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Abstract. In this paper we obtain a unique common fixed point theorem for four self-maps
which are involved in (¢, )-weak contraction of a partially ordered b-metric space. The
necessary condition has been given to a space for the existence of an unique common fixed
of the maps. And our work changed conditions and nonlinear contraction, and search for

the unique common fixed point of the maps.

1. INTRODUCTION

The Banach contraction principle is one of the basic results in fixed point
theory which asserts that every contraction function in a complete metric
space has a unique fixed point. Many authors extended this crucial theorem
to many directions, see ([1],[2],6],[8],[9],[10],[11]).

Bakhtin in [7] extended the notion of metric space to the notion of b-metric
space. For some work in b-metric spaces, see ([3],[4],[13],[14],[17],]20],[21],[22],
[30],[31],[45]).-

OReceived December 17, 2020. Revised March 2, 2021. Accepted March 7, 2021.
92010 Mathematics Subject Classification: 47H09, 47H10, 37C25.

OKeywords: Metric space, b-metric space, complete partially ordered b-metric space.
9Corresponding author: R. Bouhafs(rad9170450@ju.edu. jo) .



582 R. Bouhafs, A. Tallatha and W. Shatanawi

Many authors studied many fixed point theorems, for example see ([9], [15],
[16], [18], [19], [22]-[29], [32]-[44]). The benefit of fixed point theorems is to
prove the existence and uniqueness of such equations in partial differential
equations, integral equations, and ordinary differential equations.

Definition 1.1. A metric space is a pair (X, d), where X is a nonempty set
and d : X x X — R is a function such that for all x,y, z € X, the following
conditions hold:

(i) d(z,y) = 0 if and only if x = y,

(ii) d(z,y) = d(y, ),
(iii) d(x,y) < d(zx,z) + d(z,y).

Definition 1.2. ([5]) Let X be a nonempty set and let s > 1 be a given real
number. A function d: X x X — [0, 00) is called b-metric if for all z,y,z € X
the following conditions are satisfied:

(i) d(z,y) = 0 if and only if z =y,
(i) d(z,y) = d(y,z),
(iii) d(z,z) < sld(z,y) + d(y, 2)].

(X,d, s) is said to be b-metric space, with coefficient s > 1.

Remark 1.3. Every b-metric space is a metric space with coefficient s = 1,
but the converse is not true.

Example 1.4. Let X = R and defined : RxR — [0, 00) by d(z,y) = (z—y)?.
Then d is a b-metric space which is not a metric space.

Definition 1.5. A metric d on X together with a partially ordered relation
< is called a partially ordered metric space. It is denoted by (X, d, <).

Definition 1.6. If the b-metric d is complete, then (X, d, <) is called a com-
plete partially ordered b-metric space.

Proposition 1.7. ([12]) In a b-metric space (X,d), the following assertions
hold:

(1) A b-convergent sequence has a unique limit.
(2) Each b-convergent sequence is b-Cauchy.
(3) In general, a b-metric is continuous.
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2. PREVIOUS RESULTS

In the sequel, we have to recall previous notations and results. Let f and g
be self-mappings on a set X. If w = fx = gx for some x € X, then z is called
a coincidence point of f and g, and w is called the point of coincidence of f
and g.

Two self mappings f and g are said to be weakly compatible if they commute
at their coincidence point, that is, if fr = gz, then fgr = gfx. Now, consider
(X, <) to be partially ordered set. Two self-mappings f and ¢ are said to be
compatible, if for any sequence {x,} with lim, o fz, = lim,_ gz, = U,
then limy, o0 d(gfxn, fgx,) = 0. Also g is called monotone f nondecreasing,
if fx < fy then gx < gy for any z,y € X.

Definition 2.1. Let f, g, S and T be self-maps on a partial b-metric space
(X,p, <) with (s > 1). Then f and g are said to satisfy almost generalized
(S, T)-contractive condition if there § € [0,1) such that

p(Sz,gy) + p(fz, Ty) }
2s ’

s?p(fz, gy) < d max {p(Sw, Ty),p(fz,Sz), p(gy, Ty),
(2.1)
for all x,y € X.

3. MAIN RESULT

Let ¥ is the family of all functions v : [0,00) — [0, 00) such that
(1) % is continuous and nondecreasing,
(2) ¢(t) =0 if and only if t = 0.
Also, let ® denote all functions ¢ : [0,00) X [0,00) % [0,00) —> [0, 00) such
that

(1) ¢ is continuous,
(2) ¢(t,s,u) =0if and only if u=s=1¢t=0.
If ¢ € U, then U is called an altering distance function (see [18]).

