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Abstract. Three common fixed point theorems for weakly compatible mappings satisfying
three classes of contractive inequalities of integral type are proved. Three examples are
included. The results obtained in this paper extend and improve a few results existing in

literature.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, we assume that Rt = [0, +00), Ny = NU{0}, where
N denotes the set of all positive integers and
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o &, = {cp | » : RT — RT satisfies that ¢ is Lebesgue integrable,
summable on each compact subset of RT and [ ¢(t)dt > 0 for each
€ > O},

e &y = {a|a:RT = [0,1) satisfies that limsup,_,, a(s) < 1 for each
te Rt}

o &3 ={a|a€ P and limsup,_,, , a(s) < 1}.

In 2002, Branciari [2] was the first to introduce the concept of contractive
mapping of integral type and obtained the following fixed point result for the
mapping.

Theorem 1.1. ([2]) Let T be a mapping from a complete metric space (X, d)
into itself satisfying

d(Tz,Ty) d(z,y)
/ p(t)dt < c/ p(t)dt, Vz,ye€ X,
0 0

where ¢ € (0,1) is a constant and ¢ € ®1. Then T has a unique fized point
a € X such that lim, o, T"x = a for each x € X.

Afterwards several researchers in [1, 3, 5, 6, 7, 8, 9, 10, 11, 12] discussed
the existence of fixed points and common fixed points for a few contractive
mappings of integral type. In particular, Rhoades [11] and Liu et al. [9] proved
the following fixed point theorems.

Theorem 1.2. ([11]) Let T' be a mapping from a complete metric space (X, d)
into itself satisfying

d(Tz,Ty) m(z,y)
/ p(t)dt < c/ e(t)dt, Vzx,ye X,
0 0

where ¢ € (0,1) is a constant, ¢ € ®1 and

m(x,y) = max {d(x, y),d(z,Tz),d(y, Ty), %[d(x, Ty) + d(y, T:):)]}

Then T has a unique fized point a € X such that lim, . T"x = a for each
reX.

Theorem 1.3. ([9]) Let T be a mapping from a complete metric space (X, d)
into itself satisfying

d(Tx,Ty) d(z,y)
/ o(t)dt < a(d(x,y)) / p(t)dt, Va,y e X,
0 0

where (p,a) € &1 X $y. Then T has a unique fized point a € X such that
limy, oo T"x = a for each x € X.
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The aim of this paper is to establish three common fixed point theorems for
weakly compatible mappings satisfying three classes of contractive inequali-
ties of integral type. Three examples are constructed to illustrate that the
results obtained in this paper generalize Theorems 1.1 and 1.2 and differ from
Theorem 1.3.

Definition 1.4. ([4]) Let (X, d) be a metric space and A4,S5: X — X be two
mappings. A and S are called weakly compatible if they commute at their
coincidence points.

Lemma 1.5. ([9]) Let ¢ € &1 and {ry}nen be a nonnegative sequence with
lim,, oo 7, = a. Then

Tn

lim o(t)dt = /Ua o(t)dt.

n—oo 0

2. COMMON FIXED POINT THEOREMS

Our main results are as follows:

Theorem 2.1. Let A, B,S and T be self mappings in a metric space (X, d)
such that

{A,T} and {B, S} are weakly compatible; (2.1)
T(X) C B(X) and S(X) C A(X);
one of A(X), B(X),S(X) and T(X) is complete;
d(Tz,Sy) M (z,y)
[ e atiey) [ e veyex. (24

where (p,a) € &1 x 3 and for all x,y € X,

M (z,y) = max {d(Ax, By),d(Ax,Tx),d(By, Sy),

1 1+ d(Azx, By)
—[d(A Tx, B — 2 d(Ax, T
1 Az, B 2(Ax, T (B
+ d(Az, y)d(B Sy, ¢“(Az,Te) — d'(By,5y)
1+ d(Az,Tx) 1+d(Tz,Sy) 1+ d(Tx, Sy)
1+ d(Az, Sy) + d(Tx, By)

d(Ax,T
1+ d(Ax, By) + d(Tz, Sy) (Az, Tx),
1+ d(Az, Sy) + d(T'z, By)

B

1+ d(Ax, By) + d(T'z, Sy)d( ¥ 59)

(2.5)
Then, we have the following statements:
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(1) There exist w,u € X such that Aw = Tw = Bu = Su;
(2) A,B,S and T have a unique common fized point in X if T and A as
well as S and B are weakly compatible.

