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Abstract. In this paper, we discuss the existence and uniqueness of fixed point and common
fixed point theorems in complex valued extended b—metric spaces for a pair of mappings
satisfying some rational contraction conditions which generalized and unify some well-known

results in the literature.

1. INTRODUCTION

The fixed point theory is one of the important tools in nonlinear analysis,
science and engineering. In 1992, Banach [3] introduced the famous Banach
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contraction theorem. After this remarkable contribution, many researchers
proved generalization of Banach contraction theorem in metric spaces and
generalized metric spaces [8, 12]. Bakhtin [2] and Czerwik [5] extended fixed
point theorems in b-metric spaces which were generalizations of the Banach
contraction principle. Subsequently, Azam et at. [1] introduced the concept of
complex valued metric spaces. Then many authors [4, 6, 7, 9, 10, 11, 13, 14]
presented fixed point theorems on single-valued and multi-valued mapping
in b-metric spaces and complex valued metric spaces. In the article, we prove
fixed point theorems in complex valued extended b-metric space using rational
contractions.

2. PRELIMINARIES

We give some definitions and their properties for our main results.

Definition 2.1. ([1]) Let C be the set of complex numbers and z1,29 € C.
Define a partial order < on C as follows:

21 = z9 if and only if Re(z1) < Re(z2) and Im(z1) < Im(zz). Thus z; < 29
if one of the followings holds:

(1) Re(z1) = Re(z2) and Im(z1) = Im(z2);
(2) Re(z1) < Re(z2) and Im(z1) = I'm(z2);
(3) Re(z1) = Re(z2) and Im(z1) < Im(z2);
4) Re(zl) Re(zz) and Im(z1) < Im(z2).

i (

we will write z1 < z9 if only (4) is satisfied.
It follows that

i) 0 <21 3 22 implies |21| < |22];

(ii) 21 < 29 and 2 < z3 imply 21 < z3;

(iii) 0 < 21 = 22 implies |z1| < |za;

(iv) if a,b € R, 0 < a < band z; X 2y, then az; < bz for all 21,29 € C.

Definition 2.2. ([1]) Let W be a nonempty set. A function de, : WxW — C
is called a complex valued metric on W, if for all [,m,n € W, the following
conditions are satisfied:

(i) 0 X dey(l,m) and dey(I,m) = 0 if and only if [ =m
(ii) dev(l,m) = dev(m, 1);
(iii) dey(l,m) X dey(l,n) + dey(n, m).
(

Then, the pair (W, d.,) is called a complex valued metric space.
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Example 2.3. ([1]) Let W = [0,1] and {,m € W. Define do, : W x W — C
by

0 ifl=m,
de(lm) = 4 9.1
(1, m) % it 1 m. (2.1)

Then dg, is a complex valued metric and hence (W, d,,) is a complex valued
metric space.

Definition 2.4. ([1]) Let (W, d,,) be a complex valued metric space.
(i) We say that a point [ € W is an interior point of a set M C W,
whenever there exists 0 < r € C such that
B(l,r)={m e W :dy(m,l) <r},
(ii) We say that a point I € W is a limit point of a set M C W, whenever
for every 0 < r € C such that

B(l,r) N M — {1} # 0.

Definition 2.5. ([2], [5]) Let W be a nonempty set and s > 1 be a given real
number. A function d, : W x W — [0, 00) is called a b-metric on W if for all
l,m,n € W, the following conditions are satisfied:

(b1) dp(l,m) = 0 if and only if [ = m;

(b2) dy(l,m) = dp(m, 1);

(b3) dp(l,m) < s[dp(l,n) + dp(n, m)].

Then, the pair (W, dp) is called a b-metric space.

Example 2.6. ([4]) Let W = L,[0, 1] be the space of all real functions [(¢),

1

t €10,1] such that [ |I(¢)[Pdt < co with 0 < p < 1. Define d, : W x W — R*
as: 0

D

1
ditm) = | [ 116 = mioypas
0

1
then (W, dp) is a b-metric space with coefficient s = 2».

Definition 2.7. ([13]) Let W be a nonempty set and let s > 1 be a given real
number. A function d.., : W x W — C is called a complex valued b-metric on
W if for all I, m,n € W, the following conditions are satisfied:

(i) 0 = dep(l,m) and deyp(l,m) = 0 if and only if I = m;

(ii) dcvb(l, m) = dcvb(m, l);
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(iil) deyp(l, m) =< sldepp(l, 1) + deyp(n, m)].
Then, the pair (W, d.) is called a complex valued b-metric space.

