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Abstract. In this paper, we present some fixed point results for a general class of nonexpan-
sive mappings in the framework of Banach space and also proposed a new iterative scheme
for approximating the fixed point of this class of mappings in the frame work of uniformly
convex Banach spaces. Furthermore, we establish some basic properties and convergence re-
sults for our new class of mappings in uniformly convex Banach spaces. Finally, we present
an application to nonlinear integral equation and also, a numerical example to illustrate our
main result and then display the efficiency of the proposed algorithm compared to different
iterative algorithms in the literature with different choices of parameters and initial guesses.
The results obtained in this paper improve, extend and unify some related results in the

literature.

1. INTRODUCTION

The concept of fixed points theory and its application has proven to be
a vital tool in the study of nonlinear functional analysis and it is a very
useful tool in establishing the existence and uniqueness theorems for nonlinear
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ordinary, partial and random differential and integral equations in different
abstract spaces. Due to its applicability, authors generalize the well celebrated
Banach contraction theorem [2] by establishing fixed point results for nonlinear
mappings which are more general than the Banach contraction. We recall the
following. Let C' be a nonempty subset of a Banach space X and T : C' — C
a self-mapping. A point z € X is said to be a fixed point of T if Tx = z.

Definition 1.1. ([5, 9, 10, 16, 18, 19]) A mapping 7': C — C is said to be

(1) nonexpansive, if ||Tx — Ty|| < ||z — y|, for all z,y € C;

(2) mean nonexpansive, if there exist a, 8 > 0 with v + 8 < 1 such that
IT2 - Tyl < allz - yl| + Bllz — Ty]l, for all 2,y € C;

(3) satisfy condition (C), if 3| Tz —z|| < |z —y|| = [Tz —Ty|| < ||z —yl;
for all z,y € C;

(4) satisfy condition (Cy), if M|Tz—z| < ||lz—y| = |[Te—Ty| < ||lz—yl,
for all x,y € C;

(5) generalized mean nonexpansive mapping if there exist a, 8, A € [0, 1),
with o + 8 < 1 such that for all z,y € C, N|Tz — z| < ||z —y|| =
T2 — Tyl < allz — yll + Bllz — Tyl

(6) a-nonexpansive mapping if there exists o < 1 such that for all z,y € C,
T2 — Tyll? < allTx — y? + | Ty — a2 + (1 — 20) | — y|1%

(7) quasi-nonexpansive if |7z —y|| < ||z —y|| for all z € C and y € F(T),
where F(T') is the set of fixed points of 7.

It is worth mentioning that nonexpansive mappings are continuous on their
domains but mean nonexpansive, generalized mean nonexpansive, mappings
satisfying condition (C'), condition (C)) need not be continuous. Due to this
fact, these mappings are more fascinating and applicable compare to nonex-
pansive mappings.

Question 1: Now a natural question that arises is, does a class of mapping
exist, that contains mean nonexpansive, generalized mean nonexpansive, map-
pings satisfying condition (C), condition (C), a-nonexpansive mappings and
other nonexpansive type mappings are in existence in the literature?

In 1965, Browder [3] proved that the class of nonexpansive self mappings
on a closed and bounded subset of a uniformly convex Banach space has a
fixed point. Thereafter, researchers introduced different iterative schemes to
approximate fixed points of nonlinear mappings in different abstract spaces. In
this area of research, developing a faster and more efficient iterative algorithms
for approximating the fixed points of nonlinear mappings still remain an open
question and active area of research.

In 2011, Phuengrattana and Suantai [13] introduced S P-iterative process,
as follows:
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Let C be a convex subset of a normed space E and T' : C' — C be any nonlinear
mapping. For each xy € C, the sequence {z,} in C is defined by

— ap) Ty + anTx,,

(1
Yn = (1 - Bn)zn + BnT 2y, (1'1)
Tn+1 = (1 - ’Yn)yn + %Tym n > 17

where {a,}, {8} and {7} are sequences in [0, 1]. They proved that their iter-
ative process converges faster than all of Picard, Mann [8], Ishikawa [7], Noor
[11], Abass et al. [1], processes and some other existing ones in literature.

In 2020, Chuadchawna et al. in [4] introduced an iterative process called
generalized M-iteration in the framework of hyperbolic spaces. For the sake of
completeness, we give the corresponding definition of generalized M-iteration
in the frame work of normed space as follows:

Let C be a convex subset of a normed space £ and T : C — C be any
nonlinear mapping. For each z¢ € C, the sequence {z,} in C is defined by

zn = (1 — ap)zy + anTay,

Yn = Bnzn + (1 - /Bn)TZm (1'2)
T+l = YnYn + (1 - ’Yn)Tynu n>1,

where {a, }, {Bn} and {7, } are sequences in [0, 1]. They established some fixed
point results in the framework of hyperbolic spaces. They also stated it clearly
that for 8, = v, = 0, then iterative process (1.2) becomes M-iteration [17].
More so, they claim the the generalized M-iteration converges faster than the
M-iteration introduced in [17] and they gave a numerical example to justify
this claim.