Proof. Let zyp € X. It follows from (2.2) that there exist two sequences
{Zn}nen, and {yn fnen in X such that

Yont1 = Bxopnt1 = Txon,  Yonyo = AZopio = STony1, Vn €Ny (2.6)

Put d,, = d(yn, Yn+1) for each n € N.
Assume that dg, < dap41 for some n € N. Because of (2.4)-(2.6) and
(p, ) € &1 x ®3, we derive that

M (2o, Z2n+1)

= Imax {d(Al’Qn, Bl‘zn+1), d(A.CL‘Qn, Tl’gn), d(BQS‘QnJrl, S$2n+1),

1
~d(Axan, Szoni1) + d(Tx2n, Brang1)],

2
1+ d(Al'Qn, Ba:2n+1)
1+ d(B.’EQnJrl, S$2n+1)
1+ d(Al‘Qn, Bl‘2n+1)
1+ d(Al‘gn, T.Tgn)
d*(Azan, Txan)  d*(Bxans1, STans1)

d(Axan Tx?n)7

d(Bxan41, STon+1),

1 + d(TIgn, SIQn_H) ’ 1 + d(TQZQn, S$2n+1) ’

1+ d(Axap, Stont1) + d(Tx2n, Brony1)
d A naT mn)s

1 + d(Axgn, B$2n+1) + d(TIgn, Sx2n+1) ( 2 T2 )

1+ d(Azap, Stont1) + d(Txan, Brops1) }
d(Bxopi1, STop

[+ d( Ao, Baons1) + AT, Sagnyy) (D2t ST2nt1)

= max {d(me Yon+1)s A(Y2ns Y2n+1)s A(Y2n+1, Y2n+2) s

1
3 [d(y2n, Yan+2) + d(Y2n+1, Y2n+1)],

1+ d(yon, y2n+1) 1+ d(yon, Y2n+1)

1+ d(y2n+1, Yons2 1+ d(yon, y2n+1)
d? (Y2n, Yon+1) d2(y2n+17 Yon+2)

1+ d(Y2n+1,y2n+2) 1+ d(Y2n+1, Y2nt2)’
1+ d(y2n, Yan+2) + d(Y2n+1, Y2n+1)
L+ d(y2n, Yan+1) + d(Y2n+1, Y2n+2)
L+ d(y2n, yont2) + d(yant1, Y2n+1) d )}
L+ d(y2n, Yan+1) + d(Y2n+1, Y2n+2) Yontd ot

d(Y2n+1,Y2n+2),

) d(y2n7 y2n+1)7

d(ana Yon+1 ) )
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5 Yon, Y2n+2 71+d2n+1 2n, 1+ dy,

B, B 14denyonss) L+ A yons) | 1}
L+dopi1 1+dapi1’ 1+don +dansr 1+ don + doni i

= max{day, dont+1} = dont+1

and
dant1 d(Tx2n,S%2n41)
0 </ go(t)dt:/ o(t)dt
0 0

M (x2n,22n41)
< a(d(z2n, Tony1)) / p(t)dt
0

= max {d2n; dop, don+1, dop 1,

dont1 dan+1
= a(d(a:Qn, x2n+1)) / p(t)dt < / p(t)dt,
0 0

which is a contradiction. Hence
don+t1 < dap, = Mi(22p, T2n+1), VYn €N,

Similarly,
don < dop—1 = Mi(22n,%2,-1), Vn €N,
That is, for all n € N,

dpt1 < dp, dop = Mi(22n,Tont1), don—1 = Mi(x2n, Ton—1), (2.7)

which implies that {d,, },y is nonincreasing sequence and there exists a con-
stant ¢ with lim,,_oo d,, = ¢ > 0.

