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Abstract. In this paper, we consider a mixed boundary value problem to a class of nonlinear
operators containing p(z)-Laplacian. More precisely, we consider the problem with the
Dirichlet condition on a part of the boundary and the Steklov boundary condition on an
another part of the boundary. We show the existence of at least three weak solutions under
some hypotheses on given functions and the values of parameters.

1. INTRODUCTION

In this paper, we consider the following nonlinear problem:
—div [S¢(z, |Vu|?)Vu] = \f(z,u) in Q,
u=0 onI}y, (1.1)
Si(x, |Vu|2)g—z = pg(x,u) on Iy,

where Q@ ¢ RY (N > 2) is a bounded domain with a C%!-boundary T,
and T'; and I'y are disjoint open subsets of I' such that T';y UTy = I', and
n denotes the unit, outer, normal vector to I'. Thus we impose the mixed
boundary conditions, that is, the Dirichlet condition on I'y and the Steklov
condition on I's. The given data f : @ xR — R and g : I's x R — R are
Carathéodory functions and A, are parameters. The function S(zx,t) is a
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Carathéodory function on € x [0, 00) satisfying some structure conditions as-
sociated with an anisotropic exponent function p(x) and S; = 95/0t. Then
div [Sy(, |Vu|?)Vu] is a more general operator containing p(w)-Laplacian
Appyu = div (|Vu[P®)=2V4y), where p(z) > 1. This generality brings about
difficulties and requires more general conditions.

The study of such type of differential equations with p(z)-growth conditions
is a very interesting topic recently. Studying such problem stimulated its
application in mathematical physics, in particular, in elastic mechanics (Zhikov
[27]), in electrorheological fluids (Diening [10], Halsey [16], Mihailescu and

Rédulescu [19], Ruzicka [21]).

Over the last two decades, there are many articles on the existence of weak
solutions for the Dirichlet boundary condition, that is, in the case I's = ) in
(1.1), (for example, see Fan [12], Fan and Zhang [13], Avci [6], Yiicedag [23]).
On the other hand, for the Steklov boundary condition, that is, I'y = (), for
example, see Wei and Chen [22], Yiicedag [24], Allaoui et al [1], Ayoujil [7],
Deng [9].

However, since we can not find any problem with the mixed boundary con-
dition in variable exponent Sobolev space as in (1.1). We are convinced of the
reason for existence of this paper.

Throughout this paper, we assume that I'y and I's are disjoint open subsets
of I' such that
TiuTly =T and I'y # 0. (1.2)
When p(z) = p = const., Zeidler [25] considered the following mixed bound-
ary value problem:
divy=f in Q,
u=yg¢ onl}y, (1.3)
j-n=~h only,
where j is the current density, f(z), g(z) and h(z) are given functions. If j is
of the form
j = —a(VuP)Va, (1.4)
problem (1.3) corresponds to many physical problems, for example, hydrody-
namics, gas dynamics, electrostatics, heat conduction, elasticity and plasticity.
If &« =1, then the problem (1.3) becomes

—Au=f in
u=g onTYy, (1.5)
_g% =h on FQ.

From the mathematical point of view, this is a mixed boundary value problem
for the Poisson equation. If a(|Vu|?) = |Vu[P~2, the problem (1.3) corre-
sponds to the p-Laplacian equation. Of course if 'y = () (resp. I'y = ), then
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the system (1.3) becomes the first (resp. second) boundary value problem, re-
spectively. In order to have an intuitive picture at hand, let N = 3 and regard
u(zx) as the temperature of a body € at the point z. Then j in (1.4) is the cur-
rent density vector of stationary heat flow in €2, f describes outer heat source,
and the boundary conditions means the prescription of the temperature on I'y
and heat flow through I'y. System (1.3) represents a constitutive law which
depends on the specific properties of the material. If « is a positive constant,
a represents the heat conductivity and (1.3) is called heat conductivity.

In this paper, we use the direct method of variational calculus. Under some
assumptions on f and g in (1.1), we show the existence of three weak solutions
using the three critical points theorem of Ricceri [20].

The paper is organized as follows. Section 2 consists of four subsections. In
subsection 2.1, we recall some results on variable exponent Lebesgue-Sobolev
spaces. In subsection 2.2, we introduce a Carathéodory function S(x,t) sat-
isfying the structure conditions and some properties. In subsection 2.3, we
set the problem (1.1) rigorously. In subsection 2.4, we examine the properties
of associated functionals. Section 3 is devoted to existence theorems of three
weak solutions and their proofs.

2. PRELIMINARIES

Throughout this paper, we only consider vector spaces of real valued func-
tions over R. For any space B, we denote BY by the boldface character B.
Hereafter, we use this character to denote vectors and vector-valued func-
tions, and we denote the standard inner product of vectors a = (aq,...,an)
and b= (by,...,by) mn RN by a-b=3"N a;b; and |a| = (a - a)'/?.

