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Abstract. In this short article, we investigate the controllability of damped second-order
initial value problems for a class of differential inclusions with nonlocal conditions on un-
bounded real interval. We shall employ a theorem of Ma, which is an extension to multivalued
maps on locally convex topological spaces, of Schaefer’s theorem. Example is provided to
illustrate the theory. This work is motivated by the papers of Benchohra and Ntouyas [10]
and Benchohra, Gatsori and Ntouyas [8].

1. INTRODUCTION

The IVP with nonlocal conditions is of significance since they hace appli-
cations in many physical problems. Existence of mild, strong and classical
solutions for differential and integro-differential equations in abstract spaces
with nonlocal conditions have received much attention in recent years. We
refer to the papers of Balachandran and Chandrasekharan ([1]-[3]), Balachan-
dran and Ilamaran [4], Byszewski ([12],[13]), Dauer and Balachandran [17],
Ntouyas and Tsamatos [26]. For the importance of nonlocal conditions in dif-
ferent fields we refer to [13] and the references cited there in. Several authors
have studied controllability properties of different types of first order inclusion
systems with nonlocal conditions.
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Also, controllability of the second-order systems with local and nonlocal
conditions has received much attention in the recent years. It is advanta-
geous to treat the second-order abstract differential equations directly rather
than to convert them to first-order system, (refer, Fitzgibbon [20] and Ball
[7]). Fitzgibbon [20] used the second-order abstract system for establishing
the boundedness of solutions of the equation governing the transverse motion
of an extensible beam. A useful tool for the study of abstract second-order
equations is the theory of strongly continuous cosine families of operators
([31],[32]). Quinn and Carmichael [29] have shown that the controllability
problem in Banach spaces can be converted into a fixed point problem for a
single-valued mapping. Balachandran, Park and Marshal Anthoni [6] discussed
the controllability of second-order semilinear Volterra integro-differential sys-
tems in Banach spaces. Balachandran and Marshal Anthoni [5] studied the
controllability of second-order semilinear neutral functional differential sys-
tems in Banach spaces by using Leray-Schauder alternative. Our aim in this
paper is to obtain the sufficient conditions for the controllability of second-
order initial value problems (IVP) for a class of damped differential inclusions
with nonlocal conditions on noncompact intervals, whose existence was proved
by Benchohra and Ntouyas [9]. The fundamental tools used in the proof of
the above mentioned works are essentially fixed point arguments due to Ma
[24], semigroups method [28] and the set-valued analysis ([18],[22]). This work
extends the recent work of Benchohra and Ntouyas [10]in which authors con-
sidered the controllability of second order nonlinear inclusions with nonlocal
conditions and the work of Benchohra, Gatsori and Ntouyas [8] in which au-
thors have studied the nonlocal quasilinear damped differential inclusions.

Consider the inclusion for the damped second-order system of the form

Y (t) — Ay(t) € Gy'(t) + Bu(t) + F(t,y(t),y' (1)), (1.1)
y(0) +9(y) = o, ¥'(0) = wo,

where, the state y(t) takes values in a real Banach space X with the norm ||.||
and the control u(.) is given in L?(J,U), a Banach space of admissible control
function with U as a Banach space. B is a bounded linear operator from U
to X, 9:C(J,X) = X,¢:J — X,y € X,J is an unbounded real interval.
A is a linear infinitesimal generator of a strongly continuous cosine family
{C’ (t) : t € R} in a Banach space X. For the sack of simplicity we choose
J = [0, 4+00). here G is bounded linear operator on X and F': Jx X x X — 2X
is a bounded, closed, convex multivalued map.

The method we are going to use is to reduce the controllability problem
of (1.1) to the search for fixed points of a suitable multivalued map on the
Frechet space C(J, X). In order to prove the existence of fixed points, we
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shall rely on a theorem due to Ma [24], which is an extension to multivalued
maps between locally convex topological spaces, of Schaefer’s theorem [30].

