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Abstract. In this paper, we introduce and study a new system of strongly nonlinear quasi-
variational inclusions involving generalized m-accretive mappings in Banach spaces. By using
the resolvent operator technique for generalized m-accretive mapping due to Huang and
Fang, we prove the existence theorem of the solution for this system of variational inclusions
in Banach spaces, and discuss the convergence and stability of a new perturbed iterative
algorithm for solving this system of nonlinear variational inclusions in Banach spaces. Our

results improve and generalize the corresponding results of [3, 6, 9, 12].

1. INTRODUCTION

In this paper, we introduce and study the following new system of strongly
nonlinear quasi-variational inclusion involving generalized m-accretive map-
pings:

Find (z,y) € X1 x X3 such that

0 € Ny(z,y) + My(z), 0€ Ny(z,y)+ Ma(y), (1.1)

where X7 and X5 are two real Banach spaces, N7 : X7 x Xo — X7 and Ny :
X1 x X9 — X, are single-valued mappings and for i = 1,2, M; : X; — 25 is a
generalized m-accretive mapping, 2% denotes the family of all the nonempty
subsets of Xj.
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We remark that for a suitable choice of the mappings Ny, No, 11,19, M1, Mo
and the spaces X7, X5, a number of known new classes variational inequal-
ities, variational inclusions and corresponding optimization problems can be
obtained as special cases of nonlinear quasi-variational inclusion problem (1.1).
Moreover, these classes variational inclusions provide us a general and unified
framework for studying a wide range of interesting and important problems
arising in mathematics, physics, engineering sciences and economics finance,
etc. See for more details [1, 3, 4, 6, 9, 14, 15, 17] and the references therein.

In 2001, Huang and Fang [7] first introduced the concept of a generalized m-
accretive mapping, which is a generalization of an m-accretive mapping, and
gave the definition and properties of the resolvent operator for the generalized
m-accretive mapping in Banach space. Further, Bi et al. [2], Huang [5] and
Huang et al. [8] introduced and studied some new class of nonlinear variational
inclusions involving generalized m-accretive mappings in Banach spaces, they
also obtained some new corresponding existence and convergence results (see,
for example, [2, 5, 8], respectively. Moreover, Huang, Lan, Zeng, Wang et
al. discussed stability of the iterative sequence generated by the algorithm for
solving what they studied (see [6, 9, 16, 17]).

On the other hand, Lan et al. [10, 11] introduces and studied a new sys-
tem of generalized nonlinear variational inclusions involving generalized m-
accretive mappings. By using the resolvent operator technique for generalized
m-accretive mapping due to Huang and Fang [7], we also prove the existence
theorems of the solution and convergence theorems of the generalized Mann
iterative procedures with mixed errors for this system of variational inclusions
in g-uniformly smooth Banach spaces.

Motivated and inspired by the above works, the main purpose of this pa-
per is to introduce and study the new system of strongly nonlinear quasi-
variational inclusions (1.1) involving generalized m-accretive mapping in Ba-
nach spaces. By using the resolvent operator technique for generalized m-
accretive mapping due to Huang and Fang, we prove the existence theorem
of the solution for this kind of variational inclusions in Banach spaces, and
discuss the convergence and stability of a new perturbed iterative algorithm
for solving this system of nonlinear variational inclusions in Banach spaces.
Our results improve and generalize the corresponding results of [3, 6, 9, 12].

2. PRELIMINARIES

Throughout this paper, let X be a real Banach space with dual space X*,
(-,-) the dual pair between X and X*, and 2% denote the family of all the
nonempty subsets of X. The generalized duality mapping J, : X — 2X" s
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defined by

Jo(z) = {z" € X" ¢ (z,2%) = [|z]|%, ||l2*|| = ||z[|”""}, Vo e X,
where ¢ > 1 is a constant. In particular, Js is the usual normalized duality
mapping. It is well known that, in general, J,(x) = ||z]|92J2(z) for all  # 0
and J; is single-valued if X* is strictly convex (see, for example, [13]). If

X = H is a Hilbert space, then Jy becomes the identity mapping of H. In
what follows we shall denote the single-valued generalized duality mapping by

Jg-
Definition 2.1. The mapping N : X x X — X is said to be

(1) o-strongly accretive with respect to the first argument, if for any x,y €
X, there exists j,(x —y) € Jy(z — y) such that

(N(z,") = N(y,"), Jq(x —y)) 2 ollz —y||*,
where o > 0 is a constant;

(2) e-Lipschitz continuous with respect to the first argument, if there exists
a constant € > 0 such that

IN(2,-) = N(y, )| < ellz =y, Yo,y e X.