2.1. Basic properties of variable exponent Lebesgue-Sobolev spaces
LP@)(Q) and WP (Q). In this subsection, we recall some results on variable
exponent Lebesgue-Sobolev spaces. See [13], Diening et al. [11], Kovacik and
Rékosnic [18] and references therein for more detail.
Let © be a bounded domain in RY (N > 2) with a C%!-boundary I". Write
Ci(Q)={peC(Q):p(x)>1foral z € Q}, and let
+

p" =maxp(z) and p~ = minp(z) (> 1) for p € C;(Q).
€ z€Q

The variable exponent Lebesgue space is defined by
£P0)(Q)

= {u cu: 2 — R is a measurable function satisfying / lu(z)|P® da < oo}.
Q
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We introduce the Luxemburg norm on LP()(Q) by

p(x)
|ru\|Lp<.>m):inf{A>o:/ u(z) dx<1}.
Q

Then (LPO)(2), ||-|| o) becomes a Banach space. The dual space of LP()(Q) is
identiﬁed with L' ()(Q), where p/(z) is the conjugate exponent of p(z), that is,
p(lx) + ( y =1 A modular on LP()(Q) which is the mapping Pp( rO(Q) —
R deﬁned by

Pp((w) = / lu(z)|P @ da for u € LPO(Q).
Q

The following four propositions are well known (see Fan et al. [15], [22],
Fan and Zhao [14], Zhao et al. [23], [26]).

Proposition 2.1. Let u,u, € LPV(Q) (n = 1,2,...). Then we have the
following properties.

(3) Jull ooy < 1(=1,> 1) if and only if pyy(u) < 1(=1,> 1).
. - +

(i) If||u||Lp(~)( y > 1 then ||“||I£p()( )<Pp()( u) < HUHip()( Q)
5) 4 ey < 1o then g < 000 (4) = 10

Hence HuHLp() Q) A HUHLP(<)(Q) = pp()(u) < Hu”Lp(-)(Q) \% HUHLP<> (Q)’

where a A b = min{a, b} and a Vb= max{a,b} for any real numbers a
and b.

(iv) [lun — ullgper) — 0 as n — oo if and only if ppi)(un —u) — 0 as
n — oo.

(V) lunll pee) () = 00 as n = oo if and only if  py()(un) = 00 as n — oco.

Let ¢ € C+(T') :== {q € C(I') : g(x) > 1 on T} and denote the surface
measure on I' induced from the Lebesgue measure dx on {2 by do. We define

L) = {u su:I' = R is a measurable function with respect to do

satisfying /\u(w)\q(x)da < oo}
r

and the norm is defined by

ol oy = inf {)\ ~o- [
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and we also define a modular on L")(T) by

() = [ Juta) "o

Proposition 2.2. We have the following properties.
) I Julyoyr > 1, then ull?,0,) < pacyr(w) < Jull Ty, o
(i) I ol gacoey < 1 then a5y ) < Py r() < Jull oy
The following proposition is a generalized Holder inequality.

Proposition 2.3. Let p € C(Q). For u € LP)(Q) and v € LF'O(Q), we

have
el < (24 ) lalpogllol
uvar| s | — — u O(Q v
Q p= (@) b L@
< 2HuHLP<‘)(Q)HUHLP'(‘)(Q)‘ (2.1)
Moreover, if pj € C+(Q) (j = 1,2,3) satisfy

1 1
+ +
pi(z)  p2z)  p3()
then for allu € LP*O)(Q),v € LP20)(Q),w € LP30)(Q),

/ wowdx
Q

Since LP)(Q) C Ll _(Q), every function in LP()(Q) has a distributional
(weak) derivatives. The variable exponent Sobolev space W1P()(Q) is defined
by

=1,

1 1 1
< (pl_ + 1972_ + pg_> HUHLP1(~)(Q)||UHLP2(-)(Q)||wHLp3(-)(Q)- (2.2)

wirO(Q) = {u e LPY(Q) : Vu e LPV(Q)},
where V is the gradient operator, equipped with the norm

T T
||u||W1,p<A>(m:inf{»o;/g<“<;>”( )+'Vu<w>p< )) dml}.
Define
p(z) = { % %fp(x) < N,
00 if p(x) > N,
and
PO (z) = { % %fp(x) < N,
00 if p(z) > N.
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Proposition 2.4. (i) The spaces LPO)(Q) and WHPO)(Q) are separable,
reflexive and uniformly convex Banach spaces.

(ii) If q(z) € C+ () satisfies q(x) < p*(x) for all x € Q, then the embed-
ding WP (Q) — L90)(Q) is compact and continuous.