The study of the dynamical buckling of the hinged extensible beam which
is either stretched or compressed by axial force in a Hilbert space, can be
modeled by the hyperbolic equation

g g (oo [ IGeora) g vo(E). 02

where «, 8, L > Ou(t, x) is the deflection of the point x of the beam at the time
t, g is a nondecreasing numerical function, and L is the length of the beam.

Equation (1.2) has its analogue in R" and can be included in a general
mathematical model

w + A%u+ M (| Azu)|}) Au+ g(u') = 0, (1.3)

where A is a linear operator in a Hilbert space H and M, gare real functions.
Equation (1.2) was studied by Patcheu [27] and (1.3) was studied by Matos
and Pereira [25].These equations are the special cases of the following second
order damped nonlinear differential equation in an abstract space

u” 4+ Au+ Gu' = f(t,u,u'); w(0) = ug, u'(0) = u,

where A, B are linear operators.

2. PRELIMINARIES

In this section, we introduce notations, definitions, and preliminary facts
from multivalued analysis which will be used throughout this paper. Let Jp
be the compact real interval [0,b](b € N). Let C(J, X) be the linear metric
Frechet space of continuous functions from J into X with the metric (see [19])

o 2 lly = =lls
d =y =2 h C(J, X).
(y,2) R or each y,z € C(J,X)

where,
lylly = sup{ny(t)H te Jb}.

Let B(X) denote the Banach space of bounded linear operators X into X
with standard norm.

A measurable function y : J — X is Bochner integrable if and only if ||y||
is Lebesgue integrable, refer [33]. Let L'(.J, X) denotes the Banach space of
continuous functions y : J — X which are Bochner integrable normed by

Iyl = /0 ly(®)ldt < 0o forall ye LY(J,X).
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Up denotes the neighbourhood of 0 in C(J, X) defined by

Up := {y € C(J,X) : lylly < p}-

The convergence in C(J, X) is the uniform convergence in the compact in-
tervals, ie., y; — y in C(J,X) if and only if each b € N, |ly; —y|lp — 0 in
C(Jp, X) as j — 0co.M C C(J,X) is a bounded set if and only if there exists
a positive function £ € C(J, R4 ) such that

ly(@®)|| < &(t) forall teJ andall ye M.

The Arzela-Ascoli theorem says that a set M C C(J, X) is compact if and only
if for each b € N, M is a compact set in the Banach space (C(Jy, X), ||.||s)

We say that one-parameter family {C’ (t):te R} of bounded linear oper-

ators in B(X) is a strongly continuous cosine family if and only if

(1) C(0) = 1,1 is the identify operator on X;

(2) C(t+s)+C(t—s)=2C(t)C(s) for all s,t € R;

(3) The map t — C(t)y is strongly continuous in ¢ on R for each fixed
yeX.

The strongly continuous sine family {S(¢) : ¢ € R} , associated to the
strongly continuous cosine family {C(t) : t € R} is defined by

t
S(t)y:/C(s)yds, ye X, teR.
0

Assume the following condition on A.
(H1) A is the infinitesimal generator of a strongly continuous cosine family
C(t),t € R of bounded linear operators X into itself and the adjoint operator
A* is densely defined i.e., D(A*) = X* (refer, [11]).

The infinitesimal generator of a strongly continuous cosine family C(¢),t €
R is the operator A : X — X defined by

d2
3COymo, v D(A)

where, D(A) = {y € X : C(t)y is twice continuously differentiable in ¢} i.e.,

Ay =

D(A)={ye X :C()yeC*R,X)}.

Define X; = {y € X : C(t)y is once continuously differentiable in t} = {y €
X :C()y e CYR,X).

Lemma 2.1. ([31]) Let (H1) hold. Then
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(1) there exists constant My > 1 and w > 0 such that

lc@)| < M and
t*

1S(t) — S| < M1H/ evlslds||;  for t,t* € R;
0

(2) S(t)y € X1 and S(t)X C D(A), fort € R;
(3) £C(tyy = AS(t)y, fory € X1 and t € R; C(t)y € X1,S(t)y € D(A).

(4) ;—;C(t)y = AC(t)y, fory € D(A) and t € R.