Remark 1.2. We note that if a = 8, =, = %, then the iterative processes
(1.2) and (1.1) are the same.

Question 2: Now a natural question arises that can we introduce an iterative
algorithm that converges faster than (1.1), (1.2) and a host of other iterative
algorithms in the literature?

Motivated by the above research work and the ongoing research in this di-
rection, we provide an affirmative answer to the above questions raised, in
this work by introducing a new class of mapping, namely, generalized («, 3)-
nonexpansive mappings type and a new iterative scheme whose rate of conver-
gence is faster than existing iterative algorithms in the literature. In addition,
we establish convergence results for these proposed iterative algorithms. Fi-
nally, we apply our result to an integral equations. The results obtained in
this paper improved, extend and unify some related results in the literature.
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2. PRELIMINARIES

We give some definitions and results that will be used in the sequel.
Let X be a Banach space with dimension greater than or equal to 2. The
function dx (e) : (0,2] — [0, 1] defined by

. 1
5x(c) mf{l gl el = el = L= - y||}

is called the modulus of convexity of X. If dx(e) > 0 for all € € (0,2], then
X is called uniformly convex. Let X be a Banach space, X* its dual and
S(X)={r € X :||z|| = 1}. We have that the value of f € X* at z € X is
defined by (z, f).

Definition 2.1. ([6], [16])

(1)

(2)

3)

The multivalued mapping J : X — 2X" defined by

J(x) = {f €X' (@, ) = afl? = ||f|2}

is called the normalized duality mapping.

A Banach space X is smooth if the limit lim;_, exists for
each x,y € S(X). In this case, the norm of X is called Gateaux differ-
entiable. It is known that J is single valued if X is smooth.

A Banach space X is Frechet differentiable norm, if for each z € S(X)
the limit above exists and is attained uniformly for y € S(X). In this
case, we have that for all z,h € X,

4ty =[]

1 1 1
(h, J(@) + 52l < Sllz + Bl < (b, T@) + 5l + (1A,

where J(z) is the Frechet derivative of the functional §|-|| at € X and

b is an increasing function defined on [0, c0) such that limy o @ = 0.
A Banach space X is said to have Opial property [12] if for every

weakly convergent sequence {z,} in X with weak limit y, we have
liminf ||z, — y|| < liminf ||z, — z||, Vz€ X
n—oo n—o0

with y # z.

Let C be a closed convex and bounded subset of X and T': C' — C
be a nonexpansive mapping. Then there exists a sequence {z,} in C
such that ||z, — Tx,|| = 0 as n — oco. Such {x,} is called an almost
fixed point sequence for T'.

Definition 2.2. ([5], [16]) Let C' be a nonempty subset of a Banach space X
and {z,,} be a bounded sequence in X. For all z,y € X.
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(1) An asymptotic radius of {x,} at x is defined by

r(x,{xn}) = limsup ||z, — z[|;
n—00

(2) An asymptotic radius of {z,} relative to C is defined by
r(C,{xn}) = inf{r, (z,{z,}) : x € C};
(3) An asymptotic center of {x,} relative to C' is defined by
A(CH{an}) = {r(z, {zn}) = r(C{zn}) : v € C}.

We note that A(C, {z,}) is nonempty and more so, if X is uniformly convex,
then A(C,{z,}) has exactly one point (see [6]).

Lemma 2.3. ([14]) Let X be a uniformly convexr Banach space and 0 < p <
tn < q <1 foralln € N. Let {z,} and {yn} be two sequences of X such that
lim sup,,_, [|2n]] < ¢, limsup,,_, o [|[yn|| < ¢ and limy, o0 ||tnzn + (1 —tn)ynl| =
¢ holds for some ¢ > 0. Then lim, o0 ||Zn, — yn|| = 0.

Definition 2.4. ([15]) Let C be a subset of a normed space X. A mapping
T : C — C is said to satisfy condition (I) if there exists a nondecreasing
function f : [0,00) — [0, 00) such that f(0) = 0 and f(¢) > 0 for all ¢ € (0, c0)
and that ||z — Tz|| > f(d(z, F(T))) for all x € C, where d(x, F(T)) denotes
distance from z to F/(T).

3. MAIN RESULTS

3.1. Generalized («, 5)-Nonexpansive Mappings. In this section, we in-
troduce the notion of generalized («, 5)-nonexpansive mappings and give some
basic properties for this class of mappings.

Definition 3.1. Let C be a nonempty subset of a Banach space X. A mapping
T : C — C is said to be generalized («a,)-nonexpansive type 1 if there
exist a, B, \ € [0,1), with o < 8 and o+ 8 < 1 such that for all z,y € C,
ATz = o] < |z -, then

[Tz — Tyl < ally = Tl + Blle = Tyl + (1 = (a4 B)) |z -yl

Remark 3.2. It is easy to see that the following statements are true.
(1) If « = B =0 and A = 3, then the generalized (c, 3)-nonexpansive type
1 mapping satisfying the condition (C).
(2) f a =3 =0and X € [0,1), then the generalized («, 5)-nonexpansive
type 1 mapping satisfying condition (C).
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Definition 3.3. Let C be a nonempty subset of a Banach space X. A mapping
T :C — C is said to be generalized («, )-nonexpansive type 2 if there exist
a, B, A €10,1), with o+ 5 < 1 such that for all x,y € C, A\||Tz —z|| < ||z —y||
then

ITe - Tyl < max{mx,y),@(m,y)}, (3.1)

where
P(z,y) = ally — Tz| + Bllz — Ty| + (1 — (e + B))||z — y|

and
Q(z,y) = allz — Tx|| + Blly — Tyl + (1 = (o + B))|lz — y].

