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Abstract. In this paper, we give some corrections and comments about a result which is

contained in a published paper in [1].

1. Introduction

For a class of polynomials Pn, defined by

Pn =
{
p(z) : p(z) = a0 +

n∑
j=µ

ajz
j , a0 6= 0, 1 ≤ µ ≤ n

}
.

The following result was stated and proved by Tripathi et al. [1].

Theorem 1.1. Let p ∈ Pn be a nth degree polynomial with complex coefficients.
If Re aj = αj , Im aj = βj , 0 ≤ j ≤ n such that for some t ≥ 1, λ, δ and

1 ≤ k ≤ n, either, tn−k+2αn ≥ tn−kαn−2 ≥ · · · ≥ t2αk+2 ≥ αk ≤ αk−2 ≤ · · · ≤
αµ − λ and tn−k+1αn−1 ≥ tn−k−1αn−3 ≥ · · · ≥ tαk+1 ≥ αk−1 ≤ αk−3 ≤ · · · ≤
αµ+1 − λ, if n and µ is odd, or tn−k+2αn ≥ tn−kαn−2 ≥ · · · ≥ t2αk+2 ≥ αk ≤
αk−2 ≤ · · · ≤ αµ − λ and tn−k+1αn−1 ≥ tn−k−1αn−3 ≥ · · · ≥ tαk+1 ≥ αk−1 ≤
αk−3 ≤ · · · ≤ αµ+1 − λ, if n and µ is even and βn ≤ βn−1 ≤ · · · ≤ δ + βk ≥
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βk−1 ≥ · · · ≥ βµ, then the n zeros of p(z) lies in the disc∣∣∣z +
an−1
an

∣∣∣ ≤ 1

|an|

[
αn + αn−1 + (t− 1)

n∑
j=k+1

(αj + |αj |) + 2(λ+ |λ|)

− 2(αk + αk−1) + (αµ + |αµ|) + (αµ+1 + |αµ+1|) + |α0|

+ 3δ + |δ|+ 4βk − βµ+2 − (βµ − |βµ|)− βn−1 − βn + |β0|
]
.

In this note, we shall give some comments on the errors and omissions in
Theorem 1.1. Thereafter, give the correct statement, and proof of Theorem
1.1.

Some comments on Theorem 1.1.

Going through the proof of Theorem 1.1. (see [1]), we notice the following
errors and omissions, which lead to the incorrect of the result and proof.

(i) The authors did not place any condition on the parameters λ and δ in
the statement of Theorem 1.1, if λ is taking to be very large, αµ − λ
and αµ+1−λ cannot be larger than αµ+2 and αµ+3 respectively. Thus,
Theorem 1.1 is not possible for large values of λ. For the parameters to
be well defined, λ and δ must satisfy the following conditions: λ ≥ 0,
δ ≥ 0.

(ii) The condition 0 ≤ j ≤ n is misleading because j 6= 0, and ν in the
proof of Theorem 1.1. (see page 558 of [1] line 8) is meaningless.

(iii) In the statement of Theorem 1.1, there is no need of keeping the in-
dexed coefficients since it leads to no further generalization. In the
course of the proof of Theorem 1.1, the indexed coefficients are redun-
dants.

(iv) The claims in the proof of Theorem 1.1 (see page 559 of [1] lines 8
upto the end of the proof) is incorrect, because there is no way all the
zeros of f(z) for which |z| > 1 lie in the disk given (see line 10 on page
556). This could be noticed with the right choice of a0, anand aj for
j = µ, µ+ 1, ..., n− 1, where 1 ≤ µ ≤ n.

2. Main results

The following theorem is the revision of the Theorem 1.1 for the errors and
omissions in the statements.

Theorem 2.1. Let p(z) = a0 +
∑n

j=µ ajz
j for some 1 ≤ µ ≤ n, where

Re(aj) = αj and Im(aj) = βj for 1 ≤ j ≤ n. Suppose that for some real
λ ≥ 0, δ ≥ 0 and 1 ≤ k ≤ n, either, αn ≥ αn−2 ≥ ... ≥ αk+2 ≥ αk ≤ αk−2 ≤
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... ≤ αµ + λ and αn−1 ≥ αn−3 ≥ ... ≥ αk+1 ≥ αk−1 ≤ αk−3 ≤ ... ≤ αµ+1 + λ,
if n and µ are odd, or αn ≥ αn−2 ≥ ... ≥ αk+2 ≥ αk ≤ αk−2 ≤ ... ≤ αµ + λ
and αn−1 ≥ αn−3 ≥ ... ≥ αk+1 ≥ αk−1 ≤ αk−3 ≤ ... ≤ αµ+1 + λ, if n and µ
are even and βn ≤ βn−1 ≤ ... ≤ δ+ βk ≥ βk−1 ≥ ... ≥ βµ. Then the number of
zeros of p(z) lies in the disk∣∣∣z +

an−1
an

∣∣∣ ≤ 1

|an|

[
αn + αn−1 + (t− 1)

n∑
j=k+1

(αj + |αj |) + 2(λ+ |λ|)

− 2(αk + αk−1) + (αµ + |αµ|) + (αµ+1 + |αµ+1|) + |α0|

+ 3δ + |δ|+ 4βk − βµ+2 − (βµ − |βµ|)− βn−1 − βn + |β0|
]
,

for some t ≥ 1.