Similarly, we can define the strongly accretivity and Lipschitz continuity in
the second argument of N(-, ), respectively.

Definition 2.2. ([7]) Let n: X x X — X* be a single-valued mapping and
A: X — 2% be a multi-valued mapping. Then A is said to be
(1) m-accretive if

(u—v,m(z,y)) 20, Vo,ye X uecA),veAy);
(2) generalized m-accretive if A is n-accretive and (I + AA)(X) = X for all
(equivalently, for some) A > 0.

Remark 2.3. Huang and Fang gave one example of the generalized m-accretive
mapping in [7]. If X = X* = H is a Hilbert space, then (1) and (2)
of Definition 2.2 reduce to the definition of n-monotonicity and maximal 7-
monotonicity respectively; if X is uniformly smooth and n(z,y) = Ja(z — y),
then (1) and (2) of Definition 2.2 reduce to the definitions of accretivity and
m-accretivity in uniformly smooth Banach spaces, respectively (see [7, 8]).

Definition 2.4. The mapping n: X x X — X* is said to be
(1) d-strongly monotone, if there exists a constant § > 0 such that

(@ —y,n(z,y)) = dllz —yl*, Va,y € X;
(2) 7-Lipschitz continuous, if there exists a constant 7 > 0 such that

In(z,y)l| <7llz—yll, Vo,yelX.
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The modules of smoothness of X is the function px : [0,00) — [0,00)

defined by

px(t) = sup{gllz +yll + e —yll — 1+ ol <1, Iyl < ).
A Banach space X is called uniformly smooth if limy_q pr(t) =0 and X is
called g-uniformly smooth if there exists a constant ¢ > 0 such that px < ct9,
where ¢ > 1 is a real number.

It is well known that Hilbert spaces, L, (or [,) spaces, 1 < p < oo, and the
Sobolev spaces WP, 1 < p < oo, are all g-uniformly smooth. In the study
of characteristic inequalities in g-uniformly smooth Banach spaces, Xu [13]
proved the following result:

Lemma 2.5. Let ¢ > 1 be a given real number and X be a real uniformly
smooth Banach space. Then X is q-uniformly smooth if and only if there
exists a constant c¢g > 0 such that for all x,y € X, jy(x) € J4(x), there holds
the following inequality

[z +yll* < 2l + ¢y, Jo(2)) + cqllyll?.

In [7], Huang and Fang show that for any p > 0, inverse mapping (I +pA)~!
is single-valued, if n: X x X — X* is strict monotone and A : X — 2¥ is a
generalized m-accretive mapping, where [ is the identity mapping. Based on
this fact, Huang and Fang [7] gave the following definition:

Definition 2.6. Let A : X — 2% be a generalized m-accretive mapping.
Then the resolvent operator J/ for A is defined as follows:

JA(2) = (I +pA)Y(z), VzeX,
where p > 0is a constant and  : X x X — X* is a strictly monotone mapping.

Lemma 2.7 ([7, 8]). Let n : X x X — X* be 7-Lipschitz continuous and
§-strongly monotone, and A : X — 2% be a generalized m-accretive mapping.

Then for any p > 0, the resolvent operator J% for A is 5-Lipschitz continuous,
i.€.,

-
1 74() = TRl < <llz —yll,  Va,y € X.

3. EXISTENCE THEOREM

In this section, we shall give the existence theorems of problem (1.1). The
solvability of the problem (1.1) depends on the equivalence between (1.1) and
the problem of finding the fixed point of the associated generalized resolvent
operator. It follows from Definition 2.6 that we can obtain the following
conclusion.
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Lemma 3.1. Let M; : X; — 2%i be generalized m-accretive and N; @ X1 X
Xo — X; be any nonlinear mapping fori = 1,2. Then the following statements
are mutually equivalent:

(i) An element (z,y) € X1 X Xs is a solution to the problem (1.1).
(ii) There is an (x,y) € X1 x Xo such that

x = Jy, [z — pNi(z,y)],
y= J]i\/lg [y - )\NQ('%') y)]a

where Jy, = (I +pM;)~", Jj\\42 =+ AM3)™Y, and p >0 and X\ > 0
are two constants.

