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Abstract. We proposed to give some new ψ−coupled fixed point theorems using simulation

function coupled with other control functions in a complete partially ordered metric space

which includes many related results. Further we prove the existence of solution of a fractional

integral equation by using this fixed point theorem and explain it with the help of an example.

1. Introduction and preliminaries

The importance and usefulness of the metric fixed point can be seen in
different areas e.g. approximation theory, optimization etc. The idea of a
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coupled fixed point was introduced and studied by Opoitsev [19, 20]. Later, it
was studied by Guo and Lakhsmikanthan [10] and other researchers. Applica-
tion of contraction type conditions on coupled fixed points was first initiated
by Bhaskar and Lakhsmikanthan [6] which is further studied and extended to
tripled fixed point theorems in ordered and cone metric spaces, for instance,
see [1, 2, 3, 5, 7, 9, 8, 12, 13, 18, 22, 23, 24, 26] and references therein.

Ran and Reurings [25] studied the fixed point theorem in ordered metric
spaces and applied it to linear and nonlinear matrix equations. In [6] Bhaskar
and Lakhsmikanthan studied a coupled fixed point in ordered metric spaces
and applied to the solvability for a periodic boundary value problem. Fan et
al. [9] modified the notion of F -control function [15] and established some new
coupled fixed point in metric spaces, and applied it to prove the existence of
solution of integral equations.

We recall the following notations introduced by Bhaskar and Lakshmi-
nathan [6].

Definition 1.1. ([6]) Let
(
X̂,4

)
be a partially ordered set and endow the

product space X̂ × X̂ with the following partial order:

for (x, y) , (u, v) ∈ X̂ × X̂, (u, v) 4 (x, y)⇐⇒ x < u, y 4 v.

Definition 1.2. ([6]) Let
(
X̂,4

)
be a partially ordered set and F̂ : X̂× X̂ →

X̂. We say that F̂ has the mixed monotone property if F̂ (x, y) is monotone
nondecreasing in x and is monotone nonincreasing in y, that is, for any x, y ∈
X̂,

x1, x2 ∈ X̂, x1 4 x2 ⇒ F̂ (x1, y) 4 F̂ (x2, y)

and
y1, y2 ∈ X̂, y1 4 y2 ⇒ F̂ (x, y1) < F̂ (x, y2).

Definition 1.3. ([6]) An element (x, y) ∈ X̂ × X̂ is called a coupled fixed

point of the mapping F̂ if F̂ (x, y) = x and F̂ (x, y) = y, for all x, y ∈ X̂.

In [17], Matthews introduced the notations of partial metric, quasi-metric
spaces and presented the relation among the metric, partial metric and quasi-
metric as follows:

If d̄ is a quasi-metric on X̂, then d : X̂ × X̂ → [0,∞) given by

d(x, y) = d̄(x, y) + d̄(y, x), (x, y) ∈ X̂ × X̂
is a metric on X̂ and if dp is a partial metric on X, then d1 : X̂ × X̂ → [0,∞)
given by

d1(x, y) = 2dp(x, y)− dp(x, x)− dp(y, y), (x, y) ∈ X̂ × X̂
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is a metric on X̂.

Lemma 1.4. ([17]) Let (X̂, dp) be a partial metric space. Then

(1) {xn} is a Cauchy sequence in (X̂, dp) if and only if {xn} is a Cauchy

sequence in the metric space (X̂, d1).

(2) the partial metric space (X̂, dp) is complete if and only if the metric

space (X̂, d1) is complete.

Motivated from [15], Fan [9] introduced the following notion:

Definition 1.5. ([9]) Let X̂ be a nonempty set, F̂ : X̂×X̂ → X̂ be a mapping,

ψ : X̂ × X̂ → [0,∞) be a given function, we say that a pair (x, y) ∈ X̂ × X̂ is

a ψ−coupled fixed point of the mapping F̂ if (x, y) is a coupled fixed point of

the mapping F̂ and satisfies ψ(x, y) = 0.