Suppose that ¢ > 0. In light of (2.4), (2.7), (p,a) € &1 x 3 and Lemma
1.5, we get that

c don+1
0< / p(t)dt = lim sup/ o(t)dt
0 0

n—o0

d(T$2n,S$2n+1)
= lim sup/ o(t)dt
0

n—oo

M (z2n,22n+1)
< limsup [04 (d(xgn,m2n+1)) / @(t)dt]
0

n—oo

= limsup [a(d(x2n7$2n+1)) /Od% @(t)dt]

n—oo

dan
< lim sup a(d(z2n, T2n41)) limsup / o(t)dt
0

n—oo n—oo

</ (b,

which is absurd. Thus ¢ = 0, which means that
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lim d,, = 0. (2.8)

n—o0

Next we prove that {y,}nen is a Cauchy sequence. Because of (2.8), it is
sufficient to verify that {yay }nen is a Cauchy sequence.
Suppose that {ya, }nen is not a Cauchy sequence. It follows that there exist

e > 0 and two subsequences {Yam ) tken and {Yon(k)tren Of {Y2n}tnen with
2m(k) > 2n(k) > 2k satisfying

d(an(k)a me(k)) >e, VkeN, (29)

where 2m/(k) is the least integer exceeding 2n(k) satisfying (2.9). It follows
that

d(an(k)ame(k)—Q) <e, VkeN,
which together with (2.9) and the triangle inequality give that
e < d(an(kz)ame(k))

< d(Yan(k)s Yam(k)—2) + A Y2m (k)25 Yom(k)—1) + A(Yom(k)—15 Yamk))  (2.10)
<e+ dgm(k),g + d2m(k)—17 Vk e N

and
|d(Yon(k)s Yom(k)—1) — AYon(k) Yomk))| < domy—1, Yk €N;
|d(Yan(k)+1> Y2m(k)) — A Yan(k) Yomr))| < dony, Tk € N; (2.11)
|d(Yon(k)+1> Y2m(k)—1) = A Yan(k)> Yomk)—1)] < dony, Yk € N.
Letting £ — oo in (2.10) and (2.11) and using (2.8), we deduce that
0 d(yon k), Yomr) = B0 d(Yon(w), Y2m(w)-1)
= lim d(yan(k) 11, Yam(r)) (2.12)
= klggo d(?JZn(k)+17y2m(k)fl) =¢.
In view of (2.4), (2.5), (2.12), (¢, @) € @1 x $3 and Lemma 1.5, we obtain that

M1 (T (k) Tom(k)—1)

= max{d(szn(ky Bromky-1)s A Aoy TTonk))s A(BTom k) -1, STom(k)-1),

1
Sd(AZan(kys STamky—1) + A(TTan(k)s BTomk)-1)],

2
1+ d(Azopn k), Brom(k)—1)
1+ d(B:EQm(k),l, Sme(k)fl
L+ d(Azgp k), Bam(k)—1)
1+ d(szn(k), Tan(k))

] d(Azop k), TTon(k))s

A(BL o (k)15 STom(k)—1)
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B (Azgp(y, Toony)  d*(BTom(ky—1, STom(k)—1)
1+ d(T2on(k), STomk)-1) 1+ d(T o), STomk)—1)
1 +d(A<E2n(k Somk)—1) + AT Tonk)s BTom(k)—1)
L+ d(A%on(r), Bramk)y—1) + A(TTon k) STomk)—1)

X d(Azop k), TZon(k))s
1+ d(A%on(k), STam(k)—1) + AT 20 k), BTomk)-1)
L+ d(A%on(k), BTamk)—1) + AT T2n k) STom(k)—1)

X d(BTopm (k) -1, Swzm(k)—l)}

= max {d(y2n(k) s Y2m(k)—1)» AY2n(k)> Yon(k)+1)» AY2mk)—1> Y2m(k))s

1
[(an ), Yom(w)) + A(Yanmy+1, Yomry-1)];

L+ d(Yon(k)s Y2m(k)—1)
L+ d(Yam(k)-15 Y2m(k))
L+ d(Yon(k)s Y2m(k)—1)
L+ d(Yan(k)s Yon(k)+1)
P (Yon(k)s Yonk)+1) P Yam)—1> Y2m(k))
L+ d(Yon(k)+1: Yom(k) 1+ d(Yan(k)+1 Yomr))
L+ d(Yan(k)s Y2m(k)) + AY2n(k)+1> Y2m(k)—1)
L+ d(Yan(k) Yomk)—1) + A(Y2n(k)+1, Y2m(k))
L+ d(Yan(k)s Yam(k)) + AY2n(k)+15 Yom(k)— 1)
L+ d(Yan(k)s Y2mk)—1) T AY2n(k)+1> Yom(k))

d(Yan(k)> Yon(k)+1)s

d(y2m(k)—1a y2m(k))a

d(Yan, (k)> an(k;)-i—l)