Lemma 2.2. ([31]) Let (H1) hold and v : R — X such that v is continuously
differentiable and q(t) = fot S(t — s)v(s)ds then,

q€ C*(R,X) for teR,qt)e DA,
() = /0 Clt— s)o(s)ds and  q"(t) = Aq(t) + v(t).

For more details on strongly continuous cosine and sine family, WE refer
to the book of Goldstein [21] and papers of Travis and Webb ([31], [32]). We
now recall some preliminaries about multivalued maps.

Let (X,].]|) be a Banach space. A multivalued map Gy : X — 2% is convex
(closed) valued if G(z) is convex (closed) for all z € X. G is bounded on
bounded sets if G1(B) = UzepGi(x) is bounded in X for any bounded set B
of X (i.c.. sup,cp{sup{lly]: y € Gi(2)}} < o0).

The multimap G is called upper semi continuous (u.s.c.) on X if for each
xo € X the set G1(xp) is a nonempty, closed subset of X, and if for each open
set B of X containing G1(xp), there exists an open neighbourhood A of zg
such that G1(A) C B.

The multimap G is said to be completely continuous if G (B) is relatively
compact for every bounded subset B C X.

If the multivalued map G is completely continuous with nonempty compact
values, then Gj is u.s.c. if and only if G; has a closed graph (i.e., z, —
Z0, Yn — Y0, Yn € G1(xy,) imply yo € G1(x0)).

(1 has a fixed point if there is x € X such that z € Gyx.

In the following, BC'C(X) denotes the set of all nonempty bounded, closed
and convex subsets of X.

A multivalued map G; : J — BCC(X) is said to be measurable, if for each
xz € X, the distance between x and G1(z) is a measurable function on J. i.e.,
for each x € X, the function Y : J — R defined by

Y (t) = d(z,G1(t)) = inf{|z — 2| : z € G1(t)} € L' (J, R)

is measurable. For more details on mutivalued map, see ([18],[22]).
We assume the following hypotheses:
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(H2) C(t),t > 0 is compact.
(H3) t — B(u(t)) is continuous in ¢.
(H4) The linear operator W : L?(J,U) — X defined by

b
Wu = /0 S(t — s)Bu(s)ds

induces a bounded invertible operator W~ which takes the values in L3(Jy,U)
\kerW, ( for construction of WL, refer [5]), and there exist positive constants
My and Ms such that ||B|| < My and |[W™!| < Ms.

(H5) F: Jx X x X — BCC(X); (t,y,y) — F(t,y,y') is measurable with
respect to t for each y € X, u.s.c. with respect to y, for each ¢ € J and for
each fixed y € C(J, X)andz € C(J1, X) the set

Spy.={veL'J,X):v(t) € Ft,yt),y'(t) for ae. t € J}

is nonempty.
(H6) There exists a constant L such that

lg(w)ll <L, for ye X.

(HT7) [|[F(t,y, 2)|| = sup{[|v]| : v € F(t,y,2)} < p)y(Ily[+[ly/]]) for almost all
t € Jand all y € X, where p € LY(J, Ry) and v : Ry — (0,00) is continuous
and increasing with

b [e9)
ds
sds</ —————— =00, foreach b>0
/op“ e st us)

where,

¢ = (My + M7)[(0)]| + L] + |Gl 1y(2)
+ (145) [Mi[ly(0)] + My Nb + My Gl 6(0)]]
My = sup{ |C@) s t € T}, Mi = sup{|AS(®)] : t € T},

N = MpMs|[lya| + (My + Mib + [ GI)[9(0) | + M1 L+ Miblyo

t b
MG [ (el +21b [ p(s)ilat)]+ 1o/ o) s

(H8) For fixed u € L?(J, X), each neighbourhood Up of 0, y € Up and t € J,
the set

{C(t) = S®)G}(0) — C()g(y) + S(t)yo + /O C(t - 5)Gy(s)ds

+/O S(t — s)Bu(s)ds —i—/o S(t—s)v(s)ds;v € Spy}
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is relatively compact.
A mild solution of the system (1.1) is given by [26],

t
y(t) = {C@t) = SH)G}1e(0) = C(t)g(y) + S(t)yo + /0 C(t — s)Gy(s)ds

+/0 S(ts)Bu(s)ds+/0 S(t — s)v(s)ds (2.1)

where, v € Sgy, = {v € LY(J, X) 1 v(t) € (F(t,y(t),y'(t)) for a.e. t € J}.