We denote by CF̂ the set of all coupled fixed points of the mapping F̂ , that
is

CF̂ =
{

(x, y) ∈ X̂ × X̂ : F̂ (x, y) = x, F̂ (y, x) = y
}

and

Zψ =
{

(x, y) ∈ X̂ × X̂ : ψ(x, y) = 0
}
.

Hence, a ψ−coupled fixed point (x, y) is also represented as (x, y) ∈ CF̂ ∩Zψ.

Definition 1.6. ([9]) Let τ be the set of functions T : [0,∞)3 → [0,∞). For
any x, y, z, u, v ∈ [0,∞), the function T satisfies the following conditions:

(i) x ≤ T (x, y, z);
(ii) T (x, y, z) = 0⇐⇒ x = y = z = 0;

(iii) T (., x, y) = T (., y, x) and T (u+ v, x, y) ≤ T (u, x, z) + T (v, z, y);
(iv) T (x, ., .) is nondecreasing on [0,∞).

The function T is called a modified F−control function.

For example

(1) T (x, y, z) = x+ y + z,
(2) T (x, y, z) = x+ max {y, z} ,
(3) T (x, y, z) = max {x, y, z}+ y + z.

We shall use the following notations:

T 0(x, y) := 1X , T
1(x, y) := T (x, y), ..., Tn+1(x, y) := Tno (T (x, y), T (x, y)) .

In order to establish our results, we need following related notions.

Definition 1.7. ([14]) A function φ̂ : R+ → R+ is said to be a Jachymski
function if
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(1) φ̂(0) = 0,
(2) for each ε > 0 there exists δ > 0 such that for t > 0 with ε < t < ε+ δ,

we have φ̂(t) ≤ ε.

Definition 1.8. ([11]) A function θ̂ : R+ → R+ → R satisfying the following
conditions:

(1) θ̂(t, s) < s− t for all t, s > 0,
(2) if {tn} , {sn} are sequences in (0,∞) such that lim

n→∞
tn = l > 0, lim

n→∞
sn =

s > 0, then lim sup
n→∞

θ̂(tn, sn) < s− l.

For example, let θ1 and θ2 be two altering distance functions such that
θ2(t) < t ≤ θ1(t) for all t > 0. Then θ̂(t, s) = θ2(s)− θ1(t) for all t, s ∈ [0,∞)
is a simulation function [4, 16, 21].

If we take θ2(t) = λt for all t ≥ 0, λ ∈ [0, 1) and θ1(t) = t then we obtain

the simulation function θ̂(t, s) = λs− t for all t, s ∈ [0,∞).

In the literature, there are several contractions which produce unique fixed
points and coupled fixed point and that are more general than Bhaskar and
Lakshminathan [6]. Thus, it is interesting to see whether the underlying frac-
tional integral equation can be handled with more general contraction which
includes many other related contractions. Inspired by these observations, we
wish to continue this study of solvability of a fractional integral equation by
considering new contraction. We verify the application part by an example.

2. Main results

In this section, we prove new ψ−coupled fixed point theorems using sim-
ulation function coupled with other control functions in a complete partially
ordered metric space.

Theorem 2.1. Let
(
X̂, d,4

)
be a complete partially ordered metric space. Let

F̂ : X̂ × X̂ → X̂ be a mixed monotone mapping, φ̂ : R+ → R+ be a Jachymski

function and for any s > 0, φ̂(s) < s continuous and nondecreasing functions.
Assume that

(a) F̂ 2 is continuous on X̂ × X̂,
(b) there exists T̂ ∈ τ such that for any x, y, u, v ∈ X̂ with u 4 F̂ (x, y), v <

F̂ (y, x),
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θ̂

 T̂ (d(F̂ (x, y), F̂ (u, v)
)
, ψ
(
F̂ (x, y), F̂ (y, x)

)
, ψ
(
F̂ (u, v), F̂ (v, u)

))
,

φ̂
(
T̂ (d(x, u), ψ(x, y), ψ(u, v))

) 
≥ 0, (2.1)

where ψ : X̂ × X̂ → R+ is any given function and θ̂ is a simulation
function.

Then there exists a ψ−coupled fixed point of F̂ .