(iii) If q(x) € C(T) satisfies q(x) < p?(x) for all x € T, then the trace
mapping WO (Q) — LIO(T) is well defined and compact and contin-
uous. In particular, if p € C (), then the trace mapping Wl’p(')(Q) —
LPO(T) ds compact and continuous and there exists a constant C > 0
such that

lull Lor ry < Cllullwrno oy for ue WHO(Q).

For p € C(Q), define

L)) = {v: v : T1 — R is measurable with respect to do
and there exists u € LP*)(I') such that v = v on I'1}
with the norm
oll o vy = 6l ooy 0 € LPO(T) and w = v on T .
Clearly, the restriction mapping Lp(')(F) — LP(')(Fl) is continuous, so the
embeddings
WhPO(Q) < LPO(T) — LPO(Iy)
are continuous and there exists a constant C' > 0 such that

ol o gy < M0l < Cllvlwrae gy for all v e WHH(Q).

Define a space
X={veW"O(Q):v=00nT;}.

Then it is clear to see that X is a closed subspace of WP()(Q), so X is a re-
flexive and separable, uniformly convex Banach space. We show the following
Poincaré type inequality.

Lemma 2.5. There ezists a constant C' = C(2, N,p(-)) > 0 such that
ull ooy < ClIVull goey () for all v e X.

Proof. If the conclusion is false, then there exists a sequence {u,} C X such
that [[unllfpc)q) = 1 and 1 > n|]VunHLp(.>(Q). Since |un1p) () = 1 and
Vu, — 0 strongly in LP)(Q), {u,} is bounded in W12()(Q). Therefore,
by the fact that X is a reflexive Banach space, there exists a subsequence
{un} of {up} and u € X such that u, — u weakly in W'P()(Q) and in
LPO(Q). Thus u, — u in D(Q), so Vu, — Vu in D'(R). Since Vi, — 0
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in LP)(Q), Vu = 0 in D'(Q). Therefore u = const. (cf. Boyer and Fabrie [8,
Lemma I11.2.44]). As u =0 on I';(# 0), we have u = 0. Thus u,, — 0 weakly
in WhPO)(Q). Since p(z) < p*(x) for all z € Q, the embedding mapping
WP (Q) — LPO(Q) is compact, so u, — 0 strongly in LPO)(Q). This
contradicts [[un || zp) () = 1. O

Thus we can define the norm on X so that
HUHX = ||VU||LP(')(Q) for v € X,

which is equivalent to [[v][y1.00) (-

2.2. A Carathéodory function. Let p € C(Q2) be fixed. Let S(z,t) be
a Carathéodory function on Q x [0,00), and assume that for a.e. x € ,
S(z,t) € C?((0,00)) N C([0,00)) satisfies the following structure conditions:
there exist positive constants 0 < s, < s* < co such that for a.e. € Q

S(z,0) =0 and s,tP@=2/2 < ,(z,t) < s tP@-2D/2 for t > 0. (2.3a)
s, tP@)2/2 < G (1. t) 4 2tSyy(z,t) < s*tP@2D/2 for £ > 0. (2.3b)
Si(x,t) < 0 when 1 < p(z) <2
and Sy (z,t) > 0 when p(x) > 2 for ¢t >0, (2.3c)
where S; = 05/0t and Sy = 925/0t?. We note that from (2.3a), we have

2 2
—Z 5 P02 < §(g ) < ——s*P®)/2 for ¢ > 0. 2.4
p(@) < St < o > (24)

We introduce two examples. When S(z,t) = l/(l‘)ﬁtp(x)m, where v is a
measurable function in € satisfying 0 < v, < v(z) < v* < oo for a.e. in Q,

the function S(z,t) satisfies (2.3a)-(2.3c). This example corresponds to the
p(x)-Laplacian. As an another example, we can take

(1) = ae V't +a fort >0,
=1 a for t =0,

where a > 0 is a constant. Then we can see that S(z,t) = V(a:)g(t)wlm)t/p(‘”)/2
satisfies (2.3a)-(2.3c) if p(z) > 2 for all x € Q, (cf. Aramaki [4]).

We have the following strict monotonicity of S;.

Lemma 2.6. ([5, Lemma 3.6]) There exists a constant ¢ > 0 depending only
on sy and pt such that for any a,b € RY,

(St(x, al*)a — Si(z, |b|*)b) - (a — b)

cla — b[P®) when p(x) > 2,
= c(la| + [b))P®)=2|a — b]>  when 1 < p(z) < 2.