Proof. Consider the polynomial :

F (z) = (1− z2)(a0 +

n∑
j=µ

ajz
j)

= −anzn+2 − an−1zn+1 +
n∑

j=µ+2

(aj − aj−2)zj

+ aµ+1z
µ+1 + aµz

µ + (1− z2)a0

= −(anz + an−1)z
n+1 +

n∑
j=µ+2

{(αj − αj−2)zj + i(βj − βj−2)zj}

+ aµ+1z
µ+1 + aµz

µ + (1− z2)a0

= −(anz + an−1)z
n+1 +

n∑
j=k+1

(tαj − αj−2)zj − (t− 1)

n∑
j=k+1

αjz
j

+

k∑
j=µ+4

(αj − αj−2)zj + (αµ+3 − αµ+1 − λ)zµ+3 + λzµ+3

+ (αµ+2 − αµ − λ)zµ+2 + λzµ+2

+ i

n∑
j=k+2

(βj − βj−2)zj + i(βk+1 − (δ + βk))z
k+1

+ i((δ + βk)− βk−1)zk+1

+ i(δ + βk − βk−2)zk − iδzk + i

k−1∑
j=µ+2

(βj − βj−2)zj
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+ aµ+1z
µ+1 + aµz

µ + (1− z2)a0,

for some t ≥ 1. Then, we have

|F (z)| ≥ |anz + an−1||z|n+1 − |z|n|
[ n∑
j=k+1

|tαj − αj−2|
|z|n−j

+ |t− 1|
n∑

j=k+1

|αj |
|z|n−j

+

k∑
j=µ+4

|αj − αj−2|
|z|n−j

+
|αµ+3 − αµ+1 − λ|

|z|n−µ−3
+

|λ|
|z|n−µ−3

+
|αµ+2 − αµ − λ|
|z|n−µ−2

+
|λ|

|z|n−µ−2

+
n∑

j=k+2

|βj − βj−2|
|z|n−j

+
|βk+1 − (βk + δ)|
|z|n−k−1

+
|(δ + βk)− βk−1|
|z|n−k−1

+
|δ + βk − βk−2|
|z|n−k

+
|δ|
|z|n−k

+

k−1∑
j=µ+2

|βj − βj−2|
|z|n−j

+
|αµ+1|+ |βµ+1|
|z|n−µ−1

+
|αµ|+ |βµ|
|z|n−µ

+
|α0|+ |β0|
|z|n

+
|α0|+ |β0|
|z|n−2

]
,

for some t ≥ 1.
Now, let |z| > 1, so that 1

|z|n−j < 1 for 1 ≤ µ ≤ j ≤ n. Then, we have

|F (z)| > |anz + an−1||z|n+1 − |z|n
[ n∑
j=k+1

|tαj − αj−2|

+ (t− 1)

n∑
j=k+1

|αj |+
k∑

j=µ+4

|aj − aj−2|

+ |αµ+3 − αµ+1 − λ|+ |λ|
+ |αµ+2 − αµ − λ|+ |λ|
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+

n∑
j=k+2

|βj − βj−2|+ |βk+1 − (βk + δ)|

+ |δ + βk − βk−2|+ |δ|+
k−1∑
j=µ+2

|βj − βj−2|

+ |αµ+1|+ |βµ+1|+ |αµ|+ |βµ|+ |α0|+ |β0|
]

> 0,

for some t ≥ 1.
Next, it is easy to see that,

|anz + an−1| > αn + αn−1 + (t− 1)
n∑

j=k+1

(αj + |αj |)

+ 2(λ+ |λ|)− 2(αk + αk−1) + (αµ + |αµ|)
+ (αµ+1 + |αµ+1|) + |α0|+ 3δ + |δ|+ 4βk − βµ+2

− (βµ − |βµ|)− βn−1 − βn + |β0|,

for some t ≥ 1. It implies that∣∣∣z +
an−1
an

∣∣∣ > 1

|an|

[
αn + αn−1 + (t− 1)

n∑
j=k+1

(αj + |αj |)

+ 2(λ+ |λ|)− 2(αk + αk−1) + (αµ + |αµ|)
+ (αµ+1 + |αµ+1|) + |α0|+ 3δ + |δ|+ 4βk − βµ+2