Proof. For any (l,m) ∈ CF̂ , if we choose x = u = l, y = v = m in (2.1) we get

θ̂
(
T̂ (0, ψ (l,m) , ψ (l,m)) , φ̂

(
T̂ (0, ψ(l,m), ψ(l,m))

))
≥ 0,

that is,

T̂ (0, ψ (l,m) , ψ (l,m)) ≤ φ̂
(
T̂ (0, ψ(l,m), ψ(l,m))

)
.

If ψ(l,m) 6= 0 then T̂ (0, ψ (l,m) , ψ (l,m)) > 0.

Now by using the property of φ̂ we get,

T̂ (0, ψ (l,m) , ψ (l,m)) ≤ φ̂
(
T̂ (0, ψ(l,m), ψ(l,m))

)
< T̂ (0, ψ(l,m), ψ(l,m)) ,

a contradiction and hence ψ(l,m) = 0. Therefore, CF̂ ⊆ Zψ.
Now, we prove that the sequences {αn} and {βn} are Cauchy sequences,

where

αn = F̂ (αn−1, βn−1) 4 F̂ (αn, βn) = αn+1

and

βn = F̂ (βn−1, αn−1) < F̂ (βn, αn) = βn+1

for n = 1, 2, ....
We also have,

αn 4 F̂ (αn+1, βn+1) (2.2)

and

βn < F̂ (βn+1, αn+1) (2.3)

for n = 1, 2, ..., since F̂ (αn, βn) 4 F̂ (αn+1, βn+1) , F̂ (βn, αn) < F̂ (βn+1, αn+1) .

Let bn+1 = T̂ (d(αn+1, αn), ψ (αn+1, βn+1) , ψ (αn, βn)) . From (2.1)-(2.2) we
get,

bn+1 = T̂

(
d(F̂ (αn, βn) , F̂ (αn−1, βn−1)),

ψ
(
F̂ (αn, βn) , F̂ (βn, αn)

)
, ψ
(
F̂ (αn−1, βn−1) , F̂ (βn−1, αn−1)

) ) .
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Again,

θ̂

 T̂
 d

(
F̂ (αn, βn), F̂ (αn−1, βn−1)

)
, ψ
(
F̂ (αn, βn), F̂ (βn, αn)

)
,

ψ
(
F̂ (αn−1, βn−1), F̂ (βn−1, αn−1)

)  ,

φ̂
(
T̂ (d(αn, αn−1), ψ (αn, βn) , ψ (αn−1, βn−1))

)


≥ 0

gives

bn+1

= T̂

 d
(
F̂ (αn, βn), F̂ (αn−1, βn−1)

)
, ψ
(
F̂ (αn, βn), F̂ (βn, αn)

)
,

ψ
(
F̂ (αn−1, βn−1), F̂ (βn−1, αn−1)

) 
≤ φ̂

(
T̂ (d(αn, αn−1), ψ (αn, βn) , ψ (αn−1, βn−1))

)
= φ̂ (bn)

< bn

for n = 1, 2, .... Thus, {bn} is a strictly decreasing sequence in X̂, therefore
{bn} is a convergent sequence and converges to b ∈ R+ (say).

Now, we discuss the following two cases:

Case 1: If bn = 0 for all n ≥ N1, where N1 is a natural number then we have
b = 0.

Case 2: If {bn} is a positive sequence in X̂ then φ̂(bn) < bn for all n ∈ N.
Again, we have bn+1 < bn for all n ∈ N i.e., {bn} is strictly decreasing and

b < bn+1 < bn.
If a > 0, then from Definition 1.7 we can find N2 ∈ N, δ > 0 such that

n ≥ N2 we get b < bn < b + δ gives φ̂(bn) ≤ b, a contradiction. Therefore we
have b = 0, i.e., lim

n→∞
bn = 0.