Remark 2.3. (1) If dim X < oo and J is a compact real interval, then for
each y € C(J,X), Spy,y # ¢ (see [23]).

(2) Spuw is nonempty iff the function y(.), and v € Sg,,, we define
y:J — R by

Y (t) := inf {H’UH cv € F(t,u, u')} € LY(J,R)

(refer [22]).

Definition 2.4. System (1.1) is said to be infinite controllable on J = [0, c0)
if for every ¢(0) € D(A),yo € X; and y; € X, there exists a control u €
L?(Jy,U) such that the mild solution y(.) of (1.1) satisfies y(b) + g(y) = y1.

The following lemmas will be used in the proof of our main theorem.

Lemma 2.5. ([23]) Let I = J, be a compact real interval and X be a Ba-
nach space. Let F' be a multivalued map satisfying (H5) and let T be a linear
continuous mapping from L'(I,X) to C(I,X), then the operator

I'oSp:C(1,X) — BCC(C(I,X)) y — (I'oSF)(y) :=T(Sry)
is a closed graph operator in C(I,X) x C(I,X).

Lemma 2.6. ([24]) Let X be a locally convex space and Ny : X — 2% be a
compact convex valued, u.s.c. multivalued map such that there exists a closed

neighbourhood Up of 0 for which N1(Up)is a relatively compact set for each
p € N. If the set

Q= {yEX:)\yENl(y) for some )\>1}

1s bounded , then N1 has a fized point.



32 D. N. Chalishajar

3. MAIN RESULT

We now state and prove our main controllability result.
Theorem 3.1. Assume that the hypotheses (Hy) — (Hg) are satisfied . Let g :
C(J,X) — X be a continuous function. Then the system (1.1) is controllable
on J.

Proof. For fixed b € N, consider the space Z = C'!(J, X) with norm

1yll- = max{]lyll, Iy/ll.t € J}.

Using the hypothesis (H5) for an arbitrary function y(.) , we define the
control

ub(t) =W

—{C(b) = 5(0)G}¢(0) + C(b)g(y) — S(b)yo

b b
- / Cb— $)Gy(s)ds — / S(b—s)v(s)ds] (0.
0 0

Using this control we shall show that the operator Ny : Z — 2% defined by
Ny :={h e C(J,X):h(t)

{C(t) = S()G}e(0) = Clt)g ( )+5(Qyo
+f0 (t —s)Gy(s d5+f0 —n)BW™1

_ ] [ —{C(b) - SB)G}H(0) + CB)g(y) — S(B)yy
— fé) (b — s)Gy(s)ds — fo (b— s)v(s)ds} (n)dn
+f0 (t—s)v(s)ds:v € SpyyiteJ

where,
VE Spyy = {v € L'(J,X) : v(t) € F(t,y(t),y (t))for aet € J},

has a fixed point. This fixed point is then a solution of equation (2.1).
Clearly y1 — g(y) € (N1y)(b), which means that the control u steers the
system from initial state ¢(0) to y; in time b, provided we obtain a fixed point
of the nonlinear operator Nj.
In order to study the controllability problem for system (1.1), we apply
fixed point theorem due to Ma [24] to the following system:

y'(t) € N Ay(t) + AT Bu(t) + XTIGY (ONTIF(,y(t), 4/ (1), (3.1)
y(0) +9(y) = ¢, ¥'(0)=wo, te
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Let y be a mild solution of system (3.1). Then for some A € (0, 1),

y(t) = AHC[) = S(H)GI(0) — A1 C(1)g(y) + A5 (1o
-1 -5 s)ds + A1 — w1
A /OC(t )Gy(s)ds + A /OS(t ) BW

