d is a quasi-metric on X, then d: X x X — [0,00) given by

d(z,y) = d(z,y) +d(y,z), (z,y) e X x X

is a metric on X and if d, is a partial metric on X, then d; : XxX — [0, 00)
given by

di(z,y) = 2dp(z,y) — dp(z, ) — dp(y,v), (z,y) € X x X



1h—coupled fixed point theorem via simulation functions 275

is a metric on X.

Lemma 1.4. ([17]) Let (X,dp) be a partial metric space. Then
(1) {z,} is a Cauchy sequence in (X, dy) if and only if {x,} is a Cauchy
sequence in the metric space (X,dl).
(2) the partial metric space (X,dp) is complete if and only if the metric
space (X,dl) s complete.

Motivated from [15], Fan [9] introduced the following notion:

Definition 1.5. ([9]) Let X be a nonempty set, F': X x X — X be a mapping,
Y : X x X = [0,00) be a given function, we say that a pair (z,y) € X x X is
a 1h—coupled fixed point of the mapping F if (z,y) is a coupled fixed point of
the mapping F and satisfies Y(z,y) =0.

We denote by C} the set of all coupled fixed points of the mapping F, that
is
Cp= {(x,y) eEXxX: F(m,y) =z, F(y,x) = y}
and
Zy = {(w,y) € X x X :¢(x,y) :O}.
Hence, a ¢—coupled fixed point (z,y) is also represented as (z,y) € Cx N Zy.

Definition 1.6. ([9]) Let 7 be the set of functions T : [0,00)3 — [0, 00). For
any x,y,z,u,v € [0,00), the function T satisfies the following conditions:
(i) = <T(,y,2);
(i) T(z,y,2) =0 <=z =y =2 = 0;
(i) T(.,z,y) =T(.,y,x) and T(u +v,z,y) < T(u,z,2) + T (v, 2,9);
(iv) T(z,.,.) is nondecreasing on [0, 00).
The function T is called a modified F'—control function.

For example

(1) T(z,y,2) =2 +y+ 2,
(2) T(x,y,z) =z +max{y, z},
(3) T(z,y,2) = max{z,y, 2} +y + 2.

We shall use the following notations:
T(z,y) == 1x,T (z,y) := T(z,y), ..., T (z,y) == T" (T (z,y), T(z,y)).
In order to establish our results, we need following related notions.

Definition 1.7. ([14]) A function ¢ : Ry — R is said to be a Jachymski
function if
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(1) 6(0) =0,
(2) for each € > 0 there exists ¢ > 0 such that for ¢ > 0 with e <t < e+,
we have ¢(t) <e.

Definition 1.8. ([11]) A function 6 : R, — R, — R satisfying the following
conditions:

(1) 6(t,s) < s—tforall t,s >0,
(2) if {tn}, {sn} are sequences in (0, co) such that li_)rn tn, =1>0, li_)m Sp =

s > 0, then limsupé(tn, Sp) < s—1.

n—oo

For example, let 61 and 62 be two altering distance functions such that
O2(t) <t < 0;(t) for all ¢ > 0. Then 0(t,s) = O2(s) — 01(t) for all ¢,s € [0, 00)
is a simulation function [4, 16, 21].

If we take 02(t) = At for all t > 0, A\ € [0,1) and 60;(¢) = ¢ then we obtain
the simulation function 0(¢,s) = As —t for all ¢, s € [0, 00).

In the literature, there are several contractions which produce unique fixed
points and coupled fixed point and that are more general than Bhaskar and
Lakshminathan [6]. Thus, it is interesting to see whether the underlying frac-
tional integral equation can be handled with more general contraction which
includes many other related contractions. Inspired by these observations, we
wish to continue this study of solvability of a fractional integral equation by
considering new contraction. We verify the application part by an example.

2. MAIN RESULTS

In this section, we prove new 1 —coupled fixed point theorems using sim-
ulation function coupled with other control functions in a complete partially
ordered metric space.

Theorem 2.1. Let (X, d, —4) be a complete partially ordered metric space. Let

F: X xX — X be a mized monotone mapping, ¢ : Ry — Ry be a Jachymski
function and for any s > 0, ¢(s) < s continuous and nondecreasing functions.
Assume that

(a) E? is continuous on X x X,
(b) there exists T € T such that for any x,y,u,v € X withu < F(z,y), v =

F(y,z),
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0 (Fla,y), Py ). ¢(F<u,v>,ﬁ<v,u>)),)
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where P : XxX > Ry is any given function and 0 is a simulation
function.