538 J. Aramaki

In particular,

(Si(, lal*)a — Si(z,[b]*)b) - (@ —b) > 0 if a #b.
Lemma 2.7. ([3]) There ezists a constant C' > 0 depending only on s* and
p~ such that for any a,b € RY,

0 ) Cla — b|p®)—1 when 1 < p(x) < 2,
o laa=Sia 01 < Gl o1ty nen o) =2

Lemma 2.8. The function T(z,t) = 1S(z,t?) defined in Q x [0,00) is uni-
formly convex, that is, for any € > 0, there exists a constant § > 0 such
that

|t — s| < emax{t,s}
or

T (m’t—l2—8> <a _5)T($,t);T(m,s)

for a.e. x € Q and all t,s > 0. In particular, the function T(x,t) is convex
with respect to t € [0, 00).

Proof. Without loss of generality, we can assume that ¢ > s > 0. Hence it
suffieces to show that for any 0 < € < 1, there exits 0 < § < 1 such that if
t — s > et, then

% (T(x,t) -T (x t?)) — % <T <:c t?) - T(8)>

Since for a.e. x € Q, T(z,t) is of class C? in (0, 00) with respect ot t, we have,
from (2.3b),

(2.5)

Ttt(a:, t) = St($, t2) + 2t25tt(x, tQ)
> 5, 7@ 72, (2.6)

Hence, using the mean value theorem,

(0 (=15)) 3 (1 (+15) 1)

1 t—s (! t+ s t—s t—s

p— T

L /0<(m i ) t(x,sw ))w
1/t—s\2 [t ! t—s

= — T,

2( 9 ) /0/0 tt( 9+T 9 )d@d’i’

1/t—s\2 Lot t—s p(@)=

> — » . .
_2< 5 > 5/0/0( (0+T) 5 > d9d7’ (2.7)
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When p(z) > 2, we have

p(x)—2
//( 9+Tt25> dodr
s p(x)—2
//9+T 2d0d<2>

() G e

1\P" 2 1 _

When 1 < p(x) < 2, since

t—s

s—i—(@—i-T)t <s+2

t—s p(z)—2
/ / < +(0+7) 5 ) dodr > t#(@)=2,

Thus we have

;<T(x,t)—T<x,tJ2rS>> ‘i(T (#;S) —T(s))

Sx +t—2 - x :
> 3 (%)p (p+_11)p+ (2r — 2)5p+tp( ) if p(z) > 2,
= metp) i1 < p(a) <

_t’

we have

On the other hand, since s < (1 — ¢)t, using (2.4), we have

T(x,t)+T(z,s) s* -

’ 2 < (@) 4 gr(@)y < 14+ (1 —¢g)P @),
2 p(w)( )< p- =)

If we choose 0 < § < 1 so that

s* - s, (1\7 72 1 - + s
52— (1+(1—=2e? Y<minld (= T (9PT )b ZE2
p*( +(1—¢) )_mm{8<2> (p*—l)p+( )e ' 8E [

then we can see that (2.5) holds. O

2.3. Setting of the problem. We consider the system (1.1). From now on
we suppose the following conditions.

(fo) f:Q xR — Risa Carathéodory function and satisfies
|f(z, )] < Oy + Colt]*™@~! for ae 2 € Q and all ¢t € R,

where Cy and Cy are non-negative constants, a € C(Q) and a(z) <
p*(z) for all z € Q.
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(90) g:T2 x R — R is a Carathéodory function and satisfies

lg(z,t)] < D1 + Do|t|*™® =1 for a.e z € Iy and all ¢ € R,

where D; and Ds are non-negative constants, 3 € C (T'3) and B(x) <

pO(x) for all z € Ty.
Define

F(z,t) = /Ot f(z,s)ds for (z,t) € Q@ x R,

t
G(z,t) = / g(x,s)ds for (z,t) € 'y x R.
0

We introduce the notion of weak solutions for the problem (1.1).

Definition 2.9. We say u € X is a weak solution of (1.1), if
/ Si(z, [Vul*)Vu - Vodr = )\/ f(z,u)vdx
Q Q

+ u/ g(x,u)vdo for all v € X.
Iy

We solve the problem (1.1) by the direct method of variation.

purpose, we consider the functional on X defined by
I(u) = () — AJ(u) — uk (u),
where, for u € X,

Bu) — ;/QS(JC,]VuF)dx,
J(u) = /QF(x,u)da:,

K(u) = i G(z,u)do.