(11— {C ) = S(B)G}(0) + CB)g(y) — SB)yo -
b b
/ C(b—s)Gy(s)ds — / S(b— s)v(s)ds} (n)dn
0 0
+)\1/ S(t—s)v(s)ds, v € Spy,y; te (3.2)
0

We shall show that Ny (U,) is relatively compact for each neighbourhood U,
of 0 € C(J,X) with ¢ € N and the multivalued map N; has bounded, closed
and convex values and it is u.s.c. The proof will be given in several steps.
Step 1. The set

Q:={yeC(J,X): \ye Ni(y),\ > 1}
is bounded.

For that we obtain a priori bounds for the equation (3.2).
we have

t
Ol < (My+ Mbl|GID[$O)]] + ML + Mybllyoll + M| /0 ly(s) ds
t
n /0 I1S( = m|MoAs [l | + (03 + MBI GID]G(O)]
b
FMLL + +Miblyo | + My |G /0 ly(s)l1ds
b
M [ p(s)illas) ]| + 1/ 5) D] an
0

My / ()b ()]l + 1y (s))ds
(M, + Myb|G])I6(0)]| + My L + Myblyo]

IN

t
ISyATtel / ly(s)llds + M N2
0

LM /0 ()6 (ly(s) | + 19/ ()]))ds.
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Denote by r1(t) the R.H.S. of the above inequality, we have

r1(0) = (M + Mib||G|)[[6(0)]| + ML + Mybllyol| + MiNb? and
ly@I < rilt),t € J.

Using the increasing charactor of v , we get

i (t) < My||Gl[ly(@)]] + Mabp()(ly@) + [y ()]
But

v(t) = A[(AS(1) - CHG)6(0) — AS(t)g(y) + C(B)wo]

+Gy(t) / AS(t — 5)Gy(s)ds

3 [ =BV i1~ (C0) - S)G190) + CO)()

-S(b yo—/C' —35)Gy(s ds—/S —s)v (n)dn

+)\/0 C(t — s)v(s)ds

Thus we have
Iyl < (M7 + Mi|GDI@0)]| + M7 L + Myllyoll + [|Gl[y(t)]

t
MG [ y(e)]ds + MMM ] + (M
b
RGO+ ML + it + DG [ (sl

b
S+ Mb /0 p(s)e([ly(s)| + Hy’<8>H>d8}

M /0 p(s)0(ly ()| + 1y (5)ll)ds

IN

(M7 + Mib[|GIDI¢(0)]| + M7 L + Milyol

t
Gy O + MGl /0 ly(s)llds + My Nb

Mb /0 p(s)0(ly ()] + 1y (5)ll)ds
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Denote by r2(t) the R.H.S. of the above inequality, we have

ry(6) < IGIIY ()] + MENGIy(®)] + Mip(E)(ly(®)] + Iy (1)) and

Iy ()l < ra(t)s t € .
Let w(t) = ri(t) + r2(t), then

c=w(0) = 7r1(0) 4+ r2(0)
= (M + M)IsO)] + L] + Gl ly )]
+(1+ ) [Mi [ly(0)1] + My Nb+ My |G| 6(0)]]
Also,
W) = i)+ ()
< [0n + )y + 1y @] 16

+@ 4 D) [Mup()d(ly @O + lly' ()11
(My + M7)|[|Gllra(8) + [|Gllra(t) + (1 + 0)[Map(£) 3 (ri(t) + ra(t))

= () (w(t) + w(w(t)) t € J, where (t)
= maa{(1+b)Mp(t), (M + MGl |G}
This implies that for each t € J,

w(t) ds bA p %) ds
< =
[mms s [

This inequality implies that there exists a constant K such that

ri(t) +r2(t) =w(t) < K, t € Jp.

IN

Then

Iyl = maz{lly@®)Il. |y’ ®)])} < K
where, K depends only on b and on the functions p and . This shows that
) is bounded.

Step 2. Ny is convex for each y € C(J, X).