Now, we introduce our definition.

Definition 3.1. Let f, g, S, and T be self-mappings on a b-metric space
(X,d). Then f and g are said to satisfy the almost nonlinear (S, T', ¥, ¢)-
contractive condition if there exist ¢ € ¥, ¢ € ® such that

Y(s*d(fz, gy))
< w<max {d(S’x, Ty),d(fz, Sz), d(gy, Ty), d(Sz, gy) ;:gd(fx, Ty) })

—qﬁ(d(S:U,Ty),d(Sa:,gy),d(f:L‘,Ty)), (31)
for all z,y € X, where ¢(z,y,2) = ¢(x,z,z,x), for all x € [0, +00).
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Theorem 3.2. Let (X,d, <) be a complete ordered b-metric space. Suppose
fr9, T, 5 : X — X are continuous mappings such that f and g satisfy
the almost nonlinear (S, T, 1, ¢)-contractive condition for any two comparable
element x,y € X. Suppose that f, g, S and T satisfy the following conditions:

(1) fXCTX,

(2) gX C SX,

(3) one of four mappings f, g, S, T is continuous,

(4) {f,S} and {g,T} are compatible.

Then f,g,S, and T have a common fixed point.
Proof. Let xg € X be an arbitrary. From fX C TX, ¢gX C SX, construct

the sequences {z,,} and {y,} in X such that fxo, = Txon+1 = Yon, gTon+1 =

Sxon+2 = Yon+1. Putting y = xop41, T = Tonta.
Suppose that yo, = yon_1, We have

V(2 d(Y2n, Y2n+1))
= (s*d(fron, 9T2n+1))

< < max {d(5$2n, Txony1), d(fron, Ston), d(922n+1, T2Z2n11),

d(Sxon, gron+1) + d(fron, Txoni1) })
2s

— ¢(d(Szon, Txont1), d(gxant1, STon), d(fron, TTont1))-

d n—1, Y2n
=1 < max {d(yznl, Yon), A(Y2n; Y2n—1), A(Y2n+1, Y2n), (y2;8yz+1) }>

— o(d(y2n—1,Y2n), AY2n+1, Y2n—1), A(Y2n, Y2n))

d n ) n
= ¢<max {O) O) d(y2n+1) y?n)v (y2+1y2)}>

2
— #(0,d(y2n+1,Y2n-1),0))
< Y(d(Y2n+1,Y2n))-

Therefore ¢(0, d(y2n+1,Y2n—-1),0)) = 0 and hence yo,—1 = Yont1 = Yon. Simi-
larly, we may show that yo,+2 = yop+1. Thus {y,} is a constant sequence in
X, hence it is a Cauchy sequence in (X, d).

Suppose Y # Yn+1 for all n € N. If n is even, then n = 2t for some t € N.
Since z9; and x9;41 are comparable, we have

¢(32d(yn, ynJrl))
= (s*d(fror, gT2141))
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< < max {d(smt, Txoit1),d(fror, Sxor), d(gxars1, Txor1),

d(Szat, grar1) + d(fror, Trory1) }>

2s
— ¢(d(Szap, Txori1), d(gxari1, Star), d( frar, Txor)).

d — 1
=¥ < max {d(yzt—b yat), d(yat; y2e-1), d(y2cs1, y2t), (y%;SyQHl) })

— ¢(d(Yy2t—1, y2t), A(y2e—1, Y2t+1), d(Y2t, Y2t )

=1 ( max {d(y%—h yat), d(Yat, Yar—1), (Y241, Yat),

d(y%_h yQt) ;d(y% y2t+1) }) - ¢(d(92t—17 yQt)v d(yzt—h yzt+1), 0)

< Y(max{d(yai—1,y2t), d(Y2r+1,y21)})-
If max{d(ya:—1, y2t), d(y2t+1,Y2:) } = d(y2:41,Y2¢), then
d(d(y2t—1,y2t), d(Y2t—1, Y2t 41),0) = 0

and hence
d(yat—1,y2¢) = d(y2e—1, Y2t+1) = 0.
Thus yo; = y2:—1. That is, y, = yn,—1 which is a contradiction. Thus,
max{d(yai—1,y2t), d(Y2t+1, y2t) } = d(y2t—1,Y2t)- (3.2)