Example 2.8. ([13]) If W = [0, 1], define the mapping dep : W x W — C by
dewp(1,m) = |l — m|* + |l — m|?

for all l,m € W. Then (W, d.) is a complex valued b-metric space with s = 2.

Definition 2.9. ([10]) Let W be a non-empty set and A : W x W — [1,00)
be a function. Then dy : W x W — [0,00) is called an extended b-metric if
for all [,m,n € W it satisfies:
(i) da(l,m) =0 if and only if | = m;
(i) dx(l,m) = dx(m, 1);
(iii) da(l,n) < A(l,n)[dr(l,m) + dx(m,n)].
Then, the pair (W, d)) is called an extended b-metric space.

Example 2.10. Let W = {1,2,3}. Define A : W x W — [1,00) and d} :
W x W — RT as:

Al,m)=1+1+m,

da(1,1) = dx(2,2) = dx(3,3) =0,

dr(1,2) = dx(2,1) = 80, dy(1,3) = dx(3,1) = 1000,
d(2,3) = dx(3,2) = 600.

Then (W, d)) is an extended b-metric space.

Definition 2.11. ([10]) Let (W, dy) be an extended b-metric space.

(i) A sequence {l,} in W is said to converge to [ € W, if for every € > 0
there exists N = N(e) € N such that dy(l,,,]) < ¢, for alln > N. In

this case, we write lim [, = 1.
n—oo

(ii) A sequence {l,} in W is said to be Cauchy, if for every ¢ > 0 there
exists N = N(e) € N such that dy(l, 1) <€, for all m,n > N.

(iii) If every Cauchy sequence in W is convergent, then (W,d)) is said to
be a complete extended b-metric space.

Lemma 2.12. ([10]) Let (W,dy) be an extended b-metric space. If dy is
continuous, then every convergent sequence has a unique limit.

Definition 2.13. ([14]) Let W be a non-empty set and 6 : W x W — [1, 00)
be a function. Then dy : W x W — C is known as a complex valued extended
b-metric space if the following conditions are satisfied for all [, m,n € W:
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(i) 0 = dp(l,m) and dp(l,m) =0 if and only if | =
(ii) dg(l,m) = dg(m,1);
(iii) do(l,n) =< 6(l,n)[de(l,m) + dg(m, n)].

d

=
Then the pair (W, dy) is called a complex valued extended b-metric space.

Example 2.14. If W be a nonempty set and 6 : W x W — [1, 00| be defined

as:
1+14+m

b1, m) = I+m

further, let
(i) do(l,m) = li for all {,m € (0, 1];
m
(i) do(l,m) =0 <=1 =mfor all I,m € [0, 1];
(iii) dp(,0) = dy(0,1) = % for all I € (0,1].

Then the pair (W, dy) is known as a complex valued extended b-metric space.

Example 2.15. Let W = [0,00). 6 : W x W — [1,00) be a function defined
by 0(I,m) =141+ m and dg : W x W — C be given as

0 ifl=m
de(l’m):{ P il m }

Then (W, dy) is a complex valued extended b- metric space.

3. MAIN RESULTS

Now, we can state our main results.

Theorem 3.1. Let (W,dy) be a complete complex valued extended b-metric

space, let 0 : W x W — [1,00) and let U,V be self-mappings from W into

itself satisfy the following inequality:

do(l,Ul)dg(m,Vm)

o(1, Vm) 4+ do(m, Ul) + dg(l,m)

dg(1,V1)dg(m,Vm) [1 + dp(m, Ul)dy(l, m)]
s dg(l, Vm) + dg(1,m)

foralllym € W such thatl # m, dg(I, Vm)+dg(m,Ul)+dp(l,m) # 0, dg(l, Vm)+

dgp(l,m) # 0 where 1, pa and ps are non negative reals with py +6(1y, lg)(uz—l—

ps) < 1, ¢ = i+ (2 + ) 0(11. Io) where € € [0,00), Tim_0(l, 1) < or

do(Ul,Vm) =0 if dg(l,Vm)+dg(m,Ul)+dg(l,m) =0, dg(l, Vm)+dp(l,m) =

0, then U and V have a unique common fixed point in W.

d@(Ula Vm) = MldO(lam) + ,U2d
(3.1)
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Proof. For any arbitrary point [y € W, define a sequence {l,,} in W such that
l2n+1 = Ulgn and l2n+2 = VlQn_H, Vn Z 0. (3.2)