Proposition 3.4. We know that the following statements from the definitions.

(1) Ewvery nonexpansive mapping is a generalized (o, 3)-nonexpansive type
1 mapping.

(2) Ewvery mean nonexpansive mapping is a generalized (a, B)-nonexpansive
type 1 mapping.

(3) All mappings satisfying condition (C) is an (o, B)-nonexpansive type
1 mapping.

(4) All mappings satisfying condition (Cy) is an («, B)-nonexpansive type
1 mapping.

The following example shows that the converse of these statements are not
always true.

Example 3.5. Let C = {(0,0),(1,0),(3,0)} be a subset of R? with norm || - |
on C' defined ||(x1,x2)|| = |x1| + |x2|. Then (C,||-||) is a Banach space. Define
a mapping 17 : C — C by

{(0,0), ifee{(0,0), (L0},
T(z) {(1,0), it 2 = (3,0). (3.2)

For A=+ a= %, and 8 = %, we consider the following cases.

Case I: For z = (0,0) and y = (0,0). It is easy to see that T is a generalized
(%, %)—nonexpansive type 1 mapping.
Case II a: For x = (0,0) and y = (1,0). We have that

1
1/10,0) = (0,0)[ =0 <1 = [lz —y]|
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and
1 1 1
1T =Tyl =0 < 5lly = Tall + llz = Tyl + ¢llz = yll

Case II b:
For x = (1,0) and y = (0,0). We have that

1
G 10,0) = (0,0 =0 < 1= e~y
and

1 1 1
1Tz =Tyl =0 < 5lly — Tall + gllo = Tyll + £llo —yll

Case III a: For z = (0,0) and y = (3,0). We have that

1
EH(O,O) —(0,0) =0<3=|lz -y
and
|Tx — Tyl = [(0,0) — (1,0)| =1
1 1 1
< 3lly = Tall + s lle = Tyl + 2z — yl.
Case III b:

For x = (3,0) and y = (0,0). We have that
1 1
Sl —(1 S = ||z —
and
[Tz = Tyll = (1,0) = (0,0)| = 1
1 1 1
Sy — Tzl + =z — Tyl + =z — yl.
< Ly = Tall + S~ Tyl + Sy

Case IV a: For z = (1,0) and y = (3,0). We have that

1 1
101,0) ~ 0,0 = 55 < 2=z~
and
[Tz — Tyl = [(0,0) — (1,0)] = 1
1 1 1
< 3 lly = Tall + gl — Tyl + gl — ol
Case IV b:
For x = (3,0) and y = (1,0). We have that

1 1
—|[(3,0) = (L,0)|| == <2 = ||z —
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and
|7 — Tyl = |(1,0) - (0,0)| = 1

1 1 1
< Sl = Tall + 3 e = Tyl + gl — .
Case V: For x =y = (3,0). We have

1 1
1.0~ (LO)] = £ > 0=~y
Also, x =y = (1,0). We have

1
(1,0) = (0,0)] = 75 > 0= [lz = yll;

1
10 10

so, we have nothing to show.

Thus, we have that T is a generalized (%, %)—nonexpansive type 1 mapping.

Now, we establish that 7" is not a mean nonexpansive, generalized mean non-
expansive, mappings satisfying condition (C), condition (C)) and a-nonexpansive
mappings.

Indeed, we suppose that T is a mean nonexpansive mapping, so therefore,
there exists nonnegative real numbers o and 3, with a + 8 < 1 such that

[Tz —Ty|| < aflz —yl| + Bllz — Tyl
for all x,y € C. Now, consider z = (0,0) and y = (1,0), we then have that
[Tz — Tyl =0
< allz — y[| + Bllz — Ty||
= a.

Thus, we obtain that o« < 1 and 8 = 0. So therefore, T' is a nonexpansive
mapping, which is a contradiction.

Proposition 3.6. Let C' be a nonempty subset of a Banach space X and T :
C — C be a generalized («, B)-nonexpansive type 1 mapping with F(T) # (.
Then T is quasi-nonexapansive.

Proof. Let x € F(T) and y € C,
ATz -zl =0< |z -yl
So, we have
|z =Tyl =Tz — Ty||
<ally —Tz| + Blle = Tyl + (1 = (e + B))||lz -y
=ally =zl + Bllz = Tyl + (1 — (a + B))l|lz — yll,
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it implies that
(1=B)llz—Tyl| < (1 -B)llz—yll
That is,
|z =Tyl < |z —yll.