Then there exists a Y—coupled fixed point of F.

Proof. For any (I,m) € Cp, if we choose z = u =1[, y = v =m in (2.1) we get

0 (T (0,0 1 m) 0 (L) & (T (0,60, m), 6(1m)) ) = 0,
that is,
70,4 (,m), % (,m) < & (T 0,60 m), vt m))).
If (1, m) # 0 then T'(0,¢ (I, m) , ¢ (I, m)) > 0.
Now by using the property of ¢ we get,
70,9 (1m) v (L) < & (T(0,4(0m), v(t,m) ) < T (0,0l m), w(l,m)).

a contradiction and hence (I, m) = 0. Therefore, C C Zy.
Now, we prove that the sequences {«,} and {f8,} are Cauchy sequences,
where

~

F(Oén laBn 1) F(anaﬁn) = Op+41

and
Brn = F(ﬁnflvanfl) i F(ﬁnvan) = Bn+1
forn=1,2,....
We also have,
< F(ant1, Butr) (2.2)
and
Bu = F (Bus1, any1) (2.3)

forn =1,2, ...,Asince F (Oéna/Bn) < F(an—i-l’/Bn-‘rl) ) F (Bn’an) F(ﬁn—&—la an+1) .
Let by =T (d(an—i-l, an): (G (an+1a 6n+1) X0 (Oém 671)) From (2 ) (2-2)

get,

b _ T . ( (O‘mﬂn) FA(anflaﬁnfl)), R

T (@ B)  F (B ) ) 0 (F (@t But) B (Batsonn)) )



278 Anupam Das, Bipan Hazarika, Hemant Kumar Nashine and J. K. Kim

Again,
o (Flan B, Pl o) 0 (Flom B, F(Brsen))
0 (0 (F(anfhﬁnfl), F(Bn-1, Oénfl)) 7
& (1 (e, an-1). % (@n, Ba) ¥ (-1, Bu)) )
>0
gives
bn+1
o[ (B B Flanr, ) 0 (Bl ), F(Brs o).
(0 (F(an—hﬁn—l)a F(Bn-1, an—l))
< & (7 (@ 1), (@, Bu) ¥ (-1, Bu-1)))
= 6 (bn)
< b,
for n = 1,2,.... Thus, {b,} is a strictly decreasing sequence in X, therefore

{b,} is a convergent sequence and converges to b € Ry (say).
Now, we discuss the following two cases:

Case 1: If b, = 0 for all n > Ny, where N; is a natural number then we have
b=0.
Case 2: If {b,} is a positive sequence in X then ¢(b,) < by, for all n € N.

Again, we have b,41 < b, for all n € N i.e., {b,} is strictly decreasing and
b <bpy1 < by.

If @ > 0, then from Definition 1.7 we can find N» € N, § > 0 such that
n > Ny we get b < b, < b+ 6 gives qg(bn) < b, a contradiction. Therefore we
have b =0, i.e., lim b, = 0.

n—oo

Using € — § definition of limit and Definition 1.7 for ¢ > 0 and k¥ € N

there exists 6 = § and N3 € N such that for n > max {N2, N3} we get

2
buyr < bp < 5 < §+ 9, that is,

T (d(an—l—ka an—l—k—l)a @ZJ (an—i—ka Bn—i—k) P 7;[) (an-l—k—l, ﬁn—&-k—l))
< T (d(O{n, anfl)a QJZ) (an, ﬁn) 3 1/) (anfly ﬂnfl))
€
D)
€
< 5 + 4.
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Now we show that the following holds:

A~

T (At n): ¥ (s Bosr) ¥ (s B)) < 5 + 6 (24)

for k € N.
It is obvious that (2.4) holds for £ = 1. Suppose that (2.4) holds for k& and
we shall try to prove (2.4) holds for k + 1. We consider the following cases:

Case 3: Let T (d(an+k7 an)a (o (an—I—ka 6n+k) P (am Bn)) > %
We have from Definition 1.7,

T (d(nshits @ns1)s ¥ (Qniksts Batkrt) ¥ (i1, Bnt1))