Using ε − δ definition of limit and Definition 1.7 for ε > 0 and k ∈ N
there exists δ = ε

2 and N3 ∈ N such that for n ≥ max {N2, N3} we get
bn+k < bn <

ε
2 <

ε
2 + δ, that is,

T̂ (d(αn+k, αn+k−1), ψ (αn+k, βn+k) , ψ (αn+k−1, βn+k−1))

< T̂ (d(αn, αn−1), ψ (αn, βn) , ψ (αn−1, βn−1))

<
ε

2

<
ε

2
+ δ.
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Now we show that the following holds:

T̂ (d(αn+k, αn), ψ (αn+k, βn+k) , ψ (αn, βn)) <
ε

2
+ δ (2.4)

for k ∈ N.
It is obvious that (2.4) holds for k = 1. Suppose that (2.4) holds for k and

we shall try to prove (2.4) holds for k + 1. We consider the following cases:

Case 3: Let T̂ (d(αn+k, αn), ψ (αn+k, βn+k) , ψ (αn, βn)) > ε
2 .

We have from Definition 1.7,

T̂ (d(αn+k+1, αn+1), ψ (αn+k+1, βn+k+1) , ψ (αn+1, βn+1))

≤ φ̂
(
T̂ (d(αn+k, αn), ψ (αn+k, βn+k) , ψ (αn, βn))

)
≤ ε

2
.

In addition we have

T̂ (d(αn+k+1, αn), ψ (αn+k+1, βn+k+1) , ψ (αn, βn))

≤ T̂ (d(αn+k+1, αn+1) + d(αn+1, αn), ψ (αn+k+1, βn+k+1) , ψ (αn, βn))

≤ T̂ (d(αn+k+1, αn+1), ψ (αn+k+1, βn+k+1) , ψ (αn+1, βn+1))

+ T̂ (d(αn+1, αn), ψ (αn+1, βn+1) , ψ (αn, βn))

<
ε

2
+
ε

2
=
ε

2
+ δ.

Case 4: Let T̂ (d (αn+k, αn) , ψ (αn+k, βn+k) , ψ (αn, βn)) ≤ ε
2 .

If T̂ (d (αn+k, αn) , ψ (αn+k, βn+k) , ψ (αn, βn)) = 0, then applying Definition
1.7 we get,

T̂ (d (αn+k+1, αn+1) , ψ (αn+k+1, βn+k+1) , ψ (αn+1, βn+1)) = 0.

Again,

T̂ (d (αn+k+1, αn) , ψ (αn+k+1, βn+k+1) , ψ (αn, βn))

≤ T̂ (d (αn+k+1, αn+1) , ψ (αn+k+1, βn+k+1) , ψ (αn+1, βn+1))

+ T̂ (d (αn+1, αn) , ψ (αn+1, βn+1) , ψ (αn, βn))

≤ ε

2

<
ε

2
+ δ.
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If T̂ (d (αn+k, αn) , ψ (αn+k, βn+k) , ψ (αn, βn)) > 0 then we get,

φ̂
(
T̂ (d (αn+k, αn) , ψ (αn+k, βn+k) , ψ (αn, βn))

)
< T̂ (d (αn+k, αn) , ψ (αn+k, βn+k) , ψ (αn, βn))

≤ ε

2
.

Again,

T̂ (d (αn+k+1, αn) , ψ (αn+k+1, βn+k+1) , ψ (αn, βn))

≤ T̂ (d (αn+k+1, αn+1) + d (αn+1, αn) , ψ (αn+k+1, βn+k+1) , ψ (αn, βn))

≤ T̂ (d (αn+k+1, αn+1) , ψ (αn+k+1, βn+k+1) , ψ (αn+1, βn+1))

+ T̂ (d (αn+1, αn) , ψ (αn+1, βn+1) , ψ (αn, βn))

< φ̂
(
T̂ (d (αn+k, αn) , ψ (αn+k, βn+k) , ψ (αn, βn))

)
+ T̂ (d (αn+1, αn) , ψ (αn+1, βn+1) , ψ (αn, βn))

<
ε

2
+
ε

2
=
ε

2
+ δ.

Thus (2.4) holds for k + 1. We also have

d (αn+k, αn) ≤ T̂ (d (αn+k, αn) , ψ (αn+k, βn+k) , ψ (αn, βn)) <
ε

2
+ δ = ε.

This proves that {αn} is a Cauchy sequence. Similarly, we can show that {βn}
is a Cauchy sequence.