This means that T is quasi-nonexpanisve. O

Theorem 3.7. Let C' be a nonempty subset of a Banach space X and T :
C — C be a generalized (o, B)-nonexpansive type 1 mapping. Then F(T) is
closed. Furthermore, if X is strictly convex and C is convex, then F(T) is
convez.

Proof. Let {z,} be a sequence in F(T) such that {z,} converges to some
y € C. We show that y € F(T). Since

ATz —znll =0 < [lzn —yl,
so, we have
l2n — Tyl = | Tzn — Tyl
< ally = Tapll + Bllzn — Tyl + (1 — (a+ 8)) |z — yl,
it implies that
[n = Tyll < [lzn —yl.
Since nh_>n010|]9:n —y|| = 0, we obtain
Jim [z, — Ty = 0.
As such, we have that Ty = y. Hence, F(T) is closed. Now suppose that

X is strictly convex and C' is convex. We show that F(T") is convex. Let
z,y € F(T),z € C with x # y. Since

Mz =Tzl =0 < |z — 2],
we obtain
|z —Tz|| = [Tz = Tz|| < aflz = Tz|| + Bllz = Tz|| + (1 — (a + B)) ||z — 2],
it implies that
|z = Tz|| < ||z — 2. (3.3)
Using similar argument, we have

ly = Tz] <lly - zl| (3.4)
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Let z =~vx+ (1 — )y € C, for v € [0,1]. Then from (3.3) and (3.4), we
obtain
[z =yl < llz =Tzl + [|T= - yl|
<z =zl + |z =yl (3.5)
= llz = (v + Q=Y + (e + 1 = By -yl
<@ =Nz -z +yllz =yl + @ =)z =yl +vlly -yl
= llz—yl.
Using the fact that X is strictly convex, there exists pu € [0,1] such that
Tz = pzx+ (1 —p)y. Now
(=l -yl =Tz - Tz|| < [lz - z[| = (1 =)z -yl (3.6)
and
plle =yl = 1Ty = Tz|| < ||z — 2] = v[z —yll. (3.7)

From the above inequalities (3.6) and (3.7), we have 1 — p < 1 —~v and
p < =, this implies that p = . Thus, z € F(T'), which implies that F(T") is
convex. O

In view of Proposition 3.4, we have the following corollaries.

Corollary 3.8. Let C' be a nonempty subset of a Banach space X and T :
C — C be a nonexpansive mapping. Then F(T) is closed. Furthermore, if X
is strictly convex and C' is convex, then F(T) is convex.

Corollary 3.9. Let C' be a nonempty subset of a Banach space X and T :
C — C be a mean nonexpansive mapping. Then F(T) is closed. Furthermore,
if X is strictly convex and C' is convez, then F(T') is convez.

Corollary 3.10. Let C be a nonempty subset of a Banach space X and
T : C — C be a mapping satisfying condition (C). Then F(T) is closed.
Furthermore, if X is strictly convex and C is convez, then F(T) is convex.

Corollary 3.11. Let C be a nonempty subset of a Banach space X and
T : C — C be a mapping satisfying condition (Cy). Then F(T) is closed.
Furthermore, if X is strictly convex and C is convez, then F(T) is convex.

Corollary 3.12. Let C' be a nonempty subset of a Banach space X and T :
C — C be a generalized mean nonexpansive mapping. Then F(T) is closed.
Furthermore, if X is strictly convex and C is convex, then F(T') is convex.
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Lemma 3.13. Let C be a nonempty subset of a Banach space X. Suppose that
T:C — C is a generalized (o, )-nonexpansive type 1 mapping on C. Then
for all x,y € C and for v € [0,1), we have the following:
(1) ||T?z — Tx|| < ||Tx — ||
(2) Either ||z — Tx|| < |lz —y|| or 3Tz — T?z| < | Tz —y]|.
(3) Either [Tz — Ty|| < of|Tx —y|| + [Ty — [l + (1 = (a + B))llz — y]|
or [|T?z = Ty|| < || T?z —y|| + BTy — Tl + (1 = (a + B))[| Tz — y].

Proof. (1) For all = € C, we have that \||Tx — z|| < ||T'z — z||, which implies
that

IT?x — Ta| = |T(Tz) - Tal|

af| T(Tz) — af| + B|Te = Tzl + (1 = (a4 8)) [Tz — =]
af| T(Tz) — xf| + (1 = (a + )| T2 — x|

af[[T(Tz) = Tal| + [Tz — 2f] + (1 = (a + 5))| Tz — 2|
al|T?z — Ta| + (1 - B))||Tz — «|,

IN

IA

this implies that
1—
IT%0 = Ta|| < ——|| Tz — || < ||T2 - |.
l1-«a
(2) Suppose, on the contrary 3 ||z—Tz| > ||z—y| and 3| Tz—T?z| > | Tz—y|,
for some z,y € C. Now, using (1), observe that
|2 =Tl < [lz =yl + lly — Te||
< Jllz = Tal| + |72 — 7]
< g llz = Tal| + S |lo = Ta]
=7l — Tz]
< ||$ - T.’EH,

which is a contradiction. Thus, we obtain the desired result.
(3) The proof here follows from (2). Thus, we omit it. O

Lemma 3.14. Let C be a nonempty subset of a Banach space X andT : C —
C' be a generalized (o, B)-nonexpansive type 1 mapping. Then for all x,y € C,

2+ a+pB)
(1-5)
Proof. From Lemma 3.13, we have that for all x,y € C,

[Tz =Tyl < of|Tz -yl + BTy — x| + (1 = (a+ 8))llz -y

o =Tyl < o = Tz| + ||z -yl
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or
|7% — Ty| < al[T% — y|| + BTy — Ta|| + (1 — (a + B)) | T — y]I.