(ili) For any given p > 0 and A\ > 0, the map F, » : X1 x Xo — X1 x Xy
defined by

Fo(u,v) = (Py(u,v), Qx(u,v)), Y(u,v) € X1 x Xy

has a fized point (x,y) € X1 x Xo, where maps P, : X1 x X9 — X
and Q) : X1 X Xo — Xo defined by

Py(u,v) = Jip [u— pNi(u,0)],  Qa(u,0) = Jiy, [v = AN2(u, )]

Theorem 3.2. Let Xy be a gi-uniformly smooth Banach space with q1 > 1,
Xo be a gz-uniformly smooth Banach space with ga > 1 and n : X1 x X1 — X7
be Ti-Lipschitz continuous and &1-strongly monotone, 1y : Xo x Xo — X3 be
To-Lipschitz continuous and d9-strongly monotone,. Suppose that and M; :
X; — 2% be generalized m-accretive for 1 = 1,2, N1 @ X1 x X7 — X1 is
o1-strongly accretive and ~y1-Lipschitz continuous in the first argument and ¢o-
Lipschitz continuous in the second argument, No : X1 x X7 — Xo is o9-strongly
accretive and yo-Lipschitz continuous in the second argument and ¢1-Lipschitz
continuous in the first argument, respectively. If

1162 %/ 1 — q1po1 + g pLAT" + 610172 < 8162,
(3.1)

0172 q%/l — oMo + CqQAQQ’ng + T16202 < 0109,

where cq,, ¢q, are the constants as in Lemma 2.5, then the problem (1.1) has
a unique solution (x*,y*).

Proof. For any given p > 0 and A > 0, define P, : X7 x X5 — X; and
Q/\:X1XX2—>X2 by

P,(u,v) = Jy; [u— pNi(u,v)], Qx(u,v) = Jj\\@ [v— ANz (u,v)]  (3.2)
for all (u,v) € X1 x X2. Now define || - ||« on X7 x X5 by
1w, 0) |« = llull + [[oll,  V(u,v) € X1 x X».
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It is easy to see that (X; x Xa,| - ||«) is a Banach space. By (3.2), for any

given p > 0 and A > 0, define F, » : X1 x X3 — X1 x X5 by
Fp)\(u?U) = (Pp(ua U),QA(’LL,U)), V(u, U) € Xl X X2-

In the sequel, we prove that F, ) is a contractive mapping. In fact, for any

(ug,v1), (ug,v2) € X1 X Xo, it follows from (3.2) and Lemma 2.7 that
[ Bp(ur, v1) — Pp(uz, va)|
< || Jpg, [ur = pNi(u, v1)] — Jiy, [uz — pNi(uz, v2)]]|

-
< §||U1 —up — p[Ny1(u1,v1) — Ni(ug,v1)]||
-
+5*1HN1(U2,01) — Ni(ug,vo)||

and
|Qx(u1,v1) — Qx(u2,v2)||
< || T3 [v1 — AN2(ur, v1)] — Jay, [v2 — AN2(uz, va)]]|

.
< invl — vy — A[Na(u1,v1) — No(ur, v)]|

T
5 N2 (1, 02) = Na(ua, va)|
By assumptions and Lemma 2.5, we have

Jur — ug — p[N1(u1,v1) — Ni(uz,v1)][|"
< ur —ug||* — qup(N1(u1,v1) — Ni(uz,v1), Jg, (u1 — u2))
+pT cg, | N1 (u1,v1) — Ni(ug, v1)[|"
< (1= qipor + cq pP 1) lur — ua ||,
|[v1 — v2 — A[Na(u1,v1) — Na(u,va)]||??
< (1= @2Ao2 + g, A 2957 [ur — 2|2
and
[[N1(uz, v1) = Ni(uz, v2)|| < <2ffvr — v,
[ N2 (u1,v2) — No(ug, v2)|| < iflur — us.
From (3.3)-(3.8), we obtain

1Py(u1, v1) — Pp(ug, vo)|
< B R/T—q1po + Cqup T |Jur — gl + S |op — w2,

1@x(u1,v1) — Qx(u2, va)|

<P R/1 — gaAag + Cgu A2 |lv1 — 2| + 2 [lur — uzl|.