− (βµ − |βµ|)− βn−1 − βn + |β0|
]
,

then all the zeros of F (z) whose modulus is greater than 1 lie in∣∣∣z +
an−1
an

∣∣∣ ≤ 1

|an|

[
αn + αn−1 + (t− 1)

n∑
j=k+1

(αj + |αj |)

+ 2(λ+ |λ|)− 2(αk + αk−1) + (αµ + |αµ|)
+ (αµ+1 + |αµ+1|) + |α0|+ 3δ + |δ|+ 4βk − βµ+2

− (βµ − |βµ|)− βn−1 − βn + |β0|
]
,

for some t ≥ 1. But observe that all the zeros of p(z) are also the zeros of
F (z). Hence it follows that all the zeros of F (z) and hence of p(z) lie in the
union of the disks |z| < 1 and
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an−1
an

∣∣∣ ≤ 1

|an|

[
αn + αn−1 + (t− 1)

n∑
j=k+1

(αj + |αj |)

+ 2(λ+ |λ|)− 2(αk + αk−1) + (αµ + |αµ|)
+ (αµ+1 + |αµ+1|) + |α0|+ 3δ + |δ|+ 4βk − βµ+2

− (βµ − |βµ|)− (βµ − |βµ|)− βn−1 − βn + |β0|
]
,

for some t ≥ 1. This completes the proof. �

Taking t = 1 in Theorem 2.1, we get the following result.

Corollary 2.2. Let p(z) = a0 +
∑n

j=µ ajz
j for some 1 ≤ µ ≤ n, where

Re(aj) = αj and Im(aj) = βj for 1 ≤ j ≤ n. Suppose that for some real
λ ≥ 0, δ ≥ 0 and 1 ≤ k ≤ n, either, αn ≥ αn−2 ≥ ... ≥ αk+2 ≥ αk ≤ αk−2 ≤
... ≤ αµ + λ and αn−1 ≥ αn−3 ≥ ... ≥ αk+1 ≥ αk−1 ≤ αk−3 ≤ ... ≤ αµ+1 + λ,
if n and µ are odd, or αn ≥ αn−2 ≥ ... ≥ αk+2 ≥ αk ≤ αk−2 ≤ ... ≤ αµ + λ
and αn−1 ≥ αn−3 ≥ ... ≥ αk+1 ≥ αk−1 ≤ αk−3 ≤ ... ≤ αµ+1 + λ, if n and µ
are even and βn ≤ βn−1 ≤ ... ≤ δ+ βk ≥ βk−1 ≥ ... ≥ βµ. Then the number of
zeros of p(z) lies in the disk∣∣∣z +

an−1
an

∣∣∣ ≤ 1

|an|

[
αn + αn−1 − 2(αk + αk−1) + 2(λ+ |λ|)

+ (αµ + |αµ|) + (αµ+1 + |αµ+1|) + |α0|+ 3δ + |δ|

+ 4βk − βµ+2 − (βµ − |βµ|)− βn−1 − βn + |β0|
]
.

Taking λ = 0 in Theorem 2.1, we get the following result.

Corollary 2.3. Let p(z) = a0 +
∑n

j=µ ajz
j for some 1 ≤ µ ≤ n, where

Re(aj) = αj and Im(aj) = βj for 1 ≤ j ≤ n. Suppose that for some real
δ ≥ 0 and 1 ≤ k ≤ n, either, αn ≥ αn−2 ≥ ... ≥ αk+2 ≥ αk ≤ αk−2 ≤ ... ≤ αµ
and αn−1 ≥ αn−3 ≥ ... ≥ αk+1 ≥ αk−1 ≤ αk−3 ≤ ... ≤ αµ+1, if n and µ
are odd, or αn ≥ αn−2 ≥ ... ≥ αk+2 ≥ αk ≤ αk−2 ≤ ... ≤ αµ and αn−1 ≥
αn−3 ≥ ... ≥ αk+1 ≥ αk−1 ≤ αk−3 ≤ ... ≤ αµ+1, if n and µ are even and
βn ≤ βn−1 ≤ ... ≤ δ + βk ≥ βk−1 ≥ ... ≥ βµ. Then the number of zeros of p(z)
lies in the disk∣∣∣z +

an−1
an

∣∣∣ ≤ 1

|an|

[
αn + αn−1 + (t− 1)

n∑
j=k+1

(αj + |αj |)

− 2(αk + αk−1) + (αµ + |αµ|) + (αµ+1 + |αµ+1|)
+ |α0|+ 3δ + |δ|+ 4βk − βµ+2

− (βµ − |βµ|)− βn−1 − βn + |β0|
]
,
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for some t ≥ 1.
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