(y2m (k)—1> Y2m(k ))}

— max {s, 0,0, = (¢ +¢),0, 0,0,0,0,0}

1
2
=c ask —>

and

A(Y2n (k)+1>Y2m(k))
/ o(t)dt

13
0< / (t)dt = limsup
0 k—o0 0
A(TTon (k) sSTom(k)—1)
= lim Sup/
k—o0 0

o(t)dt

M1 (Z2p (k) sT2m(k)—1)
/ o(t)dt

< lim sup [a (d($2n(k)a m2m(’~ﬂ)—1))

k—o0 0
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Mi(Zon k) T2m(k)—1)
< limsup & (d(Zon (k) > T2m(k)—1)) limsup / o(t)dt
k—o00 k—oo JO
€
< [ e,
0

which is impossible. Hence {y,}nen is a Cauchy sequence. Without loss
of generality, we suppose that A(X) is complete. Obviously, {y2n}nen is a
Cauchy sequence in A(X). Consequently, there exists (z, w) € A(X) x X
with limy,_, o Yo, = 2 = Aw. It is easy to see that

z = lim y,
n—oo

= lim Tx on
n—oo

= lim Bagny1 (2.13)

n—oo

= lim S.%'Qn_l
n—00

= lim Axg,.
n—oo

Suppose that Tw # z. Note that (2.4), (2.5), (2.13), (¢,a) € &1 x 3 and
Lemma 1.5 imply that

My (w, z2n+41)

= max {d(Aw, Bzopi1), d(Aw, Tw), d(Bxan+1, STant1),

[d(Aw, Szop11) + d(Tw, Bxap+1)],

1+ d(Aw, B$2n+1)
1+ d(Bxapt1, Stont1)
1+ d(A'LU, B.%'Qn_H)

1+ d(Aw, Tw)
d2 (Aw, Tw) dQ(ngn_H, SZUQTH_l)
1+ d(Tw, S$2n+1) 1+ d(Tw S$2n+1) ’
1+ d(Aw, S.%'Qn_H) (Tw, B£C2n+1)
1+ d(Aw, BI‘Qn_H)
( )
(

1
2

d(Aw, Tw),

d(Bxan+1, SToant1),

Aw, T
(Tw75$2n+1 d( 0 w),

)
d(Tw, Bxop4+1)
d(Tw S$2n+1)

1+d A'LU, S$2n+1
1+ d(Aw, Bra,y1)

1+

d(Bxan41, 51‘2n+1)}

— max {d(Aw,z),d(Aw,Tw),d(z,z) —[d(Aw, z) + d(Tw, 2)],

1+ d(Aw, z)
1+d(z,2)

1+ d(Aw, z)

dlAw, Tw), T T
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d*(Aw, Tw) d*(z,2) 1+ d(Aw,z) +d(Tw,z)
1+d(Tw,z) 1+ d(Tw 2) 1+ d(Aw, z) + d(Tw, z)
1+ d(Aw, z) + d(Tw, z)

14 d(Aw, z) + d(Tw, z) 4z, z)}

d(Aw, Tw),

d?(z, Tw)

d(T d(z,T —_—
( w,z), (27 w)7071+d(T’w,Z)7

= max {O,d(z,Tw),O, O,d(z,Tw),O}

N | =

=d(Tw,z) as n — o

and

d(Tw,z) d(Tw,Sxon+1)
0< / (t)dt = lim sup/ p(t)dt
0 0

n—o0

My (w,x2n+1)
< lim sup [a(d(w,xgnﬂ))/ go(t)dt]
0

n—oo

My (w,x2n+1)
< limsup o (d(w, Tp41)) lim sup/ (t)dt
0

n—0o0 n—oo
d(Tw,z)
<[ e,
0

which is a contradiction. Hence Tw = z. It follows from (2.2) that there exists
a point u € X with z = Bu = Tw. Suppose that Su # z. In light of (2.4),
(2.5), (2.13), (p,a) € &1 x &3 and Lemma 1.5, we deduce that

M (xon, u)

= max {d(Aazgn, Bu),d(Axay, Txay,), d(Bu, Su),

1+ d(AH?Qn, Bu)
1+ d(Bu, Su)
d?(Azon, Tron) d*(Bu, Su)

d(Ax2na TxQn)a

1
i[d(Aacgn, Su) + d(Txon, Bu)],

1+ d(AJ:‘Qn, Bu)