(3.4)
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(3.9) implies that

[ Pp(u1,v1) — Pp(ug, v2)[| + |Qx(u1,v1) — Qx(uz, v2)||

< k(ur — uzll + [[vr — v2), (3.10)
where
k= max{E q{/l—qlpol—l—cqlp‘hfyfl —l—glﬂ,
(51 52
27 + kel q</1 — @AO2 + e A2}
01 02

By (3.1), we know that 0 < k < 1. It follows from (3.10) that

| Fpa(u1,v1) = Fpx(uz,v2)ll« < kll(u1,v1) — (u2, v2) |l

This proves that F), ) : X1 x X2 x X; X X3 is a contraction mapping. Hence,
there exists a unique (z*,y*) € X7 x Xo such that

Fp,/\(x*ay*) = (x*ay*)a
that is,
f— J]‘\)/l,1 [z* — pN1(z*,y*)] and y* = J])\‘/IQ [y* — ANo(z*, y*)].

By Lemma 3.1, (z*, y*) is the unique solution of problem (1.1). This completes
the proof. O

Remark 3.3. If X; and X5 are 2-uniformly smooth Banach space and there
exists A = p > 0 such that

hy = d2—adim> 1, ho 9102 —T16202 1,

T102 = 0172
‘ o1 ’ < U%*(lfh%)cfﬁ
P o2 29} ’
|,0 oo | < 037(17h§)02'y§
273 273 ’

2
U% > (1- h%)027127 U% > (1- h%)c27227

then (3.1) holds. We note that Hilbert space and L, (or l,) (2 < p < 00)
spaces are 2-uniformly Banach spaces.

4. PERTURBED ALGORITHM AND STABILITY

In this section, by using the following definition and lemma, we construct a
new perturbed iterative algorithm with mixed errors for solving problem (1.1)
and prove the convergence and stability of the iterative sequence generated by
the algorithm.
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Definition 4.1. Let S be a selfmap of X, z¢p € X, and let x,+1 = h(S,zy,)
define an iteration procedure which yields a sequence of points {x,}°, in X.
Suppose that {z € X : Sz = 2} # 0 and {z,}5°, converges to a fixed point
z* of S. Let {u,} C X and let €, = |Jupt1 — h(S,up)||. If lime, = 0 implies
that w, — z*, then the iteration procedure defined by z,+1 = h(S, z,) is said
to be S-stable or stable with respect to S.

Lemma 4.2. Let {ay}, {bn},{cn} be three nonnegative real sequences satisfy-
ing the following condition: there exists a natural number ng such that

An+41 < (1 - tn)an + bntn + Cp, Vn > no,

where t, € [0,1], Y07y t, = 00, limy oo by =0, Y 07 ¢n < 00. Then a, — 0
(n — o0).

Algorithm 4.3. Let N; : X; X X9 — X, be single-valued mappings and
M; : X; — 2% be a generalized m-accretive mapping for all i = 1,2. Then
for a given (zg,yo) € X1 x X2, the perturbed iterative sequence {(xy,yn)} is
defined by

{ Tni1 = (1= an)xn + andyy [0 — pN1(Tn, Yn)] + Qntin + wy,

4.1
Ynt+1 = (1 - an)yn + anJ]>\\42 [yn - )\NQ(fEnv yn)] + anvn + en, ( )

where n > 0, {a,} is a sequence in [0, 1], {un},{w,} C X1 and {v,},{e,} C
X are errors to take into account a possible inexact computation of the re-
solvent operator point satisfying the following conditions:
(i) up =ul, +ul, v, =0+
(i) limp—oo [lup || =0,  limp oo [[vp[| = 0;
(i) 307 [ < o0, 252 lwall < 00, S5 [l < 00, T3 flenl] < oo.
Let {(zn,tn)} be any sequence in X1 x Xy and define {(e,,e,)} by
{ €n = Hzn—l—l - {(1 - an>zn + OénJ]’l\)41 [Zn - le(vatn)] + apup + wn}”a (4 2)
en = |ltny1 — {(1 — ap)tn + osz])\‘/[2 [t — AN2(2n, tn)] + anvn + en}l. :

Theorem 4.4. Suppose that X1, X2,n1,12, N1, No, M1 and My are the same as
in Theorem 3.2. If Y~>° ooy = 00 and condition (3.1) holds, then the perturbed
iterative sequence {(xyn,yn)} defined by (4.1) converges strongly to the unique
solution of problem (1.1). Moreover, if there ezists a € (0, ay,| for all n > 0,
then limy, oo (2n, tn) = (2%, y*) if and only if lim,_o(€n,en) = (0,0), where
(€n,€n) is defined by (4.2).