Considering ||Tz — Ty|| < o||Tz —y|| + BTy — z|| + (1 — (a+ B8))l|lz — y||, we
obtain that

[z =Tyl
<l =Tl + [Tz = Tyl
<o =Tzl + o Tz =yl + 81Ty — z[ + (1 = (a+ )|z -y
<le = Tal| + al| Tz — 2| + allz —yll + BTy — 2l + (1 = (e + )|z — yll
= (A +a)lle =Tzl + BTy — zf| + (1 = Bz -y,
it implies that

o = Tyl < G5 e = Tl + o =
(2+a+p)
< Ero2 e - 2 4 o -yl

Also, considering || T2z —Ty|| < o||T?z—y||+ 8| Ty—Tz||+ (1~ (a+8)) | Tz—yl,
using (1) of Lemma 3.13, we obtain that

|z — Tyl
<& = Ta| + | T — T?z|| + | Tz — Ty
<& = Tz| + |z — Tzl| + a||T?z — y[| + 8| Ty — Tx||
+ (1= (a+8)|Tz -yl
<2llz = Ta| + | T?e — Tx| + o|Tx — y|| + BI|Ty — x| + Bllx — Tx|
+ (1= (a+8)|Tz -yl
2|z = Tal| + allz — Tal| + || Tz — yl| + BTy — z|| + Bllz — Tz|
+ (1= (a+8)|Tz -yl
=@2+a+ Bz —Tz| + 8Ty -zl + (1 = B)|lz —yl,
it implies that
2+a+p)
(1-25)

Thus in both cases, we obtain the desired result. O

[l =Tyl < e = Tz| + ||z -yl

Theorem 3.15. Let C' be a nonempty closed subset of a Banach space X
with Opial property and T : C — C be a generalized (o, B)-nonexpansive
type 1 mapping with X\ = %,y € [0,1). If {x,} converges weakly to = and
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lim, 00 | T2y, — xp|| = 0, then Tax = x. That is I — T is demiclosed at zero,
where I is the identity mapping on X.

Proof. By Lemma 3.13
Aen = Teall < llzn — 2.
Thus by the definition of generalized («, §)-nonexpansive type 1 mapping 7',
[Tzn — Tl < || Ty — 2| + BTz — zpll + (1 — (a + B))llzn — |-
Now, observe that
[ n — Tx]
< lwn = T || + | Tzn — T
< lzn = Tanl| + al|Ten — 2| + Bl T% — 20| + (1 — (a0 + B)) ||z — x|
<z = Tan|| + al|Tzn — 2ol + aflzn — 2| + BTz — 24|
+ (1= (a+8))||lzn — 2|
= (4 )llen = Tapl| + Tz — 20l + (1 = B))lzn — =],
it implies that

1+
(1-5)
Using our hypothesis, we have that

Jn — Tzl < [0 = T[] + [l2n — |-

liminf ||z, — Tz|| < liminf ||z, — z|. (3.8)
n—oo n—oo

Using our hypothesis that {x,} converges weakly to x and Opial property, we
have

liminf ||z, — z|| < liminf ||z, — Tz|,
n—oo n—oo

which contradicts (3.8). Thus, we have that Tz = x. O

Theorem 3.16. Let C' be a nonempty compact subset of a Banach space X
and T : C — C be a generalized («, )-nonexpansive type 1 mapping with
A= 3,7 €(0,1). Then T has a fized point in C if and only if T admits an
almost fized point sequence.

Proof. The proof follows a similar approach as in Theorem 3.15, and thus, we
omit it. m
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3.2. Convergence Results. In this section, we established some convergence
results of a new three steps iterative algorithm generated by the generalized
(o, B)-nonexpansive type 1 mapping in a uniformly convex Banach space. We
define our iterative process as follows:

For each xy € C, the sequence {z,} in C is defined by

Zn = (1 - 'Vn)-rn + ’YnT:L‘na
Yn = (1 - an)TZn + anTQva (39)
Tn+1 = T[(l - /Bn)TQZn + BnTQyn]v n > 0,

where {a,, },{6n} and {7, } are sequences in (0, 1).

Lemma 3.17. Let C' be a nonempty closed and convex subset of a uniformly
convex Banach space X and T : C — C be a generalized («, )-nonexpansive
type 1 mapping with F(T) # 0. Suppose that {xy} is defined by (3.9). Then,
we have the followings:

(i) {zn} is bounded;
(ii) limp—oo ||@n — x*|| exists for all x* € F(T).