1+ d(Axop, Ta:2n)d(Bu’ Su), 1+ d(Tx2p, Su)’ 1+ d(Tw2p, Su)’
e
R e o LCE0)
_s max {d(z, Bu),d(z, =), d(Bu, Su), ~[d(z, Su) + d(z, Bu)]
1+ d(z, Bu) 1+ d(z, Bu) d(Bu, Su),

1 + d(Bu, Su) (z,2), 1+d(z,2)
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P(s2)  @(BuSu) 1+d(z )+ d(z Bu)
1+4+d(z,Su)’ 1+d(z,Su)’ 1+ d(z, Bu) + d(z, Su)
1+ d(z,Su) + d(z, Bu)
1+ d(z, Bu) + d(z, Su)

)

d(z,z),

d(Bu, Su)}

d*(z, Su)

+
1
5d(27 Su), 0, d(27 Su), 0, m, O, d(Z, SU)}

= max {0,0,d(z, Su),
=d(z,5u) asn— oo

and

d(z,Su) d(Tx2n,Su)
0< / @(t)dt = lim Sup/ o(t)dt
0 0

n—oo

My (z2n,u)
< limsup [a (d(x2n,u)) / cp(t)dt}
0

n—o0

M (z2n,u)
< limsup a(d(25, v)) lim sup / o(t)dt
0

n—oo n—oo
d(z,5u)
<[ e,
0

which is absurd. Hence Su = z.

Next we prove (2). By means of (2.1), we know that Az = ATw =T Aw =
Tz and Bz = BSu = SBu = Sz. Assume that Tz # Sz. It follows from
(2.4), (2.5) and (p, ) € &1 x P3 that

Ml (Za Z)
= max {d(Az, Bz),d(Az,Tz),d(Bz,Sz), %[d(AZ, Sz)+d(Tz,Bz)],

1+ d(Az, Bz) 1+ d(Az,Bz)
SO TR WAy Ty, — - A= Pe)
14 d(Bz,Sz) d(4z,Tz), 14+ d(Az,Tz)

d*(Az,Tz)  d*(Bz,Sz) 1+ d(Az,Sz)+d(Tz,Bz)
14+d(Tz,82)"1+d(Tz,S2)" 1 +d(Az, Bz) +d(Tz,S5%)
1+ d(Az,Sz)+d(Tz, Bz)

B

1+ d(Az, B) + d(Tz, 52) 1 B%5%)

d(Bz,Sz),

d(Az,Tz),

1
= max {d(Tz, Sz),0,0, i[d(Tz, Sz)+d(Tz,52)],0,0,0,0,0, 0}
=d(Tz,Sz)

and
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d(Tz,Sz) Mi(z,2)
0< / p(t)dt < a(d(z,z)) / o(t)dt
0 0

d(Tz,Sz) d(Tz,5z)
— o(0) / o(t)dt < / o(t)dt,
0 0

which is a contradiction. Hence Tz = Sz. That is, Az =Tz = Bz = Sz.
Suppose that Tz # z. On account of (2.4), (2.5) and (p,a) € ®1 x P3, we
attain that

Ml (Z7u)
= max {d(Az, Bu),d(Az,Tz),d(Bu, Su), %[d(Az, Su) + d(Tz, Bu)],

1+ d(Az, Bu) 1+ d(Az, Bu)
1+ d(Bu, Su) "14d(Az,Tz)
d*(Az,Tz)  d*(Bu,Su) 1+ d(Az,Su)+d(Tz, Bu)
14+d(Tz,Su)" 1+ d(Tz,Su)’ 1+ d(Az, Bu) + d(Tz, Su)
1+ d(Az,Su) + d(Tz, Bu)
B
1+ d(Az, Bu) + d(Tz, Su) d(Bu, 5u)

d(Az,Tz) d(Bu, Su),

d(Az,Tz),

1
= max {d(Tz, 2),0,0, i[d(TZ’ z)+d(Tz,z)],0,0,0,0,0, 0}
=d(Tz,z)

and

d(Tz,z) d(Tz,Su) My (z,u)
0< / o(t)dt = / p(t)dt < a(d(z,u)) / o(t)dt
0 0 0

d(Tz,z) d(Tz,2)
= a(d(z,u))/o (t)dt </0 o(t)dt,

which is ridiculous. Therefore, Tz = z, which implies that z is a common fixed
point of A, B, S and T

Suppose that A, B, S and T have another common fixed point b € X \ {z}.
It follows from (2.4),(2.5) and (¢, @) € &1 x P35 that