Now we prove that F̂ has a ψ-coupled fixed point. Since
(
X̂, d

)
is a com-

plete metric space, therefore there exists ᾱ, β̄ in X̂ such that αn → ᾱ and
βn → β̄ as n→∞. We have

αn+2

= F̂ (αn+1, βn+1)

= F̂ ◦
(
F̂ (αn, βn) , F̂ (βn, αn)

)
= F̂ 2 (αn, βn)

→ ᾱ

and
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βn+2

= F̂ (βn+1, αn+1)

= F̂ ◦
(
F̂ (βn, αn) , F̂ (αn, βn)

)
= F̂ 2 (βn, αn)

→ β̄

as n→∞. As F̂ 2 is continuous, we also have

F̂ 2 (αn, βn)→ F̂ 2
(
ᾱ, β̄

)
and

F̂ 2 (βn, αn)→ F̂ 2
(
β̄, ᾱ

)
.

By the uniqueness property of the limit, we get

F̂ 2
(
ᾱ, β̄

)
= ᾱ

and
F̂ 2
(
β̄, ᾱ

)
= β̄.

If possible assume ᾱ 6= F̂
(
ᾱ, β̄

)
and β̄ 6= F̂

(
β̄, ᾱ

)
then we get,

T̂
(
d
(
ᾱ, F̂

(
ᾱ, β̄

))
, ψ
(
ᾱ, β̄

)
, ψ
(
F̂
(
ᾱ, β̄

)
, F̂
(
β̄, ᾱ

)))
= T̂

(
d
(
F̂ 2
(
ᾱ, β̄

)
, F̂
(
ᾱ, β̄

))
, ψ
(
F̂ 2
(
ᾱ, β̄

)
, F̂ 2

(
β̄, ᾱ

))
, ψ
(
F̂
(
ᾱ, β̄

)
, F̂
(
β̄, ᾱ
)))

and

θ̂
(
T̂
(
d
(
F̂ 2(ᾱ, β̄), F̂ (ᾱ, β̄)

)
, ψ
(
F̂ 2(ᾱ, β̄), F̂ 2(β̄, ᾱ)

)
, ψ
(
F̂ (ᾱ, β̄), F̂ (β̄, ᾱ)

))
,

φ̂
(
T̂
(
d
(
F̂ (ᾱ, β̄), ᾱ

)
, ψ
(
F̂ (ᾱ, β̄), F̂ (β̄, ᾱ)

)
, ψ
(
ᾱ, β̄

))))
≥ 0,

that is,

T̂
(
d
(
F̂ 2(ᾱ, β̄), F̂ (ᾱ, β̄)

)
, ψ
(
F̂ 2(ᾱ, β̄), F̂ 2(β̄, ᾱ)

)
, ψ
(
F̂ (ᾱ, β̄), F̂ (β̄, ᾱ)

))
≤ φ̂

(
T̂
(
d
(
F̂ (ᾱ, β̄), ᾱ

)
, ψ
(
F̂ (ᾱ, β̄), F̂ (β̄, ᾱ)

)
, ψ
(
ᾱ, β̄

)))
< T̂

(
d
(
F̂ (ᾱ, β̄), ᾱ

)
, ψ
(
F̂ (ᾱ, β̄), F̂ (β̄, ᾱ)

)
, ψ
(
ᾱ, β̄

))
which gives

T̂
(
d
(
ᾱ, F̂ (ᾱ, β̄)

)
, ψ
(
ᾱ, β̄

)
, ψ
(
F̂ (ᾱ, β̄), F̂ (β̄, ᾱ)

))
< T̂

(
d
(
F̂ (ᾱ, β̄), ᾱ

)
, ψ
(
F̂ (ᾱ, β̄), F̂ (β̄, ᾱ)

)
, ψ
(
ᾱ, β̄

))
a contradiction to Definition 1.6 (iii) as d

(
ᾱ, F̂

(
ᾱ, β̄

))
= d

(
F̂
(
ᾱ, β̄

)
, ᾱ
)
.
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This gives

T̂
(
d
(
ᾱ, F̂ (ᾱ, β̄)

)
, ψ
(
ᾱ, β̄

)
, ψ
(
F̂ (ᾱ, β̄), F̂ (β̄, ᾱ)

))
= 0.