Proof. From Theorem 3.2, we know that problem (1.1) has a unique solution
(x*,y*) € X1 x Xo. It follows from (4.1) and the proof of (3.9) in Theorem
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3.2 that

[

.
< (1= anllan — 2"+ an{5 41— @por + cqpraf s — o7

G271
+THyn — |1} + anlluy, || 4 ([[un |l + llwnl]), (4.3)
Yn+1 — 7|

< (1= an)llyn = 9"l + an{g /1~ A0z + e N2 g — |

172 *
gll$n*$ 1} + anllon |l + (lonll + llenl]), (4.4)

+
It follows from (4.3) and (4.4) that

|Zn+1 — 2| + lyn+1 — ¥
< (1= an)(|lzn — =% + llyn — v*|)

1 S172 *
Fanlg 41— aupon + e+ S |

271 T2 *
o+ 2 /1 — gdoa + e, A28 Hly — o'
an(li | + 041 + (| + ol + 7] + lleall

< [1 = an(1 = B)](lan = 2" + 19 — 3"

1
tan(l—k) - E(H%H + [lvnll)

Hllupll + lwnll + lonll + lleal), (4.5)

where k is the same as in (3.10). Since > > ; o, = 00, it follows from Lemma
4.2, (31) and (45) that ||37n —.CU*” + ||yn —y*” — 0 (n — oo) Hence, we know

that the sequence {(zn,yn)} converges to the unique solution (z*,y*) of the
problem (1.1).

Now we prove the second conclusion. By (4.2), we know

lzn1 = 2% < [I(1 = an)2n

+an iy, [0 — PN (2ns tn)] + antin 4wy — || + €, (4.6)
[t — y* ) < 11 — o)ty '

—|—anJJ)\‘/[2 [tn, — AN2(2n, tn)] + anvn, + en, — y*|| + en.



10 Heng-you Lan

As the proof of inequality (4.5), we have

(1 = an)zn + andyy [2n — pN1 (20, tn)] + nin +wy — 27|
+]|(1 — ap)tn + osz])\‘b [tn — AN2(zn, tn)] + anvn + € — ¥*||
<[ —an(1 = E)|([lzn = 2% + It — 7))

1
(1= k) - (il + 1)

H(llupll + llwall + lonll + llenl)- (4.7)
Since 0 < a < ay, it follows from (4.6) and (4.7) that
Iznt1 = 27| + [ltnss — 47|l

< [1— w1~ B)(2n — 2" + 1tn — o°)
€n + €n

1
+on(l —k) - m(llﬂ%\l + [lonll +

([l + lvpll + llwnll + llenl])-

)

Suppose that lim(ey, &,) = (0,0). Then from > 7 j a, = oo and Lemma 4.2,
we have lim(z,,t,) = (z*,y*).
Conversely, if lim(z,, t,) = (z*, y*), then we get
€n = |lzns1 — {(1 — an)zn + anJ]'r\)Jl [2n — pN1(2n, tn)] + anty + wy ]
< |lzn41 — 2|
(1 = an)zn + andyy [2n — pN1 (20, tn)] + antn + w, — 27,
€n = |ltns1 — {(1 — an)tn + anJ])\‘/IQ [tn, — AN2(zn, tn)] + anvn + en |
< ltnr — ol
+{[(1 — apn)tn + osz]>\‘42 [tn — AN2(zn, tn)] + anvn, + en — ¥7||,

and
enten < lznp =27+t — 7|
1 = an(l = B)]([lzn — 2" + It — "))
(1= k) - (i | + )
+(llunll + lonll + llwnll + llenl)) — 0
as n — oo. This completes the proof. Il

Remark 4.5. If u,, =0 or v, =0 or w, =0 or e, =0 (n > 0) in Algorithm
4.3, then the conclusions of Theorem 4.4 also hold. The results of Theorems
3.2 and 4.4 improve and generalize the corresponding results of [3, 6, 9, 12].
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