Proof. Let x* € F(T), using (3.9) and Proposition 3.6, we obtain

lzn — 2" < (1 = yn)llen — 27| + Wl Ton — 27|
< (= v)llzn — 2% + mllon — 27| (3.10)

= [|n — 27
Also, using (3.9), (3.10) and Proposition 3.6, we obtain

lyn — 2| = |(1 — o) T2 + anT?zp — ||
< (1= an)|Tzn — 2™ + || T(T2n) — 27|
< (L= an)llzn — 2" + an||Tzn — 27|
< (1= on)llzn — 27| + anllzn — 27| (3.11)
= |lzn — 27|

< lzn — 2.
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Lastly, using (3.9), (3.11) and Proposition 3.6, we obtain
2041 = 2™ = IT[(1 = Bn) T2 + BuTyn] — 27|
<(1-Bn ”TQZn — x| + /BnHT2yn —

)
= (1= B)IT(Tzn) — &™|| + Bul T(Tyn) — =7
< (=)l Tz — 2" + Bl Tyn — 27|
< (= Bu)llzn — 27| + Bullyn — 27|
< (= Bu)llwn — a7 + Bullzn — 27| (3.12)

= [lzn — 7.

This shows that {||z,, —2*||} is bounded and non-increasing for all z* € F(T).
Thus, {z,} is bounded and lim,,_,~ ||z, — z*|| exists. O

Lemma 3.18. Let C be a nonempty closed and convex subset of a uniformly
convex Banach space X and T : C — C be a generalized («, )-nonexpansive
type 1 mapping with F(T) # (. Suppose that {x,} is defined by (3.9). Then
limy, 00 || T2y, — zp|| = 0.

Proof. Let a* € F(T). It follows from Lemma 3.17 that {z,} is bounded and
limy, o0 || zn—a*|| exists for all * € F(T). Suppose that lim,_,« ||z, —2*| = c.
From (3.10), we obtain that ||z, — 2*|| < ||z, — z*||. Taking limsup of both
sides, we have

limsup ||z, —2*|| < e (3.13)
n—oo
In addition, using Proposition 3.6, we obtain that || Tz, — *|| < ||z, — =¥,
and that
limsup | Tz, — z*|| < ec. (3.14)

n—oo

From (3.12), we have
[2ni1 — 2" < (1= Bn)llzn — 2" + Bullzn — 27|
Taking the liminf, .., of both sides and rearranging the inequalities, we have
¢ < (1—pyp)limsup ||z, — ¢|| + Bne,
n— oo
that is,
¢ < liminf ||z, — 27| (3.15)
n—oo
From (3.13) and (3.15), we obtain that lim,_, ||z, — 2*|| = ¢. That is,
lim |[(1 —~vn)zn + Tz, — 2% = c.
n—oo

Thus, by Lemma 2.3, we have lim,,_,« ||z, — Tz, || = 0. O
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Theorem 3.19. Let X be a uniformly convexr Banach space which satisfies the
Opial condition and C' be a nonempty closed convex subset of X. LetT : C' — C
be a generalized (v, B)-nonexpansive type 1 mapping such that A = 3 € [0, %]
with F(T) # 0 and {z,} be a sequence defined by (3.9). Then, {x,} converges

weakly to a fixed point of T.

Proof. It has been established in Lemma 3.17 that lim,_, ||z, — 2*| exists
and that {x,} is bounded. Now, since X is uniformly convex, we can find a
subsequence say {xy,} of {z,} that converges weakly in C. We now establish
that {z,} has a unique weak subsequential limit in F'(T"). Let = and y be
weak limits of the subsequences {z,,} and {w,,} of {z,} respectively. By
Theorem 3.18, we have that lim,, o |2, — Txy,|| = 0 and I — T is demiclosed
with respect to zero by Theorem 3.15, we therefore have that Tx = z. Using
a similar approach, we can show that y = Ty. It follows from Lemma 3.17
that lim,,_, ||z, — y|| exists. Now, suppose that x # y, then by the Opial
condition,

lim ||z, —z| = lim ||z, — |
n—00 k—o00

< lim |y, —y||
k—o0

lim |z, — y||

n—00

— Tim [z, —
j—o0

< lm ||z, — |
J]—00

= lim ||z, — .
n—o0

This is a contradiction. So x = y. Hence, {z,} converges weakly to a fixed
point of F(T) and this completes the proof. O

Theorem 3.20. Let C' be a nonempty closed convexr subset of a uniformly
convex Banach space X. Let T be a generalized («, )-nonexpansive type 1
mapping on C, {x,} be defined by (3.9) and F(T) # (. Then, {x,} converges
strongly to a point of F(T) if and only if

liminf d(z,, F(T)) = 0,

n—oo

where d(x, F(T)) = inf{||z — x*|| : * € F(T)}.