Indeed if hq, ho € Nyy then there exist v1,v2 € Sk, such that for each t € J
we have

hi(t) = {C(t) = St)G}e(0) = C(t)g(y) + S(t)yo + /0 C(t — s)Gy(s)ds

—|—/O S(t — s)Bu(s)ds + /0 S(t—s)vi(s)ds
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and

hao(t) = {C(t) = S)G}(0) — C(t)g(y) + S(t)yo + /0 C(t —s)Gy(s)ds

+ [ 8- 9Bueds+ [ St syl

Let 0 < a < 1. Then for each t € J we have
(ah1 + (1 — a)ho)(t)
= {C(1) - S()E}(0) 0+ [ - )Gu(s)ds
+S(#)yo + /0 " S(t = $)[awa(s) + (1 — a)va(s)]ds
+ [ (- mBIT 11— (C0) - S0)6190) - Cs(0)

+S(B)yo + /0 Clt — 5)Cy(s)ds

b
—/0 S(b—s)lavi(s) + (1 — a)va(s)ds|(n)dn.

Since Spy , is convex as F' is convex, then v = ahy + (1 — a)hy € Spy, and
hence

ahy 4+ (1 — a)he € Nyy.

Step 3. Ni(U,) is bounded in C(J, X) for each ¢ € N. Indeed, it is enough to
show that there exists a positive constant [; such that for each h € N1y, y €

U=y €Z: ||yl < q}, one has [|A||oc < 11 . In other words, we have to

bound the sup-norm of both h and A'. If h € Ny , then there exists v € Sg
such that for each t € J, we have

t
h(t) ={C(t) = S(t)G}¢(0) — C(t)g(y) + S(t)yo + /0 C(t — s)Gy(s)ds
/ S(t — $)o(s)ds + / 'St — )BT [~ {(C) ~ 50)E}(0)
C(b)g( b)yo— /Cb—sGy Yds— /Sb—s s|(n)dn.
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By (H4), (H6)and (H7), we have for each t € J;, that

1)
< (IIC(t)H + IIS(t)II) IO+ NI+ 15 @) Hlvoll

+ [ et =Gy s+ [ 15— s lds+ [ 15— nllBw-
[yl + (IC@ -+ 1S@)1) 190)] + IC®llg@)l + 1S®)lol
b b
+ [TIew = s)Gu)ds+ [ 115(b= s)os)lds]dn
< (M3 + ML) [9(0)| + ML+ Miblnl|+ MG | [l
bt supigo (1o + 1) ([ o1as) + [ 1sie -y

b
[+ (s + ML) [60) ]| + M1+ Miblaoll+ MG [ s

b
+ Mibsupyeo ¢ (Ily®ll + 1y O ( /0 p(s)ds) [ an.
Then for each h € N1(U,) we have ||h|/s < I;. Also,

1B ()]s < (M + My L)||$(0)[| + MTlg(y)ll + Millyoll + |G|y ()]

+MEBIG [ No)lds + MMM ol + (33 -+ A16E) 6]
Mgl + Mool + M1l [ ool

+ at supiy o (10l + 1) ([ o)

2 supec o (1001 101 [ pioras ).

Then for each h € Ni(U,) we have ||h | < la.

Step 4. Ni(Uy) is equi-continuous sets of U, € Z for each ¢ € N. That is the
family h € N1y : y € Uy is equi-continuous.
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Let t1,t2 € J;,0 < t1 < ta < b and U, be a neighborhood of 0 in Z for
g € N. For each y € U; and h € N1y, we have

h(t) = {C10) = S(G}H(0) = C0aly) + SO+ [ C(t = 9)Gu(s)ds
t — s)v(s)ds t - wt - -
+ [ se=spis+ [ 8= BT [n ~{00) - SOG}0)

b b
_ S(b)yo— /O Clb — 5)Gy(s)ds— /O S(b — s)o(s)ds| ()dn.
Thus

[h(t1) — h(ta2)]|

1C(t1)$(0 ) C(t2)p(0)[| + [|S(t1)Go(0) — S(t2)Go(0)||

HIC(t1) = CE)NGI + [15(t1)yo — S(E2)wol|

+|| / 1 C(t1 — s) — C(ta — 3)|Gy(s)ds|| + || ’ C(ta — s)Gy(s)ds]|

t1

IN

+] / 1 [S(t1 — s) — S(ta — s)]|v(s)ds| + || : S(ta — s)v(s)ds||

+ / [0t~ ) — St~ IBW [y — gly) — CO)[6(0) — a(u)]
+S(b)G yo—/C —5)Gy(s ds+/5b—s n)dn||