Therefore,

Y(s2d(yat yare1)) < Y(d(y2e—1,y2t)) — (d(Y2r+1, y2r), d(yat—1, Y2t+1), 0). (3.3)

If n is odd, then n = 2t + 1 for some ¢ € N. Since xor12 and xory1 are
comparable, we have

w(szd(yna yn-‘rl))
= (*d(yae+2, Y2e41))
= (2 d(fror+2, 9T20+1))

< < max {d(5$2t+2, Txor41), d( froito, Stort2), d(graes1, Tro41),

d(Szatro, grors1) + d(frorra, Txors1) })
2s

— ¢(d(Swart2, Txor1), d(gxats1, Statt2), d(frarye, TTory1)).
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d )
=1 < max {d(y2t+17 Y2t), d(Y2t+2, Y2t+1), (?ﬂt—gzy%) })

- d)(d(y2t+17 y2t)7 Oa d(y2t+2> y2t))-

< < max {d(y2t+1, Yot), d(Yor+2, Y2t41)5

— d(d(y2e+1,y2t), 0, d(y2t+2, yor))-
= Y(max{d(y2t+1, y2t), d(yat+2, Y2t +1)})
— d(d(y2e+1,y2t), 0, d(y2e+2, yor))-
< (max{d(yat+1, y2t), d(Yatv2, Y2t+1) })-
If max{d(yae+1,Y2t), d(Y2e+2, yar+1)} = d(Yae+2, y2e41), then
(d(yae+1,y2t), 0, d(y2t42, y2r)) = 0,

and hence d(y2¢+1,y2t) = d(y2t+2,y2¢). Thus yai11 = yor which is a contradic-
tion. So we have

d(yot+2, y2t+1) + d(yot+1, y2r) })
2

max{d(y2i4+1,Y2t), d(Y2t+2, Y2t+1) } = d(Y24+1, Yot )- (3.4)

Therefore,

Y(2d(yaur2, yar+1)) < V(Y21 y2u) — G(d(Y2es1, Y20), 0, d(yarra, yar))-
From (3.2) and (3.4), we have

d(Yn> Yn+1) < d(Yn—1,Yn)-

Therefore {d(yn+1,yn) : n € N} is a nonincreasing sequence. Thus there exists
r > 0 such that

nh~>nolo d(yna yn—l—l) =T
On taking limsup in (3.3) and (3.4), we have
b(s*r) < (r) - lim inf ¢(d(y2e—1, yor), d(Yi-1, y20+1), 0)

and

IN

W(sr) (r) — litfgglf d(d(y2t+1,y2t), 0, d(yar, Y2t+2))

().

G
(G
Thus, we obtain
lim inf d(yar—1, yor) = lim inf d(y2e—1, y2e11)
t—00 t—00
= liminf d(ya¢, y2t42)
t—o0

= lim inf d(yar, y2r+1)
t—o0

=0.
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Therefore, r = 0 and hence

lim d(yn, yns+1) = 0. (3.5)

n—ao0
We show that {yy, } is a Cauchy sequence in the metric space (X, d). Suppose
to the contrary, that is, {y2,,} is not a Cauchy sequence in (X, d). Then there
exists € > 0 and two subsequences {yam(i)} and {yan@)} of {y2n} such that
n(i) is the smallest index for which, n(i) > m(i) > i,
d(Yam(i)s Yon(i)) = €
and
d(Yam (i) Yon(i)—1) < € (3.6)
From (3.5), (3.6) and the triangular inequality, we get that
€< d(me(i)van(i))
< 5d(Y2m (i) Yon(i)—1)
+ 5d(Y2n(i)—1> Yon(i))
< s€ + 8d(Yan(i)—1, Y2n(i))-
Furthermore,
d(Yan(i)s Yom(i)+1) < 5d(Y2n(i)> Yon(i)—1)
+ $d(Yan(i)—1 Y2m(i)+1)
< s5d(Yan(i)> Yon(i)-1)
+ SQd(y2n(i)717 Yom(i))
+ Szd(y2m(i)) Yom(i)+1)
< sd(Yan(i), Yon(i)—1) + s
+ szd(y2m(i)’ Yom(i)+1)-
Also, from triangular inequality, we get
€ < d(Yam(i)s Y2n(i))
< sd(Yam(i)> Yom(i)—1) T SAUYam(i)—1> Y2n(i))
< 5d(Yam(i)s Yom(i)—1) + S2d(y2m(i)—1> Yom(iy+1) T 82d(3/2m(i)+17 Yon(i))
< 8d(Yam(iy Yom(i)—1) + S AWam(i)—1> Yam(i) + 5 AYam(i)> Yom(i)+1)
+ 52d<y2m(i)+17 Yan(i))-