By Definition 1.6(ii), we get

d
(
ᾱ, F̂ (ᾱ, β̄)

)
= ψ

(
ᾱ, β̄

)
= 0

implies ᾱ = F̂ (ᾱ, β̄).

In a similar manner it can be shown that β̄ = F̂ (β̄, ᾱ). Thus we conclude

that (ᾱ, β̄) is ψ−coupled fixed point of F̂ . �

Taking various concrete functions, we can get several classes of contractive
conditions in a metric space such as:

Corollary 2.2. Let
(
X̂, d,4

)
be a complete partially ordered metric space.

Let F̂ : X̂ × X̂ → X̂ be a mixed monotone mapping, φ̂ : R+ → R+ be a

Jachymski function and for any s > 0, φ̂(s) < s continuous and nondecreasing
functions. Assume that

(a) F̂ 2 is continuous on X̂ × X̂,
(b) there exists T̂ ∈ τ such that for any x, y, u, v ∈ X̂ with u 4 F̂ (x, y), v <

F̂ (y, x) satisfying

θ1

(
T̂
(
d
(
F̂ (x, y), F̂ (u, v)

)
, ψ
(
F̂ (x, y), F̂ (y, x)

)
, ψ
(
F̂ (u, v), F̂ (v, u)

)))
≤ θ2

(
φ̂
(
T̂ (d(x, u), ψ(x, y), ψ(u, v))

))
,

where ψ : X̂ × X̂ → R+ is any given function and θ1, θ2 are two
altering distance functions such that θ2(t) < t ≤ θ1(t) for all t > 0.

Then there exists a ψ-coupled fixed point of F̂ .

Proof. The result follows by taking θ̂(t, s) = θ2(s)− θ1(t) in Theorem 2.1. �

Corollary 2.3. Let
(
X̂, d,4

)
be a complete partially ordered metric space.

Let F̂ : X̂ × X̂ → X̂ be a mixed monotone mapping, φ̂ : R+ → R+ be a

Jachymski function and for any s > 0, φ̂(s) < s continuous and nondecreasing
functions. Assume that

(a) F̂ 2 is continuous on X̂ × X̂,
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(b) there exists T̂ ∈ τ such that for any x, y, u, v ∈ X̂ with u 4 F̂ (x, y), v <
F̂ (y, x), satisfying

T̂
(
d
(
F̂ (x, y), F̂ (u, v)

)
, ψ
(
F̂ (x, y), F̂ (y, x)

)
, ψ
(
F̂ (u, v), F̂ (v, u)

))
≤ λφ̂

(
T̂ (d(x, u), ψ(x, y), ψ(u, v))

)
,

where ψ : X̂ × X̂ → R+ is any given function and λ ∈ [0, 1).

Then there exists a ψ-coupled fixed point of F̂ .

Proof. The result follows by taking θ̂(t, s) = λs− t in Theorem 2.1. �

Corollary 2.4. Let
(
X̂, d,4

)
be a complete partially ordered metric space.

Let F̂ : X̂ × X̂ → X̂ be a mixed monotone mapping, φ̂ : R+ → R+ be a

Jachymski function and for any s > 0, φ̂(s) < s continuous and nondecreasing
functions. Assume that

(a) F̂ 2 is continuous on X̂ × X̂,
(b) for any x, y, u, v ∈ X̂ with u 4 F̂ (x, y), v < F̂ (y, x), satisfying

d
(
F̂ (x, y), F̂ (u, v)

)
+ ψ

(
F̂ (x, y), F̂ (y, x)

)
+ ψ

(
F̂ (u, v), F̂ (v, u)

)
≤ λφ̂ (d(x, u) + ψ(x, y) + ψ(u, v)) ,

where ψ : X̂ × X̂ → R+ is any given function and λ ∈ [0, 1).

Then there exists a ψ-coupled fixed point of F̂ .