Proof. Let {x,} converges to z* a fixed point of T'. Then lim,,_, o d(xy, 2*) = 0,
and since 0 < d(zp, F(T')) < d(zp,z*), it follows that lim,,_,o d(x,, F(T)) = 0.
Therefore, lim inf,,_,o d(zy, F(T)) = 0.

Conversely, suppose that lim inf,, o d(xy,, F(T)) = 0. It follows from Lemma
3.17 that lim,,_, ||z, — 2*|| exists and that lim, o d(xy,, F(T)) exists for all
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z* € F(T). By our hypothesis, liminf, . d(zy, F(T)) = 0. Suppose {zy, } is

any arbitrary subsequence of {x,} and {uy} is a sequence in F(T') such that
for all n € N,

1

o, el < 5

it follows from (3.12) that |lz,11 — ug| < |20 — sl <

5%, hence

Junsr = wrll < ks = ngall + l2ne1 — urll

1 1
< 9k+1 + ok

1
=

Thus, we have that {ug} is a Cauchy sequence in F(T"). Also, by Theorem 3.7,
we have that F(T) is closed. Thus {uy} is a convergent sequence in F(T).
Now, suppose that {uy} converges to p € F/(T'). Therefore, since

@0y, — Dl < [|2n, — wrl| + lux — pl| = 0 as k — oo,

we obtain that klim |zn, —p|| = 0 and so {xy, } converges strongly top € F(T').
—00

Since lim ||z, — pl|| exists, it follows that {z,} converges strongly to p. O
n—oo

Theorem 3.21. Let C' be a nonempty closed convex subset of a uniformly
convex Banach space X. Let T be a generalized («, )-nonezpansive type 1
mapping, {x,} be defined by (3.9) and F(T) # 0. Let T satisfy condition (I).
Then, {x,} converges strongly to a fixed point of T.

Proof. Using Lemma 3.17 and Theorem 3.18, we obtain that
lim ||z, — Tz,|| = 0.
n—oo
Using the fact that for all z € C,
0< le fld(zp, F(T))
< lim ||z, — Ty ||
n—oo
=0
and that
li_)m fld(zn, F(T))) = 0.

Since, f is nondecreasing with f(0) = 0 and f(¢) > 0 for ¢ € (0,00), it then
follows that lim,,,o d(zy, F(T)) = 0. Thus using Theorem 3.20, we obtain
that {z,} converges strongly to p € F(T). O
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4. APPLICATION TO NONLINEAR INTEGRAL EQUATION

In this section, we present an application of our result to nonlinear integral
equation of the form:

b
x(t) = g(t) + ’y/ M (t, s)h(t,z(s))ds, (4.1)

where v € (0,1], M : [a,b] X [a,b] = R", h:[a,b] x R > Rand g: [a,b] - R
are continuous functions. Let X = C([a,b],R) be the space of all continuous
real valued functions defined on [a, b] with ordered relation < in X defined as
for z,y € X,z < y if and only if z(s) < y(s) for all s € [a,b]. We defined
12 X % X 5 10.50) by [l — 9]l = subeiag () — w(s)].

Theorem 4.1. Let X = C([a,b],R) and T : X — X the operator given by

b
Ta(t) = g(t) + / M{(t, s)h(t, 2(s))ds

for all t,s € [a,b], where v € [0,1], M : [a,b] X [a,b] = RT, h:[a,b] x R - R
and h : [a,b] — R are continuous functions. Let X = C([a,b],R) be the space
of all continuous real valued functions defined on [a,b]. Furthermore, suppose
the following conditions hold:

(1) there exists a continuous mapping v : X x X — [0,00) such that

[h(s,2(s)) = his,y(s))| < vz, y)|z(s) = y(s)|

for all s € [a,b] and z,y € X.
(2) there exists w € [0,1], such that

b
/ M(t,s)v(z,y) < w.
a
Then the integral equation (4.1) has a solution.
Proof. Without loss of generality, we suppose that x < y, so that
sup{ly(s) — z(s)| : s € [a,b]} > sup{|Tx(s) — x(s)| : s € [a, 0]},
which implies that

MTz — || < || T2 — x| < |ly — =],
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where A € [0,1). Thus, we have that
Ty(s) — T (s)]

:H +y/Mts)h(ty( /Mts (t,2(s))ds

<y / M (2, 5)[A(t, y(s)) — h(t,2(s))]lds
ab
<y / M(t, syo(z, 9)ly(s) — 2(s)|ds

b
< s [y(s) ~ (o) / M(t, s)ulz, y)ds
sela, a

< qwlly — ||
< lly ==l
Thus, we have that, for M|z — Tz| < ||z — y||,
[Tz =Tyl < |lz —yll
Clearly, T satisfies condition (C)) and by Proposition 3.4, T is a generalized
(c, B)-nonexpansive mapping and all the conditions in Theorem 3.16 are sat-

isfied, as such T has a fixed point, that is the integral equation (4.1) has a
solution. 0

5. NUMERICAL EXAMPLES
Example 5.1. Define a mapping 7" : [0, 1] — [0, 1] as

1—zif 0, %
Tz = H?”flmel[’f%)’ (5.1)
Tlfﬂfe[g,u

Then, it is easy to see that T satisfy condition (C'), thus it is a generalized
(e, B)-nonexpansive mapping.