(2.10)

For this

(2.11)
(2.12)

(2.13)

From Lemma 2.8, T'(x,t) = %S(m,ﬂ) is continuous and uniformly convex
on © x [0,00) and it follows from (2.4) that the function 7" is a generalized

N-function, that is, for a.e. = € Q,

T T
lim (x’t):() and lim (2,1)

t—0 t t—00 t

Hence @ is a positive and uniformly convex modular (cf. [9, Theorem 2.4.11}),

that is, for any € > 0, there exists a constant § > 0 such that

o <u;v> < 8<I>(u)+<1>(v) or @ (u;rv) <q 5)<I>(u)42r<1>(u)

2
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for all u,v € X. The modular space and the Luxemburg norm associated with
® are defined by

Xq>:{u€X:l1£%<I>(Tu):0}
and

u

||u||q>:inf{7>0:<1>( )gl} for u € Xo.

-
Clearly we see that X¢ = X.

Lemma 2.10. There exist positive constants ¢ and C depending only on
5+,5%,p~ and pT such that

cllullx < ||lulle < Cllullx for allu € X.

Proof. By (2.4), we have

p(z) 1 \v/ 2 * \v/ p(z)
/8* Vu da:ﬁ@(u):/S x,—u dxﬁ/ ° Xt dz,
ap(@)| 7 T 2 Ja T ap(@)| T
SO
p(z) * p(z)
ii Vu dxgq;(“)gs/vu dz.
Pt Jal T T P Jal T
Therefore, there exists 0 < ¢ < 1 and C' > 1 such that
p(z) p(z)
c/ Vu d:v<‘1><u><0/ Vul™ g (2.14)
QO T T 0 T
Since p(z) > 1, we have ¢”®) < ¢ and C < CP(*). Thus we have
CHVUHLP(‘)(Q) < lulle < CHVUHLP(‘)(Q)'
O

Lemma 2.11. If u, — u weakly in X and ®(u,) — ®(u) as n — oo, then
Uy — u strongly in X.

Proof. If u, — u weakly in X, then clearly u,, — u weakly in Xg¢. Then it
follows from [9, Lemma 2.4.17] that

@(un;u>—>()asn—>oo.

From Lemma 2.10, u, — u strongly in X. O
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2.4. The properties of the functionals ®,J and K. In this subsection,
we give some basic properties of the functionals @, J and K defined by (2.11),
(2.12) and (2.13).

Proposition 2.12. Let p € C(Q). Assume that functions f and g satisfy
(fo) and (go), respectively. Then we can see that the following properties are
satisfied.

(i)
(i)

(iii)

We can see that ®,J, K € C1(X,R).
The functional ® is a uniformly conver modular on X, sequentially
weakly lower semi-continuous, coercive on X, that is,

D(u)

lullx—oo ullx

and bounded on every bounded subset of X. The mapping ®' : X — X*
is a strictly monotone, bounded on each bounded subset of X, home-
omorphism and of (S4)-type, that is, if u, — u weakly in X and
lim sup,,_, oo (®'(uy,), up, — u) <0, then u, — u strongly in X.

The mappings J', K' : X — X* are sequentially weakly-strongly con-
tinuous, namely, if u, — u weakly in X, then J'(u,) — J'(u) and
K'(uyp) — K'(u) strongly in X*, so the functionals J,K : X — R are
sequentially weakly continuous,

Proof. (i) Clearly ® is Gateau differentiable at every u € X and for any v € X,
the Gateau differential d® is written by

d®(u)(v) = /QSt(m, |Vul|?)Vu - Vodz.

We show the continuity of d®. Let u, — u in X. By Lemma 2.7, we have

|(d®(un) — d®(u))(v)] = ‘/Q(St(m, |Vun|?) Vu, — Si(z, |Vu\2)Vu) - Voudx

where

S C(Il + 12)7

L = / Vu, — V|~ Vo|dz,
951

I — /(]Vun—|—]Vu]p(x)_Q)\Vun—VuHVv[d:c,

Qo

D ={reQ:1<plx) <2}and U = {x € Q: p(x) > 2}. By the Holder
inequality (2.1),

I < 2|V — VPO L o 0l
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Here we note that from Proposition 2.1,
—1
[V, — VufP) HLP'(‘)(Ql)
_ - _ +
< pp(y([Vun = VuPO Y27y o (W, — VufP®=H)L/P

= ppy |Vt — Vu) Y™V pyy (Vg — V)27
— 0asn— oo.

Since WM + ﬁ + ﬁ on 9, we use the Holder inequality (2.2). Thus
we have

Iy < 3(|(1Vunl + [Vul)P 72| Loy 012 ) | Vtm = Vull o o 0] x-

Here from [9, Corollary 2.1.15],
9]+ 1962 0210 < [ (Val + [Tl 1.

Since from Proposition 2.1 (v), the right-hand side of the above inequality is
bounded. Summing up the above inequalities, we have ||d®(u, ) —d®(u)| x+ —
0 as n — oo. That is, d® is continuous, so ® is Fréchet differentiable and has
continuous derivative ® = d®. That J, K € C*(X,R) follows from [13] or Ji
[17, Proposition 2.5].