Proof. The result follows by taking T̂ (x, y, z) = x+ y+ z in Corollary 2.3. �

Corollary 2.5. Let
(
X̂, d,4

)
be a complete partially ordered metric space.

Let F̂ : X̂ × X̂ → X̂ be a mixed monotone mapping, φ̂ : R+ → R+ be a

Jachymski function and for any s > 0, φ̂(s) < s continuous and nondecreasing
functions. Assume that

(a) F̂ 2 is continuous on X̂ × X̂,
(b) for any x, y, u, v ∈ X̂ with u 4 F̂ (x, y), v < F̂ (y, x) satisfying

d
(
F̂ (x, y), F̂ (u, v)

)
≤ λφ̂ (d(x, u)) ,

where ψ : X̂ × X̂ → R+ is any given function and λ ∈ [0, 1).

Then there exists a ψ−coupled fixed point of F̂ .

Proof. The result follows by taking ψ(x, y) = ψ(u, v) = 0 in Corollary 2.4. �
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Corollary 2.6. Let
(
X̂, d,4

)
be a complete partially ordered metric space

with

d(x, y) = 2p(x, y)− p(x, x)− p(y, y), x, y ∈ X̂,
where p is a partial metric on X̂. Let F̂ : X̂ × X̂ → X̂ be a mixed monotone
mapping, φ̂ : R+ → R+ be a Jachymski function and for any s > 0, φ̂(s) < s,
continuous and nondecreasing functions. Assume that

(a) F̂ 2 is continuous on X̂ × X̂,
(b) for any x, y, u, v ∈ X̂ with u 4 F̂ (x, y), v < F̂ (y, x) satisfying

2p
(
F̂ (x, y), F̂ (u, v)

)
− p

(
F̂ (x, y), F̂ (x, y)

)
− p

(
F̂ (u, v), F̂ (u, v)

)
≤ λφ̂ (2p(x, u)− p(x, x)− p(u, u)) ,

where ψ : X̂ × X̂ → R+ is any given function and λ ∈ [0, 1).

Then there exists a ψ-coupled fixed point of F̂ .

Proof. The result follows by taking d(x, y) = 2p(x, y) − p(x, x) − p(y, y) in
Corollary 2.5. �

Corollary 2.7. Let
(
X̂, d,4

)
be a complete partially ordered metric space.

Let F̂ : X̂ × X̂ → X̂ be a mixed monotone mapping, φ̂ : R+ → R+ be a

Jachymski function and for any s > 0, φ̂(s) < s, continuous and nondecreasing
functions. Assume that

(a) F̂ 2 is continuous on X̂ × X̂,
(b) for any x, y, u, v ∈ X̂ with u 4 F̂ (x, y), v < F̂ (y, x), satisfying

d
(
F̂ (x, y), F̂ (u, v)

)
+max

{
ψ
(
F̂ (x, y), F̂ (y, x)

)
, ψ
(
F̂ (u, v), F̂ (v, u)

)}
≤ λφ̂ (d(x, u) + max {ψ(x, y), ψ(u, v)}) ,

where ψ : X̂ × X̂ → R+ is any given function and λ ∈ [0, 1).

Then there exists a ψ-coupled fixed point of F̂ .

Proof. The result follows by taking T̂ (x, y, z) = x + max {y, z} in Corollary
2.3. �

3. Application on fractional integral equation

Consider the following fractional integral equation:

p(t) =
1

Γ(α)

∫ t

0

1

(t− w)1−α [(A (t, w, p(w))−B (t, w, p(w)))] dw (3.1)
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for 0 ≤ t ≤ d. The functions A : [0, d] × [0, d] × R+ → R+ and B : [0, d] ×
[0, d]× R+ → R+ are continuous functions.