Letting ¢ — +o00 in above inequalities in (3.5) and (3.6), we get

lim sup d(ygm(i)7 y2n(i)) < s,

i—00
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and

S— < lim sup d(Yan(i) Yom(iy+1) < S°€-

17— 00

Similarly, we get

€ . . 2
=S hggggf d(Yan(i)s Yom(i)+1) < 87€.

Also,

A(Yan(i)—15 Yom(i)+1) < 8A(Yan(i)—1> Y2m()) + SAUYam(i)> Yoam(i)+1)
< se + 5d(Yam (i), Y2m(i)+1)-

Letting ¢ — +o00 in above inequalities in (3.5) and (3.6), we get

lim sup d(y2n(z) 1 y2m(z)+1) < se.

1—00

Since gy(;) and Ta,, ;41 are comparable, we have

T/)(SZd(yzn(i)a Yom(i)+1))
= Y(s°d(fan(i) 9T2m(i)+1))

< ¢<max { (SxQn(i)aTx2m(i)+1)a d(fl“zn (9) SJUzn (4) ), d(gﬂﬁzm(z +1, Tme(z)—i—l)
d(Sl‘Qn(z) gl‘Qm(z)—{-l) + d(fx2n (%)> Tx2m(l +1 })
d

2s
- d)( (S:E2n (%) Tme(i)+1)a d(S'IQn(Z) 9Tom(i)+ )a (men( Tx?m( )+1))'

=1 < max { (an(i)—lv y2m(i))’ d(an(i)—lu y2m(i))’ d(me(i)—l-lv me(z’)),

d(Yan(i)—1> Yom(i)+1) T AY2n (i), Y2m (i) })
2s

—¢(d (y2n(z —1» y2m(i))a d(y2n(z’)—17 y2m(i)+1)7 d(yZn(i) ) y2m(i)))'

Letting ¢ — 4+00. And using the continuity of ¢, we get

() < le) = dle, se, s€) < (e).

So ¢(e, se,se) = 0, hence ¢ = 0. Thus {y,} is a Cauchy sequence in (X, d).
Since (X, d) is complete, there is z € X such that y, — z in the metric space
(X,d). Thus d(yn,z) =0, for all n — +oo. Hence, by the compatibility of S
and f, we obtain

lim d(f(Sz2,),S(fr2n)) =0,

n—aoo
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further by using triangular inequality,
d(Sz, fz) < sd(Sz, S(fron))
+ 5%d(S(fx2n), f(S22n))
+ 5%d(f2, (Sw20)). (3.7)

Therefore, we arrive at d(Sz, fz) = 0 as n — +oo in (3.7). Hence, z is a
coincidence point for S and f in X.
Putting x = 2z, y = Ton4+1, We get

U(s%d(8z,2)) < P(d(Sz, 2)),

hence Sz = z and fz = z. Since z = fz € fX CTX, there exists u € X such
that z = Tu. Putting x = x9,, ¥ = u, and letting n — oo, we get z = gu, so
gu = Tu since (g,T') is compatible, we have gz = Tz. Putting = = x9,, y = z,
we get gz = z so that Tz = z. This completes the proof. U

Example 3.3. Let X = {0,1,2,3,4}.

d(z,y) =0, if x=y,
d(z,y) = (x+y)?, if z#y.

Then (X,d) is a b-metric space with constant s > 1. Let f,¢,5,7 : X — X
be defined by

f(x):<8 S o0 é‘),S(x)=< : %),g(m)zl,T(l‘):x.

Then, we know that f(X) C T'(X), g(X) € S(X), and the pairs {f, S}
and {g,T} are compatible. Let the control functions v : [0,00) — [0, 00),
¢ :[0,00) x[0,00) x [0,00) — [0, 00) be defined by ¥ (t) = ¢t and ¢(t1,t2,t3) =
t1 + to + t3. Then all the conditions of Theorem 3.2 are satisfied except the
contractive condition of this theorem. Hence f, g, S, T have no common fixed
point in X.