(ii) We already showed that ® is a uniformly convex modular. From (2.14)
with 7 = 1, we can see that ® is coercive and bounded on every bounded
subset of X.

Since [0,00) 3 t — S(x,t?) is convex from (2.3b). the functional ® is convex.
Since ® is continuous and uniformly convex, the functional ® is sequentially
weakly lower semi-continuous on X.

We show that ® : X — X* is bounded on every bouded subset of X. Let
ullx < M. Then p,.)(|Vul) < M for some constant M;. By the Holder
inequality (2.1),

(@' (), 0)] = ‘/ Sy(z, |[Vul?)Vu - Vodz
Q
< 2|y, [VuP) V]l 1 | V0l oy Vo € X,
where (-, -) denotes the duality bracket between X* and X. Hence
19 (u) [+ < 20| Se(, [Vul*) Vel

()
< 20 () (S, [ Vu) V)Y O v oy (i, [ Vul?) Vu) /@0
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Here it suffices to note that

P () (Si(z, | Vul*) Vu) = / 1Sz, | Vul?) VulP' @ da
Q
S/(s*]Vu!p(’“")l)p/(x)da;
Q

< ((5*)(17’)* V. (8*)(1)’)*)/ |V ulP®) dg
Q
< ((s9)®) v () ) My

According to Aramaki [2, Proposition 2.9], ® is of (Sy)-type.
From Lemma 2.6, we can see that ®’ is strictly monotone. Since

(@ (u), u) = /QSt(m,\VuP)]Vulzdx > s*/Q\Vu]p(x)da: > sl

for ||ul|x > 1 and p~ > 1, we have

/
(@ (u),u) — 00 as |jul|x — oo.

[l x
Thus @’ is coercive.

We show that & : X — X* is a homeomorphism. The mapping @' is
coercive and clearly hemi-continuous, that is, for any u,v,w € X, [0,1] 5 7 —
(®'(u + 7v),w) is continuous. Since ¥’ is strictly monotone, " : X — X* is
injective. By the Minty-Browder theorem, we see that ®' is surjective. Thus
(®)~! . X* — X exists. Let f, — f in X*. Define u, = (®) "1 fn,u =
(®)~1f. Then & (uy,) = fn, ® (u) = f. We derive that {u,} is bounded in X.
In fact, if {u,} is unbounded, then there exists a subsequence {u,’} of {u,}
such that ||u,||x — oo as n’ — co. Hence, for some constant C' > 0,

(O (U ), tnr) = (fours thnr) < || for | x>
This contradicts the coerciveness of @'

Since {uy,} is bounded and X is reflexive Banach space, there exists a sub-
sequence {u,»} of {u,} such that w,» — wy weakly in X for some ug € X.
Therefore, we have

llm <(I)/(Un”) - q)/(UO), Uy — U0> = JIIH <q),(un”)’ Uy — U0>
n —oo n —oo

= lim (f,,u, —ug) =0.
n —oo

Uy || x < Ol | x-

Since @’ is of (S4)-type, we can see that u,» — g strongly in X. Since @’
is continuous, ®'(u,) = f,» — f = ®(up). Thus ®'(u) = ®'(ug). Since P’
is injective, u = ug. By the convergent principle, the full sequence u, — u
strongly in X, that is, (®')~'f, — (®)~!f as n — oo. Hence (@)~ ! is
continuous.
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(iii) All the other properties on J and K are well known (cf. [13], [17,
Proposition 2.5]). O

Since I is Fréchet differentiable at every u € X and

(I'(u),v) = /QSt(ZL’, |Vul?)Vu - Vodz — )\/Qf(x, u)vdx

- M/ g(z,u)vdo for v € X. (2.15)
s

Thus if u € X is a critical point of I, that is, I'(u) = 0, then u satisfies (2.10),
so u is a weak solution of (1.1).

3. MAIN RESULTS ON THE EXISTENCE OF THREE WEAK SOLUTIONS

In this section, we derive the existence of three weak solutions to prob-
lem (1.1). In order to do so, we define a class of functionals needed in the
proposition 3.2 below.

In general, if X is a real Banach space, we denote Wy by the class of all
functionals ® : X — R possessing the following property: if a sequence {uy,}
satisfies that w, — u weakly in X and liminf, ;o ®(u,) < ®(u), then the
sequence {uy} has a subsequence converging strongly to u in X.

We show that the functional ® defined by (2.11) belongs to Wx.

Lemma 3.1. If p € C(2), then the functional ® defined by (2.11) belongs
to Wx.