+l " S(t2 = BV 31 - COIB0) - 9(u)] + SBIGH0) - S

/Cb—sGy ds—i—/Sb—s n)dn|| (3.3)
IC(#1)¢(0) — C(t2)9(0)[| + [[C(ta) - (t2)HHGH+HS(t1)y0— S(t2)yoll

LM (- ) / 1G] + Mi(tr — t2) / lo(s)lds
0 0

IA

to

b
b [ ot)ds+ My = t2) [ M0 [+ 0 [[60)] + G

t1

b b
ol + HIGIOOI] + M [ 1GIs)lds + 26 [ u(s)as]an

t2
+Mib t My Ms[|ly:]l + Ma[[[9(0)[| + |G + bllyoll + bIGI[[[¢(0) ]
1
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b b
+M /0 Gy (s)llds + Mlb/o [[v(s)llds]dn

By using (H6), (H7) and continuity of C'(¢) and S(t), we see that the right-hand
side of the above inequality tends to zero as (to —t;) — 0. The compactness
of C(t), S(t) for t > 0 implies the continuity in the uniform operator topology.
The compactness of S(t) follows from that of C(t).

In an analogous way one can obtain a similar estimate for ||h/(¢1) — h'(t2)]].
Thus N;(Ugq) maps Ugq into an equi-continuous family of functions. It is easy
to see that the family Nj(Ugq) is uniformly bounded. The above estimate
implies the required eqi-continuity. This also proves the relative compactness
of N1(U,). Now it remains to prove the upper-semicontinuity (u.s.c.)of Ni. By
our discussion in Section 1, it is enough to prove that N; has a closed graph.

We do this in the next step using Lemma 2.5.

Step 5. N; has a closed graph.
Let y, — y*, hy, — h* and h,, € N1(y,). We shall prove that h* € Nyy*.
Since hy, € N1(yn) means that there exists v, € Sf,, such that

t
hn(t) = C(1)[6(0) — glm)] + Sy + /0 S(t — 8)vn(s)ds
+ [ 5= W 1 = gl0) = COH160) - glan)] - SO

/S — s)un(s)ds] (n)dn.

We must prove that there exists v* € Sgy~ such that

W) = C0)[6(0) — a(y)] + Sty + /O S(t — s)v*(s)ds
+ [ 8= B [ - 900) - COO) — 906
0

b
—S(b)yo - /0 S(b— )o* (s)ds| (n)dn (3.4)

Then the idea is to use the facts

(1) hy, — h*;
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(2) hy —C(t)[0(0) — g(yn)] — S(t)yo € T(Sky,) , where
Ll( J, X)— JX) defined by

/St—s ds+/OS(t—n)BW_
—g(y) = C(0)[6(0) - g(y)] = S(b)yo

/ S(b — s)yo(s)ds| (n)dn.

If I'oSF is a closed graph operator, we would be done. But we do not know
whether I'oSF is a closed graph operator. So we cut the functions y,, hyn
C(t)p(0)+C(t)g(yn) — S(t)yo, gn and we consider them defined on the interval
[k, k + 1] for any k € N U0. Then, using Lemma 2.5, in this case we are able
to affirm that (3.4) is true on the compact interval [k, k + 1], i.e

W ()] ikk+1) = C()[9(0) = g(y")] + S(E)yo + /0 S(t— sy (s)ds

+ [t = mBW s~ gla) - COIB0) ~ o67)] ~ S0y

b
- / S(b— s)v*k (s)ds] (n)dn
0

for a suitable L!— selection v*" of F(t,y*(t)) on the interval [k, k + 1].