Remark 3.4. If inequality of Theorem 3.2 is replaced by
b(s*d(fz, gy)) (3.8)

< ky (max {d(SﬂU, Ty),d(fx,Sy),d(gy, Ty), d(Sz, gy) ;:fo, Ty) })

for all x,y € X, where 0 < k < 1, then the result of the Theorem 3.2 holds.
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Example 3.5. Let X ={1,2,3,4}, defined: X x X — R by
d(z,y) =0, if v=y

dw,y) =1, if 2A0Ay#3
d(m,y)zﬁ, if x=2,y=3.

Also define f,g : X — X, fl = f4d =2, f2 = f3 =2 ¢g2 =2 g4 =3,
gl = g3 = 4. Moreover take S,7 = I(Identity map) in Theorem 3.2. Then
f,9,5,T have a common fixed point.

Theorem 3.6. Let (X,d,s, <) be a complete partially ordered b-metric space
with parameter s > 1 and f,q,5,T : X — X be self-mappings such that

(1)
P(sd(fz,gy)) < ¢(M(z,y)) — »(M(z,y)),
where

[1+d(fz,Sz)] d(fz,Ty) + d(gy, Sz)
L+d(fz,gy) 2s ’

M (z,y) = max {d(gy7 Ty)
d(fx,Sx),d(gy, Ty),d(fz, gy)}

forx,y € X, and for some ¢ € ® and Y € V.

(2) One of four mappings f,q,S,T is continous nondecreasing map with
regerds to < such that there exists o with xo < Sxo (if S is continous
and nondecreasing map).

(3) fXCTX.

(4) gX C SX.

(5) f is monotone T-nondecreasing map.

(6) g is monotone S-nondecreasing map.

(7) {f,s} and {g,T} are weakly compatible.

Then f,g,S and T have a common fixed point in X.

Proof. Let zog € X be an arbitrary. From fX C TX, gX C SX, we can
construct the sequences {z,} and {y,} in X such that

fron = TTont1 = Yon, 9Tan+1 = STont2 = Y2n+1-
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Putting y = w2, 1, = T2,42. Suppose Y2, = y2,-1, We have

¢(5d(y2na y2n+1))
= ¢(Sd(fx2na gm2n+1))
[1 + d(fl'Zna S:Egn)]

< ¢<max {d(gx2n+17T372n+1) 1+ d(from, gron)

d(fron, Txont+1) + d(grant1, STan)
2s ’

d(f$2n, Siﬁzn), d(9332n+1, T£U2n+1), d(f$2n7 9332n+1) }>

[1+ d(fxan, Son)]
1/;(max {d(g$2n+1, TxZTH-l) 1+ d(ferna gl’Qn) )

d LUn,Txn +d Ton ,S%n
(fa2n, Txo +1)28 (972041, St2 ),d(f$2n,5-%'2n)7

d(gxont1, Txont1), d(fron, gTan41) })

1+ d(yon, Yon—1)] d(y2n, y2n) + d(Y2n+1, Y2n—1)
1+ d(y2n, y2n+1) ’ 2s

)

=¢ < max {d(y2n+1’ Y2n)

d(y2n, Y2n—1), A(Y2n+1, Y2n), A(Y2n, Y2n+1) })

1+ d(yon, Y2n—1)] d(yon, yor) + d(Y2n+1, Y2n—
—w<max{d(y2n+1,y2n)[ + d(y2n, y2 1§] (Y2n, Y2n) + d(Y2n+1, Y2n—1)

1+ d(ana Yon+1 ’ 2s ’
d(y2n, Yon—1), A(Y2n+1, Y2n), A(Y2n, Y2n+1) })

< ¢<max { d(Y2n-+1, Y2n) ’ d(Y2n+1,Y2n) + d(Y2n, y2n71)’
1 + d(y2na y2n+1) 2

d(y2n, Y2n—1), A(Y2n+1, Y2n), d(Y2n, Y2n+1) })

nris Jan n+1, Y2n d ny Yon—
—w<max{d( d(y2n+1, Y2n) ’d(y2 +1,Y2n) + d(Y2n; Y2n—1)
1+ d(y2n7y2n+1) 2

d(Y2n, Yon—1), A(Y2n+1, Y2n), A(Y2n, Y2n+1) })

= ¢(d(y2n+1,y2n)) — V(d(Y2n+1,Y2n))
S ¢(d(y2n+1a y2n)-

I

Therefore ¥(d(y2n+1,y2n)) = 0 and hence yo,—1 = Yan+1 = Yon.
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Similarly, we may show that yo, 2 = yon+1. Thus {y,} is a constant se-
quence in X, hence it is a Cauchy sequence in (X, d).