Assume

(1) A(., ., p(w)) and B(., ., p(w)) are both nondecreasing on R+.
(2) for any p, p̂, v, v̂ ∈ R+ with

v(t) 4
1

Γ(α)

∫ t

0

1

(t− w)1−α [(A (t, w, p(w))−B (t, w, p̂(w)))] dw,

v̂(t) <
1

Γ(α)

∫ t

0

1

(t− w)1−α [(A (t, w, p̂(w))−B (t, w, p(w)))] dw

satisfying

|A (t, w, p(w))−B (t, w, p̂(w))−A (t, w, v(w)) +B (t, w, v̂(w))|

≤ λφ̂ (|p(w)− v(w)|)
dα

with λ
Γ(α+1) ∈ [0, 1), where φ̂ : R+ → R+ is a nondecreasing Jachymski

function satisfying that for s > 0, φ̂(s) < s.

Theorem 3.1. Under the assumption (1)-(2), equation (3.1) has a unique
solution.

Proof. Let X := C[0, d] be a real valued continuous functions on [0, d]. Let
δ : X ×X → R+ be a metric on X defined by δ(p1, p2) = max |p1(t)− p2(t)|
for p1, p2 ∈ and z ∈ [0, d]. Then it is trivial that (X, δ) is a metric space. We
denote (X, δ) with the partial order 4 as

p(t), p̂(t) ∈ X, p(t) 4 p̂(t)⇔ (p(t), p̂(t)) 4 (p̂(t), p(t)) .

Define L : X ×X → X by

L(p, p̂)(t) =
1

Γ(α)

∫ t

0

1

(t− w)1−α [(A (t, w, p(w))−B (t, w, p̂(w)))] dw. (3.2)

By condition (1), we obtain that D is mixed monotone and continuous map-
ping. By (3.1) and (3.2) we obtain

|L (p, p̂) (t)− L (v, v̂) (t)| =

∣∣∣∣∣ 1
Γ(α)

∫ t
0

1
(t−w)1−α [(A (t, w, p(w))−B (t, w, p̂(w)))

− (A (t, w, v(w))−B (t, w, v̂(w)))]dw

∣∣∣∣∣
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≤ λ
∫ t

0

φ̂ (|p(w)− v(w|)
(t− w)1−αdαΓ(α)

dw

=
λφ̂ (|p(w)− v(w|)

dαΓ(α)

∫ t

0

dw

(t− w)1−α

≤ λφ̂ (|p(w)− v(w|)
dαΓ(α)

.
dα

α

=
λ

Γ(α+ 1)
φ̂ (|p(w)− v(w|)

≤ λ

Γ(α+ 1)
φ̂ (δ(p, v)) .

All assumptions of Corollary 2.5 are satisfied, so operator L has a ψ−coupled
fixed point on X ×X hence we conclude that the equation 3.1 has a unique
solution. �

Example 3.2. Consider the following example

p(t) =
1

Γ(1
2)

∫ t

0

t2w
1
2 p(w)− tw2

8(t− w)
1
2

dw, (3.3)

where t, w ∈ [0, 1], p ∈ R+ and the partially ordered set (C[0, 1], δ,≤) .
Here we have

d = 1, α =
1

2
, A(t, w, p) =

t2w
1
2 p

8
, B(t, w, p) =

tw2

8
.

We observe that both A(., ., p), B(., ., p) are nondecreasing on R+ and contin-
uous on [0, 1]× [0, 1]× R+.

Let any p, p̂, v, v̂ with

v(t) ≤ 1

Γ(1
2)

∫ t

0

t2w
1
2 p(w)− tw2

8(t− w)
1
2

dw

and

v̂(t) ≥ 1

Γ(1
2)

∫ t

0

t2w
1
2 p̂(w)− tw2

8(t− w)
1
2

dw.

Now,

|A(t, w, p(w))−B(t, w, p̂(w))−A(t, w, v(w)) +B(t, w, v̂(w))|

=

∣∣∣∣18 t2w 1
2 p(w)− 1

8
tw2 − 1

8
t2w

1
2 v(w) +

1

8
tw2

∣∣∣∣
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=
1

8
|p(w)− v(w)|

=
1

4
φ̂ (|p(w)− v(w)|)

= λφ̂ (|p(w)− v(w)|) ,

where φ̂(t) = t
2 and λ = 1

4 such that λ
Γ( 3

2
)
< 1.

Since all assumptions of Theorem 3.1 are satisfied by equation (3.3), equa-
tion (3.3) has a unique solution in C[0, 1].
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