Proof. Let u, — u weakly in X and liminf, ,o ®(u,) < ®(u). Since @ is
sequentially weakly lower semi-continuous, we have ®(u) < liminf,,_oo ®(uy,).
Thus liminf, o ®(u,) = ®(u). Hence there exists a subsequence {u, } of
{un} such that lim,/ o ®(u,) = liminf, o ®(up) = P(u). Since P is a
uniformly convex modular, it follows from [9, Lemma 2.4.17] that ® (%) —

0 as n’ — oco. It follows from Lemma 2.11 that ||u,y —ul|x — 0asn’ — co. O
We apply the following result of [20, Theorem 2].

Proposition 3.2. Let X be a separable, reflexive and real Banach space. As-
sume that a functional ® : X — R is coercive, sequentially weakly lower semi-
continuous, of C1-functional belonging to Wy, bounded on each bounded sub-
set of X and the deriwative ® : X — X* admits a continuous inverse on X*.
Moreover, assume that J : X — R is a C'-functional with compact derivative,
and assume that ® has a strictly local minimum ug with ®(ug) = J(up) = 0.
Finally, put

a = max < 0, lim sup M,limsup M ,
Jul| o0 P(W)" umuy P(u)
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J(u)
B = sup :
wed—1((0,00)) P()

and assume that o < 3. Then for each compact interval [a,b] C (%,é)(

with the conventions % = 00,— = 0), there exists r > 0 with the following

property: for every A € |a, b] and every C! functional K : X — R with
compact derivative, there exists § > 0 such that for each p € [0, 0], the equation
O’ (u) = \J'(u) +pK'(u) has at least three solutions whose norms are less than
T.

We can obtain the following main theorem.

Theorem 3.3. Let Q be a bounded domain with a C%'-boundary T satisfying

(1.2) and p € C,(Q) verifying
pp”
N

Assume that a function f satisfies (fo) and define the function F by (2.8).
Moreover, suppose that

pt—p < if p~ <N. (3.1)

F F
max 4 lim sup es.s.supmeg}r (x,t)’l. __esssup,cqF(w,1) <0 (3.2)
0 |t|P [t|— 00 [t[P
and
sup/ F(z,u(z))dz > 0. (3.3)
ueX JQ
Set

. 5 Jo S(z, |Vu z)|?)dx ' ,
0—1nf{ S}Q Nz cu € X with /QF(m,u(:c))d:c>0}.

Then for each compact interval [a,b] C (0,00), there exists r > 0 with the
following property: for every A € [a,b] and every function g satisfying (go),
there exists 6 > 0 such that for each p € [0,6], problem (1.1) has at least three
weak solutions whose norms are less than r.

Proof. We apply Proposition 3.2. Define the functionals & and J on X by
(2.11) and (2.12). According to Proposition 2.12, we see that ®, J € C1(X,R),
® is coercive and bounded on each bounded subset of X. Moreover, ® is se-
quentially weakly lower semi-continuous and ®' : X — X* admits a continuous
inverse, and J' : X — X* is compact and continuous. From Lemma 3.1, we
can see that ® € Wx. Clearly, ® has a strictly local minimum at ug = 0 with
®(0) = J(0) = 0.
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Fix ¢ > 0. From (3.2), there exist p; and py with 0 < p; < 1 < pg such that
F(x,t) < elt|P” for all (z,t) € Q x [—p1, p1l, (3.4)
F(xz,t) <elt|P for all (z,t) € Q x (R\ [—p2, p2]). (3.5)
Thus we have
F(z,t) < E\t\p+ for all (z,t) € 2 x (R\ ([—p2, —p1] U [p1, p2]))-
On the other hand, since f satisfies (fy), we have

|F(x,t)] < Cilt] + &ma(x) < Cilt| + %Itla(”’-

a(z)
Hence F is bounded on each bounded subset of 2 x R. The hypothesis (3.1)
means that

Np~  _ Np(x)
N—-—p~ — N—px

If we choose g € R such that p™ < ¢ < p*(z) for all x € Q, then we have
F(z,t) < elt|’” +clt|? for all (z,t) € Q@ x R (3.6)

for some constant ¢ > 0. Since the embeddings X < LP" () and X — L4(1)
are continuous, there exist positive constants Cp(.y ,+ and Cp.) 4 such that

RN 1/q
</Q |ul? dm) < Cp(ypt llullx and (/Q |u]qu> < Cpey qllullx

for all uw € X. Thus, there exists a constant ¢; > 0 such that
_ pt q Pt pt q
J(w) —/ﬂF(x,u)daz < 5/Q|u] dx+c/Q\u| de < O ellully + el

When [Jul|x = [|Vul|gp0) () <1, it follows from Proposition 2.1 that

pt < ) =p*(z) if p(z) < N.