< Qg (T (d(an+k> Oén), (G (an-i-ka Bn-i—k) 0 (Oén, Bn))>
€
2

IN

In addition we have

T (d(an+k+1v Oén), 1/} (an+k+1a Bn+k+1) 5 lb (an; ﬁn))
<

T d(an+k+1, Oén+1) + d(Oén+1, Oén)7 (0 (Oén+k+1, /8n+k+1) X0 (Oém 5n))

—

< T (d(angrt1, @nt1), ¥ (Ongksts Bovit1) ¥ (Qng1, Bngt))

(d(an+1v an) ¢ (anJrla /BTL+1) ﬂp (Oén, ﬁn))

€
f-iis
22"

l\')\m-i- ~»
+ ==

A

Case 4: Let T (d (an+k7 an) 71/} (anJrkv BnJrk) w (aTM Bn)) < %

If T (d (ks on) s ¥ (Qngkes Brak) ¥ (o, Bn)) = 0, then applying Definition
1.7 we get,

~

T (d(nthti1, nt1) s ¥ (Qntktt, Bntk+1) , ¥ (Ong1, Bns1)) = 0.

Again,

~»

(d (an+k+17 an) ) @Z} (an+k+1a Bn—l—k—l—l) ) 1/} (ana ﬁn))
(d (ontrt1, 1) ¥ (Qnrt1s Brkt1) s ¥ (Qng1, Bag1))
T (d (nt1,an) ¥ (i1, Bas1) , ¥ (i, Bn))

IN

IA
Nl al e+ N

N
+
&
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Itr (d (an+k7 an) ) 1/} (anJrkv BnJrk) 7¢ (aTw 571)) >0 then we getv

d; (T (d (an-f—kv an) 9 ¢ (an-f—kv IBTL-HC) 9 /d) (aTH ﬁn)))
T (d (an-‘rk‘a an) 5 ¢ (an—‘rk‘a Bn—&-k) y 'QZJ (Oén, 5n))
€

2

T (d (ki1 On) s ¥ (Cnorts Brga) ¥ (O, Bn))
< T(d (st @ng1) + d (At an) s ¥ (Ot Butks) & (Qns Bn))
< T(d (Ot 0nt1) s ¥ (Cngir 1 Brgks1) » ¥ (O, Brg))
T (d (ant1, @) ¥ (@, 1) s 9 (s )
(7 (d (s @) s (ks But) 1 (n, Ba) )

+
<o
+ T (d (1, @) ¥ (i, Brg1) s ¥ (s Bn)
€L E_€ 5
<2+2—2+.

Thus (2.4) holds for k£ + 1. We also have

d(an+k‘7 an) S T(d (Oén+k, an) 7¢ (an+k7/6n+k) 777/} (0577,7671)) < E + d=¢e.

2

This proves that {a,} is a Cauchy sequence. Similarly, we can show that {3, }
is a Cauchy sequence.

Now we prove that F has a 1-coupled fixed point. Since (X , d) is a com-

plete metric space, therefore there exists a, B in X such that o, — @ and
B — B as n — oco. We have

and

Q42

Il
M

(Oén+1aﬁn+1)
FO (F (an,ﬁn),ﬁ‘(ﬁn,an)>
F? (o, Bn)

1
Qi
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Br+2
= F(ﬁn—i—lvan-‘rl)
= F o (F (B, an) , F (an, )
= 2 (Bn, o)
—
asn — oo. As F? is continuous, we also have
F2 (o, Bn) — F* (a, B)
and
F2(Bn,an) — F2(B,a).
By the uniqueness property of the limit, we get
F*(a,p) =a
and
F%(B,a) = B.
If possible assume & # F (a ,B) and B # F (8 ( a) then we get,

T(d(am 6))¢(aﬁ)w(( 5).F (5.a)))

=1 (7 @) F(0.9)) (7 @5) . F* (3.6) v (F (@5). F (5.9)
and

(4

9(T ( (@ ) ( a)),w(Fv,B),F(B,a))),

that is,
7 (a (@ 8), P@B)) v
<o (7 (a(F(a.).a).v (Fa.f).F(3.a).(0.5))
<T(a(Fap.a) v (F@p).F6.a) .0 (@5)
which gives
7 (d(a @) v (@5 v (F@h) F3a))
< T (d(F(@B).a) v (F@.5).F(B.a) v (@5))

a contradiction to Definition 1.6 (iii) as d (o?, F (64, B)) =d (13’ (07, B) ,o?) .
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This gives
7 (d(a F@B)) v (@8) v (FaB8),P3.a)) =o.
By Definition 1.6(ii), we get
a(a,F(@p)) = v (aB) =0

implies @ = F(a, f3).
In a similar manner it can be shown that 3 = F'(3,a). Thus we conclude
that (@, 3) is ¥—coupled fixed point of F. O

Taking various concrete functions, we can get several classes of contractive
conditions in a metric space such as:

Corollary 2.2. Let (X,d, 4) be a complete partially ordered metric space.