Suppose Yn # Yn+1 and yp—1 = yp+1 for all n € N. If n is even, then n = 2t
for some ¢t € N. Since x9; and z9441 are comparable, we have

O(sd(Yns Yn+1))

(sd(fra, grai4+1))
(1 + d(frar, Sway)]

<max {d(9$2t+1,T$2t+1) U+ d( faor, gror)

d(fxor, Txory1) + d(gxais1, Sat)
2s ’

d(fxar, Sxar), d(grots1, Txors1), d( fxar, gT2t41) })

[1 + Cl(f.IQt, S%Qt)]
_ d T ,
¢<max{ (92141, x2t+1)1 T —

T
d(fzar, 332t+1)2—; d(gwat1, Swar) s d(fxar, Szar),

d(gzats1, Txory1), d(frar, gTaes1) })

1+ d(y2t, y2t—1)]
= max < d , ,
¢( { (ors1, y20) 1+ d(y2t, Y2t+1)

d(yat, yor) + d(y2t+1, Y2e—1)
25 ’

d(yat, y2t—1), A(Y2e+1, Yot ) d(Yor, Y2t41) })

S S

<

1+ d(y2r, y2t—1)]
— max < d , ,
TP< { (yzt1, 920) 1+ d(yat, Y2t+1)

d(yat, yor) + d(y2t+1, Y2e—1)
25 ’

d(y% y2t71)7 d(y2t+17 y2t)7 d(y2t7 y2t+1)}>
= ¢(d(y2r—1,92t)) — Y(d(y2i—1,y2t))-

Therefore,

(sd(y2t, y2r+1)) < d(d(y2e—1,y2¢)) — V(d(y2t—1,Y2t))- (3.9)

If n is odd, then n = 2t + 1 for some ¢ € N. Since xg;12 and xgi41 are
comparable, we have



Fixed point theorems in ordered b-metric spaces with alternating distance functions 593

¢(Sd(yna yn+1))
= ¢(sd(yan+2,Y2n+1)) = ¢(sd(frary2, gTary1))

o
1+ d(fraig2, Srar2)]
< max < d(gx ,Tx ,
B ¢< { (97201, Tw2t1) 1+ d(fraeye, 9T2t41)

d(fratr2, Trorp1) + d(gratsi, STorr2)
2s ’

d(fraryo, Staryo), d(grorr1, Txoir1), d( froit2, gT2141) })

[1 + d(fzaut2, STati2)]
— max < d(gx ,Tx ’
¢< { (97at+1 2t+1) 1+ d(frorte, grars1)

d(froryo, Txoi41) + d(gross1, STori2)
2s ’

d(frarr2, Starya), d(graryr, Trors1), d(froete, gToes1) })

[+ d(yat 42, y2t41)]
— max < d ) ’
¢>< { (Y2t+1,Y2t) 1+ d(y2t+2, y2i+1)

d ,yat) +d ,
(Y2142, Yot ) - (Y2611 y2t+1),d(y2t+27y2t+1)a

d(yat+1,y2t), d(y2t+2, y2t+1)}

[1 + d(y2t+27 y2t+1)]
— ¢ max<{d , ’
¢< { (Y2t+1, Yat) 1+ d(y2t+2, Yors1)

d(Yor+2, y2t) + d(Yoe+1, Y2t41) d
25 ’

d(Yat+1, Y2t ), A(Y2e42, Y2t+1) })

= ¢(max{d(y2e+1,Y2t), d(Y21+1, Y2t4+2) })
— Y (max{d(y2t+1, y2t), d(Y2i+1, Yor+2) }-

(y2t+2 s Yot+1 ) ;

If
max{d(yai+1, Y2t), A(Y2t+2, Y2:+1) } = d(Y2t+2, Y2t41),

then, ¥(d(y2t+2, y2r+1) = 0, thus y, = yn4+1 which is a contraction. So,
max{d(y2t+1,Y2¢), A(Yor+2, Y2i+1) } = d(Y2e41, Y2t)- (3.10)

Therefore,

?(sd(yan+2, Yont1)) < A(d(yars1, yor)) — w(d(yaes1, yot))-



594 R. Bouhafs, A. Tallatha and W. Shatanawi

From (3.9) and (3.10), we have
d(yn7 yn-l—l) S d(yn—la yn)