Ml(b7 Z)
— max {d(Ab, Bz),d(Ab, Tb), d(Bz, S=), %[d(Ab, Sz) + d(Tb, B=)),

1+ d(Ab, Bz)
1+ d(Bz,Sz)

1+ d(Ab, Bz)

d(Ab 1Y), 332, )

d(Bz,Sz),
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d2(Ab,Tb)  d?(Bz,Sz) 1+ d(Ab,Sz)+ d(Th, Bz)
1+d(Th,S2)" 1 +d(Th,Sz)" 1+ d(Ab, Bz) + d(Tb, Sz)
1+ d(Ab, Sz) + d(Tb, Bz)
B
1+ d(Ab, Bz) —d(Th, 52) \B757)
)

d(Ab, Tb),

_ { (b, 2),0,0, [ (b, 2) + d(b, 2)], o,o,o,o,o,o}

0

A

d(b,z)
/ o(t)dt
0

d(Tb,Sz)
p(t)dt

Il
S~

IN

Ml(b,z)
a(d(b, 2)) /0 o(t)dt
d(b,z)
= a(d(b, Z))/O o(t)dt
d(b,z)
<[ et

which is a contradiction. Hence A, B,S and T have a unique common fixed
point in X. This completes the proof. O

Similar to the proof of Theorem 2.1, we have the following results and omit
their proofs.

Theorem 2.2. Let A, B,S and T be self mappings in a metric space (X, d)
satisfying (2.1)-(2.3) and

d(Tz,Sy) Ma(z,y)
/ o(t)dt < a(d(z,y)) / e(t)dt, Vz,ye X, (2.14)
0 0

where (p,a) € &1 x 3 and
1
Ma(a.y) = max { d(Az. By).d(Ae, Ta),d(By. Sy), 3ld(Ae, ) + d(Tz. By),

1+ d(Tz, By) 1+ d(Az, Sy)
2+ d(Tz, Sy) "2+ d(Tz, Sy)
1+ d(Az, Sy) + d(Tx, By)
1+ 2d(Tz, Sy)
1+ d(Az, Sy) + d(Tx, By)
1+ 2d(Tz, Sy)

d(Azx, Sy) d(Tz, By),

d(Az,Tx),

d(By, Sy)}, Va,y € X.
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Then (1) and (2) of Theorem 2.1 hold.

Theorem 2.3. Let A, B,S and T be self mappings in a metric space (X, d)
satisfying (2.1)-(2.3) and

d(Tx,Sy) M3z (z,y)
[ et <aty) [ e veyex,  (215)
0 0

where (p,a) € ®1 x $3 and
1
Ms(a.y) = max { d(Az. By).d(Ae, To),d(By. Sy), 3ld(Ae, ) + d(Tz. By)),

1+ d(Tz, By)
1+2d(Tx, Sy)
1+ d(Az, Sy)d(Tz, By
1+ d(Az, By)d(Tz, Sy
1+ d(Ax, Sy)d(Tx, By
1+ d(Az, By)d(Tz, Sy
Then (1) and (2) of the Theorem 2.1 hold.

1+ d(Az, Sy)

AT, T2) T Tz 8

d(By, Sy),

d(Az,Tx),

)
)
;d(By,Sy)}, Ve,y € X.

3. EXAMPLES

Now we construct three examples with uncountably many points to explain
the common fixed point theorems obtained in Section 2.

Remark 3.1. Theorems 2.1-2.3 are generalizations of Theorem 1.2, which, in
turns, extends Theorem 1.1. Examples 3.2-3.4 show that Theorems 2.1- 2.3
extend substantially Theorem 1.1 and differ from Theorem 1.3.

Example 3.2. Let X = R" be endowed with the Euclidean metric d(z,y) =
|z — y| for all z,y € X. Let A,B,S,T : X - X, a : Rt — [0,1) and
¢ : RT — R be defined by