Let F': X x X — X be a mized monotone mapping, qAﬁ : Ry — Ry be a
Jachymski function and for any s > 0, ¢(s) < s continuous and nondecreasing
functions. Assume that

(a) E? is continuous on X x X,

(b) there exists T' € T such that for any z,y,u,v € X withu < ﬁ'(x, Y), U=

F(y,x) satisfying

01 (7 (d (Fa,y), Pl,0) 6 (Fl,y), By, ) o (Fu,v), Fo,w)))
< 0 (& (7 (dla,w), vla.y) () )

where P : XxX > Ry s any given function and 61, 62 are two
altering distance functions such that 62(t) <t < 61(t) for all t > 0.
Then there exists a Y-coupled fized point of F.

Proof. The result follows by taking 6(t, s) = 05(s) — 61(¢) in Theorem 2.1. [

Corollary 2.3. Let (X,d, 4) be a complete partially ordered metric space.

Let F': X x X — X be a mized monotone mapping, qg : Ry — Ry be a
Jachymski function and for any s > 0, ¢(s) < s continuous and nondecreasing
functions. Assume that

(a) E? is continuous on X x X,
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(b) there exists T € T such that for any z,y,u,v € X withu < F(a:, Y), v =
F(y,x), satisfying
T (d (F,y), Fw,0) 6 (Fl,y), Ply,2)) 6 (Fu,v), Fvo,u)) )
<26 (7 (dlw, w), (@, ), (w,0)) )
where 1+ X x X — Ry is any given function and A € [0,1).

Then there exists a Y-coupled fized point of F.

Proof. The result follows by taking é(t, s) = As —t in Theorem 2.1. O

Corollary 2.4. Let (X,d, 4) be a complete partially ordered metric space.

Let F': X x X — X be a mized monotone mapping, dA) : Ry — Ry be a
Jachymski function and for any s > 0, ¢(s) < s continuous and nondecreasing
functions. Assume that

(a) E? is continuous on X x X,
(b) for any x,y,u,v € X with u < (:U y), v = F(y,x), satisfying

a(Fe.y), Fluw,0)) + 6 (Fle.y), Fy.2)) + ¢ (Fu,v), Flo,u)
<A (d(x,u) + ¥ (x,y) + ¢(u,v)),
where 1 : X x X — R4 is any given function and X € [0, 1).
Then there exists a Y-coupled fized point of F.
Proof. The result follows by taking T(x, y,z) = x+y+ z in Corollary 2.3. O

Corollary 2.5. Let (X,d, 4) be a complete partially ordered metric space.

Let '+ X x X — X be a mized monotone mapping, gg : Ry — Ry be a
Jachymski function and for any s > 0, ¢(s) < s continuous and nondecreasing
functions. Assume that

(a) F2 is continuous on X x X,
(b) for any x,y,u,v € X with u < ($ y), v = F(y,x) satisfying

a(Pla,y), Plu,v)) <26 (d(,w),
where 1 : X xX— R4 is any given function and X € [0,1).
Then there exists a V— coupled fized point of E.
Proof. The result follows by taking ¥ (x,y) = ¥ (u,v) = 0 in Corollary 2.4.
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Corollary 2.6. Let (X,d, —4) be a complete partially ordered metric space
with

d(z,y) = 2p(x,y) - p(z,x) = py,y), =,y € X,
where p is a partial metric on X. Let F: X x X — X be a mized monotone

mapping, qb Ry — Ry be a Jachymski function and for any s > 0, gb( ) <
continuous and nondecreasing functions. Assume that

(a) E? is continuous on X x X,
(b) for any x,y,u,v € X with u X F(z,y), v = F(y,x) satisfying
2 (F(a,y), F(w,v)) = p (Fle.y), o) = p (Flu), Fu,0)
< A (2p(x,u) = p(, @) — p(u,u))
where 1+ X x X — Ry is any given function and A € [0, 1).
Then there exists a Y-coupled fized point of F.