Therefore {d(yn+1,yn) : n € N} is a nonincreasing sequence. Thus there exists
r > 0 such that

tgr& d(Yns Yn+1) = 1
On taking limsup in (3.9) and (3.10), we have
o(sr) < o(r) —¥(r)
= ¢(r).
Thus,
liminf d(yze—1,y2¢) = lim inf d(yze—1, y2e11)
= liminf d(yar, y21+2)
= lim inf d(Yat; Yot+1)
=0.
Therefore, r = 0 and hence
nhl1>1m d(Yn, Ynt1) = 0. (3.11)
To show that {y2,} is a Cauchy sequence. If {y2,} is not Cauchy, there exists

an € > 0, and monotone increasing sequence of natural numbers {2m(k)} and
{2n(k)} such that n(k) > m(k),
A(Yam(k),2n(k)) = €
and
A(Yom (ks Yon(k)—1) < € (3.12)
From (3.11), (3.12) and the triangular inequality, we obtain that
€ < d(Yam(k)» Y2n(k))

< 8d(Yam(k)s Yon(k)-1) T 3A(Yan(k)—15 Y2n(k))

< se + sd(Yan(k)—15 Yon(k))-
Furthermore,

d

—

Yon(k)> Y2m(k)+1)

$A(Yan(k)s Y2n(k)—1) + $A(Yan(k)—15 Y2m(k)+1)

< 5d(Yan(k)> Yon(e)—1) + S AYon()—15 Yom(k))
+ SQd(me(k)ame(k)—&—l)

< $%e + $2d(Yom(k): Yom(k)+1)-

IN
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Also, from triangular inequality, we get

€ < d(Yam(k)> Yon(k)) < SA(Y2m(k)> Yom(k)—1) + 5A(Yam(k)—15 Yon(k))
< $d(Yam(k)> Yom(k)—1) + S A(Y2m(k)—1> Yom(k)+1)
+ Szd(@/?m(k)—l—b Yon(k))
< $d(Yom(k)> Yom(k)—1) + S A(Yom(k)—1> Yom(k))
+ Sgd(yZm(k)v Yom(k)+1)
+ SQd(y2m(k)+17y2n(k’))'
Letting k — +o0 in above inequalities and using (3.11) and (3.12), we get
lm supg 00 A(Y2m(k)s Y2n(k)) < S€
and

€ .
) < lim sup d(an(k)v y2m(k)+l) < s’e.
S k—o00

Similarly, we get
€ . 2
2 < liminfd(yon(k), Yam(e)+1) < 576

Since Xy () and Ty, (k)41 are comparable, we have

B(sd(Yan(k)> Yom(k)+1))
(1 + d(Yon(k)» Yon(k)-1)]
< ¢><max {d(me(k)+1ay2m(k)) T+ d(Yange), Yom(pres)

d(Yon(k)> Yomk)) + A Y2m(k)+15 Yom(k)-1)
2s ’

d(Yan(k)s Y2n(k)—1)s AY2m (k) +1> Yom(k))s A Y2n(k)> Y2m(k)+1) })

(1 + d(Yon(k)» Yon(k)—1)]
14 d(Yon(k) Yom(k)+1)
d(an(k)a y2m(k)) + d(y2m(k)+1v me(k)—l)

2s ’

- ( max {d(y2m(k)+17 Yom (k)

d(an(k)a an(k)—l)a d(y2m(k)+17 y2m(k))’ d(y2n(k)a yzm(k)+1) }) :

Letting k¥ — oo and using (3.11) and (3.12), we have

p(s%€) < gb(max <0, %, 0,0, 826>> - w<max <O, g,(),(), 826>>

< ¢(s%).
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So 1(s%€) = 0, and hence € = 0. Thus {y2,} is a Cauchy sequence in (X,d).
Since X is complete, there exists z € Xsuch that y, — z as n — oo.