1 1
Ax:§x+§, Bx =23, Szr=1, VzeX,

_1
60 T= D
1+1¢
t) = ——, t)=2t, VteR".
o(t) = gt o0
Evidently, (2.1)-(2.3) hold and «a(t) € (3, 3], for all t € RT. Let 2,y € X. In

order to verify (2.4), we consider two cases as follows:
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Case 1. 2 € X \ {3}. It is obvious that

d(Tz,Sy) M (z,y)
[ eta=o<atawy) [ e
0 0

Case 2. z = %. Clearly

5 15| 5
Ml(f’fay)Zd(Ax,T:r)_‘S_w ==

d(Tz,Sy) i 1 1 25
/O o(t)dt :/0 Pty = oo < 5 -

o) [

M (z,y)
<aldaw) [ et

That is, (2.4) holds. It follows from Theorem 2.1 that the mappings A, B, S
and T have a unique common fixed point 1 € X.
Note that Theorem 1.3 generalizes Theorem 1.1. Now we need to prove
that Theorem 1.3 is useless in proving the existence of fixed points of T"in X.
Suppose that there exists (p, ) € &1 x ®9 satisfies the conditions of Theo-
rem 1.3. By Theorem 1.3, we get that

and

1 5

16 d(T%’Tl(i
0< / o(t)dt = / o(t)dt
0 0

<afaft2 G < [ o
<a(d(f5)) [ etnar< [Tt

which is a contradiction.

Example 3.3. Let X = R be endowed with the Euclidean metric d(z,y) =
|z — y| for all z,y € X. Let A,B,S,T : X - X, a : Rt — [0,1) and
¢ :RT — RT be defined by

1
szng, Sr=0, VrelX,
1 1
sz{?’ Va el)(\{g}, sz{ol’ Va el)(\{g},

30 T =% 2 =6
t2+4t+3 5

)= —5—— t) =3t*, VteRT.

o) = garpra PH=3 Ve
Obviously, (2.1)-(2.3) hold and a(t) € (£, 2), for all t € R*. Put 2,y € X. To

prove (2.14), we have to consider two possible cases as follows:



On common fixed point theorems of weakly compatible mappings 407

Case 1. z € X \ {%}. It is clear that

d(Tx,Sy) Ma(z,y)
/ p(t)dt =0 < a(d(z,y)) / ©(t)dt;
0 0

Case 2. z = %. Obviously

11 1
> fr— —_— — — —_ -
and
d(Tz,Sy) . 15 p 1 1 1
t)dt = Dt = —— < — . —
/0 #lt) /0 Pl = 1758 <5 6

1

cols() [ o

My (z,y)
< a(d(w,y))/o ’ p(t)dt.

It means that (2.14) holds. It follows from Theorem 2.2 that the mappings
A, B, S and T have a unique common fixed point 0 € X. Observe that Theo-
rem 1.3 is a generalization of Theorem 1.1.

Next we assert that Theorem 1.3 is unapplicable in ensuring the existence
of fixed points of 7" in X Suppose that there exists (¢, a) € &1 x Py satisfies
the conditions of Theorem 1.3. Using Theorem 1.3, we gain that

1

12 d(T5.T3)
0 </ go(t)dt:/ o(t)dt
0 0

11 d(5:1) i
<a <d<, >> / p(t)dt < / o(t)dt,
6" 4 0 0

which is impossible.

Example 3.4. Let X = [0, 1] be endowed with the Euclidean metric d(z,y) =
|z — y| for all z,y € X. Let A,B,S,T : X - X, a : Rt — [0,1) and
¢ : RT — RT be defined by

Az =2z, Bx=2a°, Szr=1, VzelX,

3 veeld)
= 1
1, Vx € (g, 1],
2t+1 -1 . N
It is easy to verify that (2.1)-(2.3) are valid and a(t) € [3,3), for all t € RT.
Put z,y € X. For the sake of verifying (2.15), we consider the following two
possible cases:
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Case 1. z € [0, §]. It is follows that

2 )
_ 2>z
SEEE:

My(z,y) 2 d(Az, Ta) = |o = =

and

Case 2. z € (3,1]. Evidently

d(Tx,Sy) M3 (x,y)
[ a0 <atawy) [ e
0 0

Hence (2.15) holds. It follows from Theorem 2.3 that the mappings A, B, S
and T have a unique common fixed point 1 € X. Notice that Theorem 1.3
generalizes Theorem 1.1. Now we prove that Theorem 1.3 is useless in proving
the existence of fixed points of T in X.

Suppose that there exists (p, ) € &1 x Pg satisfies the conditions of Theo-
rem 1.3. According to the Theorem 1.3, we conclude that

3 d(T5,T5)
0 </ o(t)dt :/ p(t)dt
0 0
1

< a<d<;3>> /Od(é’g) o)t < /Oggo(t)dt,

which is absurd.
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