Proof. The result follows by taking d(z,y) = 2p(x,y) — p(x,z) — p(y,y) in
Corollary 2.5. O

Corollary 2.7. Let (X,d, 4) be a complete partially ordered metric space.

Let '+ X x X — X be a mized monotone mapping, QAS Ry - Ry bea
Jachymski function and for any s > 0, ¢(s) < s, continuous and nondecreasing
functions. Assume that

(a) E? is continuous on X x X,
(b) for any x,y,u,v € X with u < F(x, ) F( x), satisfying

d (F(x,y), F(u,v)) +max {w ( ( F(v, U))}
< A (d(x,u) + max {w<m,y>,w(u,v>}) ,

where 1 : X xX - Ry is any given function and X € [0,1).
Then there exists a Y-coupled fized point of F.

Proof. The result follows by taking T'(z,y,z) = & + max {y, 2} in Corollary
2.3. [l

3. APPLICATION ON FRACTIONAL INTEGRAL EQUATION

Consider the following fractional integral equation:

1 t 1
F(a)/o (f—wyi=a (A (b w.p(w) = Bt w.pw))]dw (3.1)

p(t) =
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for 0 < t < d. The functions A : [0,d] x [0,d] x Ry — Ry and B : [0,d] x
[0,d] x Ry — R4 are continuous functions.

Assume

(1) A(.,.,p(w)) and B(.,.,p(w)) are both nondecreasing on R .
(2) for any p,p,v,0 € Ry with

o) < a7 [ s (A () = B (tw,p(w)

w)l—a

N 1 ! 1 .
o(t) = )LA “__wyfa[@4@waKwD-B(tvhp@®)ﬂdw

satisfying
|A(t, w,p(w)) = B (t,w, p(w)) — A(t, w,v(w)) + B (t, w,d(w))]

~ 28 (lp(w) — v(w))
< )

with ﬁ € [0,1), where ¢ : Ry — R, is a nondecreasing Jachymski

function satisfying that for s > 0, ¢(s) < s.

Theorem 3.1. Under the assumption (1)-(2), equation (3.1) has a unique
solution.

Proof. Let X := C[0,d] be a real valued continuous functions on [0, d]. Let
0: X x X — Ry be ametric on X defined by d(p1,p2) = max |p1(t) — pa(t)]
for p1,p2 € and z € [0,d]. Then it is trivial that (X, 0) is a metric space. We
denote (X, ) with the partial order < as

p(t),p(t) € X, p(t) < p(t) & (p(1), p(1)) < (B(1), p(1)) -

Define L : X x X — X by

L3O = Fo7 || s (A ) = B (hwptw))] do. (32

By condition (1), we obtain that D is mixed monotone and continuous map-
ping. By (3.1) and (3.2) we obtain

i Jo = (A (tw, p(w) = B (t,w, p(w))

L (p,0) (1) = L (v,0) ()] = — (At w,0(w)) — B (t,w, d(w)))dw
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t g _
cn [ Bl v,
0 (t—w)l=odT(a)
A (p(w) — v(w]) / dw
doT (@) o (t—w)l—o
_ A (Ip(w) —v(w]) d*
- doT () e
= (o) — v(w])
= Tat D) p(w) —v(w
<A
“INa+1)
All assumptions of Corollary 2.5 are satisfied, so operator L has a @)—coupled
fixed point on X x X hence we conclude that the equation 3.1 has a unique
solution. g

$ (3(p,v))-

Example 3.2. Consider the following example
1 t t2w%p w) — tw?
R (33)
L'(3) Jo 8(t —w)2

where ¢, w € [0,1], p € R4 and the partially ordered set (C[0, 1], 4, <).
Here we have

tzw%p B(t ) tw?
) , W, = g -
8 PI="3
We observe that both A(.,.,p), B(.,.,p) are nondecreasing on R and contin-
uous on [0,1] x [0,1] x R4.
Let any p, p, v, v with

1
d= 17 a = 57 A(t7w7p) =

1 t 42 _ 2
oft) < —- /tw2p(w) tw P
L'(3) Jo  8(t—w)2
and
1 t 42, 15 )
o(t) > —- /tw2p(w) 1tw dw
I'(z)Jo  8(t—w)2
Now,
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where ¢(t) = L and A = 1 such that ﬁ < 1.
2

Since all assumptions of Theorem 3.1 are satisfied by equation (3.3), equa-
tion (3.3) has a unique solution in C[0, 1].
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