+
Ty Chpellul% +enllulk

<
= ¥
#(u) Sl
Hence, since ¢ > p*, we have
J
lim sup —— (w) —Cp+ (3.7)

u—0 Q)(u) Sx p()p*

On the other hand, since the embedding X < LP (Q) is continuous, there
exists a constant Cpy(.y,- > 0 such that

1/p~
</ \u|p d:C> < Cp(.),p—HuH)(, Vue X.
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Since F' is bounded on each bounded subset of Q x R, if ||ul|x > 1, then it
follows from (3.5) that there exists a constant C; > 0 such that
JW) _ Juweaiu@izon @0+ [facue)py F(@: W)dx
D (u) 2 o Sz, |Vul?)dx
< piC'l —|—5fQ |ulP dx

Tose g
_pt Gt oG,k
~ 8, Hu”l_;
Hence
timsup 200 < Poop (3.8)
Jullx oo P(u) ~ 5. P@P

Since € > 0 is arbitrary, it follows from (3.7) and (3.8) that

: J(u) . J(u)
max | lim sup , lim sup <0
{ w0 (W) ju) oo P(w)

Therefore, we have a = 0 in Proposition 3.2. By the hypothesis (3.3), we have

J(u)
8= sup — > 0.
wed—1((0,00)) P(w)

Thus all the hypotheses of Proposition 3.2 hold. If we put # = 1/, then the
conclusion of this theorem holds. O

Remark 3.4. In [17], the author insisted that there exists ¢ € R such that
(3.6) holds. However, in general, (3.6) does not hold without the hypothesis
(3.1).

Corollary 3.5. Let Q) be a bounded domain with a C%'-boundary T satisfying

(1.2) and p € CL(Q) satisfy (3.1), and assume that a Carathéodory function
f satisfies (fo) with a™ < p~ and

f(z,t)

150 |1

=0 uniformly in x € Q.

Moreover, assume that f satisfies f(x,t) > 0 for a.e x € Q and 0 < t < &y
for some 6y > 0. Then the conclusion of Theorem 3.3 holds, that is, problem
(1.1) has at least three weak solutions.
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Proof. For any ¢ > 0, there exists § > 0 such that |f(z,t)| < e[t|?" ! for
|t| < d. Thus

t
Fla,t) = / f(a, 5)ds < |t for |t] < 6.
0 p

Therefore, we have

ess s F(x,t
lim sup s f(z,t) <

t—0 ‘t‘er

Since € > 0 is arbitrary, we have

9
ZF .

lim sup ess SupmegiF(x,t) <o
t—0 ‘t‘p
On the other hand, since the function f satisfies (fp),
C
F(z,t) < Ci|t] + —2[¢]*®) < C5)t|*" for ae x € Q and [t| > 1.
o

Since a™ < p~, we have

esssup,cqf(z,t)

lim sup - <0.
[t] =00 P

Therefore, the condition (3.2) holds.
If we choose ¢ € C3°(€2) such that 0 < ¢(x) < §p with ¢ # 0, then ¢ € X
and

@ (x)
F(z, o(x)) = / £, 5)ds.

Therefore, we have [, F/(x,¢(x))dx > 0, so (3.3) holds. This completes the
proof. O

If we exchange f for g, then we can derive the following theorem.

Theorem 3.6. Let 2 be a bounded domain with a C%-boundary T satisfying

(1.2) and p € C+(Q) satisfies (3.1). Assume that a function g satisfies (go)
and define G by (2.9). Moreover, suppose that

esssup,er,G(z,t)

ess su G(x,t
max { lim sup 2 , lim sup Pxerz (z,?) <0,
t—0 |t|P [¢]—o00 |t[P

sup [ G(z,u(x))do > 0.
ueX JTy

Set

1 2
’_ . ifQS(:C7’VU| )d(l) . .
0 =i f{ fp2 G (@, u(x))do cu € X with N G(z,u(z))do >0 .
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Then for each compact interval [c,d] C (0',00), there exists v > 0 with the
following property: for every p € [c,d] and every function f satisfying (fo),
there exists 6 > 0 such that for each X € [0, 4], problem (1.1) has at least three
weak solutions whose norms are less than .

Corollary 3.7. Let Q be a bounded domain with a C%'-boundary T satisfying

(1.2) and p € C+(R2) satisfy (3.1), and assume that the Carathéodory function
g satisfies (go) with BT < p~ and

3 , ,
%LII[l) ﬁf’(zi—)l =0 wuniformly in x € I's.

Moreover, assume that g satisfies g(x,t) > 0 for a.e x € T'y and 0 < t < &y
for some dg > 0. Then the conclusion of Theorem 3.6 holds, that is, problem
(1.1) has at least three weak solutions.

Remark 3.8. In [1], the authors considered the case A = 0. They supposed
different conditions on g which seems to be more restrictive.
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