At this point we can past the functions o obtaining the selection v* defined
by

vi(t) =v* (t),  for te€ [k k+1).

We obtain then that v* is an L'— selection and (3.4) will be satisfied. We give
now the details. Clearly we have that

| (hn—c<t>¢<o>+c<t>g<yn>—S<t>yo)—(h*—c<t><1><o>+c<t>g<y*>—S<t>y0> I

— 0asn— oo.
Now, we consider for all £ € N U0, the mapping

Sk [k, +1); X) — LM (kb + 15 X)
w Sk, = {f € L'k, k+ 1) X) : £(t) € F(t,u(t)) for ae. t € [k, k+ 1]}.
Also, we consider the linear continuous operators

Ty : LYk, k + 1), X) — C([k, &k + 1]; X)
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v Th(0)(t) = Aswﬂw@@+ﬁsu—mmwl
11— 9(9) = CO)[6(0) — 9(y)] = SB)yo

b
—/ S — s)v(s)ds} (n)dn.
0

From Lemma 2.5, it follows that I‘koSff7 is a closed graph operator for all
k € N. Moreover, we have that

(Ba(t) = C6(0) + C(Wglyn) = SO ) a1y € Tu(SEy, ).

Since y, — y*, it follows from Lemma 2.5 that
(n(5) = CO$(0) + CHg(y) = SEo ) sy

= [t sy s + [ 5 -mBw [~ 9(0) - COBO) o)
0 0

b
=S — [ S0 50" (s)ds| ()
0
for some v** € S}‘jﬂ’y* . So the function v* defined on J by

() =v* (t),  for telkk+1)

is in Spy«, since v*(t) € F(t,y*(t)) for a.e. t € J.

Set X := C(J,X). As a consequence of Lemma 2.6, we deduce that N} has
a fixed point (in Z). This means that any fixed point of NV; is a mild solution
of (1.1) on J satisfying (N1y)(t) = y(¢). Thus, system (1.1) is controllable on
J. O

4. EXAMPLE
Consider the following second-order partial differential inclusion:
% (%(m,t)) € zpa(x,t) + 0(t, 2(x,t)) + p(z, t)
2(0,t) + g(z,t) = z(m,t)=0 for t>0 (4.1)
%2(2,0) =z(z), teJ=][0,00) for 0<z<m

Here o : J x (0,7) — 2(%7) is strongly measurable and w.s.c.and
p:(0,7m) x J — (0,7) is continuous in ¢
Let X = L?[0,7] and A: X — X be defined by

Aw = w”, w € D(A)
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where D(A) = {w € X : w,w'are absolutely continuous, w” € X, w(0) =

w(m) = 0}. Then
Aw = Z —n?(w,wy)wyp, w € D(A)
n=1

where, wy,(s) = \/gsin ns,n = 1,2,3,--- is the orthogonal set of eigen func-
tions of A.

It can be easily shown that A is the infinitesimal generator of a strongly
continuous cosine family C(t),t € R, in X and is given by

o0
Ctyw = Z cos nt(w, wy)wy, w € X.
n=1
The associated sine family is given by

1
SHw =" = sinnt(w, wp)wy, X.
(Hw nz:lnsmn(w,w)w w e
Let F: J x X — X be defined by
F(t,y(t) = o(t, 2(y, 1), w € X,y € (0,7).

Further, the function o satisfies the following growth condition.
There exists a continuous function p : J — [0, 00) such that

lopll <p@®ey@)l,  teJweX;
where, 1 : [0,00) — (0, 00) is a continuous nondecreasing function such that
b g
le/ p(s)ds < ——, foreach b>0
0 c (5)

and c is a known constant . Let B: U C J — X be defined by

(B(u(t))(y) = pu(y,t), y e (0,m)

such that it satisfies the condition (H4). Also, g : C(J,X) — X,J an
unbounded real interval. Thus, all the conditons of Theorem (3.1) are satisfied.
Hence, system (4.1) is controllable on J.
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