In what follows, we numerically compare our new iteration process with
some existing iterative processes.

Case I: Taking, a, = ﬁ, Y = m, Bn = \/n%ﬁ and xp = 0.5.

Case II: Taking, a, = ﬁ, Vi = ﬁ, Bn = ﬁ and xzg = 0.8.

. . _ 1 _ 3 _ 1 _
Case III: Taking, a, = T n = Foons Bn = 0750 and xp = 0.3.
. . _ _5 _ 8 7 _
Case IV: Taking, an = 555030, ¥n = o505 Pn = 300,20 and  zo = 0.6.
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FiGure 1. Example 5.1, Top Left: Case I; Top Right: Case
IT; Bottom Left: case III; Bottom Right: Case IV

Remark 5.2. The comparison shows that our iterative processes (3.9) con-
verges faster than the iterative processes (1.1), (1.2) and consequently con-
verges faster than some existing iterative schemes in the literature.
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6. CONCLUSION AND OPEN PROBLEM

In this work, we present some fixed point results for a general class of nonex-
pansive mappings and also proposed a new iterative scheme for approximating
the fixed point of this class of mappings in the frame work of uniformly convex
Banach spaces. Our numerical experiment shows that our iterative method
is better compare to some existing iterative methods in the literature. In
addition, we gave the definition of a generalized («, §)-nonexpansive type 1
mapping, and generalized («, §)-nonexpansive type 2 mapping, we established
some results for the type 1 mapping but not for type 2. In the light of this,
we leave the type 2 mapping as an open problem for interested researchers in
this area to explore.

[1]

REFERENCES

M. Abass and T. Nazir, A new faster iteration process applied to constrained minimiza-
tion and feasibility problems , Matematicki Vesnik, 66 (2014), 223-234.

S. Banach, Sur les opérations dans les ensembles abstraits et leur applications auzx S.
équations intégrales, Fund. Math., 3 (1922), 133-181.

F.E. Browder, Nonezpansive nonlinear operators in a Banach space, Proc. Nat. Acad.
Sci. USA., 54 (1965), 1041-1044.

P. Chuadchawna, A. Farajzadeh and A. Kaewcharoen, Fized-point approrimation of
generalized nonexpansive mappings via generalized M -iteration in hyperbolic spaces, In-
ter.J. Math. Sci., (2020), ID 6435043, 1-8.

J.G. Falset, E.L. Fuster and T. Suzuki Fized point theory for a class of generalizec
nonezpansive mappings, J. Math. Anal. Appl., 375 (2011), 185-195.

K. Goebel and W.A. Kirk, Topics in metric fized point theory, Cambridge University
Press (1990).

S. Ishikawa, Fized points by new iteration method, Proc. Amer. Math. Soc. 149 (1974),
147-150.

W.R. Mann, Mean value methods in iteration, Proc. Amer. Math. Soc. 4 (1953), 506—
510.

A.A. Mebawondu, C. Izuchukwu, H.A. Abass and O.T. Mewomo, Some results on gen-
eralized mean nonexpansive mapping in complete metric space, Bol. Soc. Paran. Mat.,
(2019), DOI:10.5269/bspm.44174.

A.A. Mebawondu and O.T. Mewomo, Suzuki-type fized point results in Gb-metric spaces,
(2020), DOI:10.1142/S1793557121500704

M.A. Noor, New approzimation schemes for general variational inequalities, J. Math.
Anal. Appl., 251 (2000), 217-229.

7. Opial, Weak convergence of the sequence of the successive approzimation for nonezxa-
pansive mapping, Bull Amer. Math. Soc., 73 (1967), 591-597.

W. Phuengrattana and S. Suantai, On the rate of convergence of Mann, Ishikawa, Noor
and SP-iterations for continuous functions on an arbitrary interval, J. Comput. Appl.
Math., 235 (2011), 3006-3014.

J. Schu, Weak and strong convergence to the fized points of asymptotically nonexpansive
mappings, Bull. Austral. Math. Soc., 43(1) (1991), 153-159.



684 F. Akutsah and O. K. Narain

[15] H.F. Senter, and W.G. Dotson Approzimating fized points of nonexpansive mappings,
Proc. Amer. Math. Soc., 44 (1974), 375-380.

[16] T. Suzuki, Fized point theorems and convergence theorems for some generalized nonez-
pansive mappings, J. Math. Anal. Appl., 340 (2008), 1088-1095.

[17] K. Ullah and M. Arshad, Numerical reckoning fized points for Suzuki generalized non-
ezpansive mappings via new iteration process, Filomat, 32 (2018), 187-196.

[18] S. Zhang, About fixed point theory for mean nonexpansive mapping in Banach spaces,
J. Sichuan University, 2 (1975), 67—68.

[19] Z. Zuo, Fized-point theorems for mean nonexpansive mappings in Banach spaces, Abstr.
Appl. Anal., (2014), 1-6.