Now, we show that z is the fixed point of ¢ and T. Assume that T'X is
closed, since {y2, = T'won+1} is a sequence in T'X converging to z, we have
z € TX. So, there exists u € X such that z = T'u. Therefore,

lim fxzo, = lim gxon+1 = lim Txon11 = lim Sxo,4o
n—oo n—oo n—oo n—oo
=z ="Tu.
Now, we show that gu = z. Since z2, < fzo, and yo, = fro, — 2z, we

have z9, < z. Since the mapping f is monotone T nondecreasing, we obtain
Top < z=Tu < fTu <wu and

P(sd(yan, gu))

d(
¢(8d(fx2nygu>)
¢><max{ (gu, Tw) 1+ d(fxan, Szan)| d(fron, Tu) + d(gu, Sap)

1+ d(fron, gu) ’ 28 ’

A(farnm, Saxan). dlgu, Tu>,d<fas2n,gu>}>

[1 + d(yZn, y?nfl)] d(y2n7 y) =+ d(Q“? y2n71)
1+ d(yon, gu) 25 ’

- oot

d(yan, Yan—1), d(gu, y), d(y2n, gu)}) .

Letting n — 400 in the above inequalities and using (3.11) we get

¢(sd(y, gu)) < ¢(d(y, gu)) — (d(y, gu)).
Therefore v (d(y, gu)) = 0, and hence d(y, gu) = 0. Thus y = gu. Since g and
T are weakly compatible, gu = gTu = T'gu = T.
Again, since x9, and y are comparable, we have
¢(sd(y2n, 9y)) = ¢(sd(fx2n, gy))

[1 + d(fx?m Sm2n)] d<f$2na Ty) -+ d(gya S2n)
< of ma (ot 1 S, Ay celon S

d(f:ch’ Saj?n)7 d(gy7 Ty)v d(fﬂ?gn, gy) }>

1+ d(y2n, Y2n—1)] d(y2n,y) + d(9y, y2n—1)
1+ d(yon, gy) 28 ’

= ¢<maX{ (9y, 9y)

d(Y2n, Yon—1), d(9y, 9y), d(Y2n, gy) }) :
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Letting n — oo in the above inequalities and using (3.11), we have

o(sd(y, gy)) < o(d(y, gy)) — ¥ (d(y, gy))-

Therefore, 1(d(y, gy)) = 0 and hence d(y, gy) = 0. Thus y = gy.

Finally, we have to show that y is also a fixed point of f and 7. Since
gX C SX, there exists a € X such that y = gy = Sa. Since g is monotone
S-nondecreasing map, we have y < gy = Sa < gSa < a. Thus y and a are
comparable. O

Corollary 3.7. Let (X,d, s, <) be a complete partially b-metric space param-
eter s > 1. Suppose S : X — X is a continuous, nondecreasing map with
regards to < such that there exists xo with xg < Sxg. Suppose that

¢(sd(Sz,Sy)) < ¢(M(x,y)) — P(M(z,y)), (3.13)
where ¢ € ®, € VU, for any x,y € X with x <y and,

_ d(y, Sy) d(z,Sy) +d(y, )
M(x,y)—max{l_i_d(x?y), 55

Then S has a fized point in X.

yd(x, Sz),d(z, y)} . (3.14)

Example 3.8. Define a metric d : X — X as below and < is an usual order
on X, where X = {1,2,3,4},

dz,y) =0 if z,y=1,2,3 and z =y,
dz,y) =1 if z,y=1,2,3 and z # y,
dz,y) =5 if z,y=1,2and y =4,
d(z,y) =20 if v=3andy=4.

Define amap f: X — X by f1 = f2 = f3 =1, f4 =2 and let ¢(t) = t,
P(t) = % for t € [0,00). Then f has a fixed point in X. In fact, it is apparent
that, (X,d,s, <) is a complete partially ordered b-metric space for s = 2.
Consider the possible cases for z,y in X:

Case 1. Suppose z,y € {1,2,3} and z < y. Then

¢(2d(fz, fy)) = 0 < ¢(M(z,y)) — Y(M(z,y)).

Case 2. Suppose z € {1,2,3} and y = 4. Then d(fz, fy) = d(1,2) = 1,
M(z,4) =5 if v = {1,2} and M (3,4) = 20. Therefore, we have the following
inequality,

Thus, condition (3) of Corollary 3.7 holds. Then, f has a fixed point in X.
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Corollary 3.9. If the inequality (1) of Theorem 3.6 is replaced by

o(sd(fz,gy))

<o (max {d(Sx,Ty>,d<fx,8x>,d<gy,Ty>,

— ¢(d(Sz, Ty),d(Sz, gy), d(fz,Ty))
+ L min{d(Sx,Ty),d(Sz, gy),d(fz,Ty)},

d(Sz, gy) ;rsd(fw,Ty) })

forallx,y € X,L € [0,00). Then f,g,S and T have a common fized point in

X.
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