Now we prove that {l,} is a Cauchy sequence.
Let | =lp, m =1; in (3.1). Then

do(l1,1l2) = do(Ulp, Vly)
do(lo, Uly)dg(l1, V1)
dg(lo, Vll) + dg(ll, Ulo) + d@(lo, ll)
[de(lo, Vig)dg(ly, Vir)[1+ dg(l1, Ulo)da(lo, 11)] }
3 do(lo, V1) + dg(lo, 1)

do(lo, 11)dg(l1,12)
do(lo, 12) + do(l1, 1) + do(lo, [1)

N {de(lo, l)dg(l1,12) [1 4 dg(ly, 1) dg(lo, 11)] ]
1 dg(lo, 12) + d(lo, )

s do(lo,11)dp(l1,12) N 3[ do(lo, 11)dg(l1,12) ]
do(lo, l2) + dg(lo, 11) do(lo,l2) + dop(lo, 1) |

= pidp(lo, l1) + po

= pidg(lo, lh) + p2

= p1dg(lo, 1)

Hence, we have

|da(lo, 11)]|dg(l1,12)]
do(ly. 1) =1 |do(lo. )| +
’ 9(1 2)‘ :ul‘ 9(0 1)‘ M2‘d0(l0712)‘+‘dG(lOJl)‘

|do(lo, 11)]|da(l1,12)]
|dg(lo,12)| + |do(lo, 11)|

+ u3

Using triangle inequality
do(l1,12) < 0(11,12)[dg(l1,lo) + do(lo, 12)].
Thus we have

|dg(lo, 11)]|dg(l1,12)]
|do(l1,12)]

|do(lo, 11)||dg(l1,12)]
0(l,.1
Aol Pt

= [ + (2 + p3)0(11, 12)] |dg(lo, 1),

|do(l1,12)| < palde(lo, 11)] + pe2 0(11,12)]

that is,
dg(l1,12)] < [ + (p2 + p3)0(l, o) ]|do(lo, 11)].
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Since |dg(l1,12)] < 1+ |dg(l1,12)|, we have
|do(l1,12)] < Cldo(lo, 1)l
|do(l2,13)| < ¢*|do(lo, 1),

dg(l3,14)] < C3|dg(lo, 1)),

|do(ln, bn1)| < ¢"[do(lo, 11)]-

Now, by triangle inequality, for any m > n, m,n € N, we have
do(lnlm) = O(ln, 1) do (Lo, 11) + 0L, b)) 0 (L1, L ) (Lo, 1) - -

+ 0, )0 (Lnt1, b)) -+ - O(li—2, 1 ) O (L —1, lm)Cm_ldg(lo, l1).
Then

d@(lny lm) = do(l(), ll)[e(ln, lm)cn + 0(ln’ lm)e(ln+17 lm)cn—i-l o

+ 0l 1) 0 (Lt 15 b)) -+ - O(l—2, 1) O (L —1, lm)Cm_l].
o0 n
Since lirg O(ln,lm)¢ < 1, so the series > (™ [] 0(li, 1) converges by ratio
n,m—»00 n=1 =1

test for each m € N. Let

o0 n n J
§= ¢ T00 ), Su =2 ¢ 00 n).
n=1 =1 j=1 =1

Thus, for m > n, the above can be written as
do(ln, lm) = do(lo, 11)[Sm—1 — Sh]
and
|do(In, lm)| < |do(lo, 11)|[Sm—1 — Sn].
Letting m — oo, we obtain
|do(Lyy )| — 0.

Thus, {l,} is a Cauchy sequence in W. Since W is complete, there exists some
t € W such that [, —t as n — oc.
If not, then there exits z € W such that

\do(t, Ut)| = |2| > 0. (3.3)
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So, using the triangular inequality and (3.1), we have

z =dy(t,Ut)
= 0(t,Us)dy(t, lant2) + 60(t, Up)dg(lan+2, Ut)
= 0(t,Up)dy(t,lony2) + 0(t, Up)do(Viept1, Ut)

= 0(t,Ut)dg(t, lon+2) + 0(t, Ur) | pady(t, lan+1)

do(t,Ut)dg(lans1, Vient1)
do(t,Viany1) + do(lony1, Ut) + do(t, lans1)
o [de(l2n+17 Ulgps1)do(t, Ut) [1 4 do(t, Vions1)do(lon+1,t)] }
K do(l2nt1, Ut) + dg(lany1,t)
= 0(t,Up)dg(t, lony2) + p10(t, Up)dy(t, l2ny1)
do(t,Ut)dg(l2n+1,lon2)
do(t,lony2) + do(lony1, Ut) + do(t, lant1)
Bt ) [d0(52n+17 lant2)do(t, Ut)[1 + dg(t, lant2)do(l2ns1,1)] ] '
do(l2n+1, Ut) + dg(lant1,t)

+ 2

+ M20(ta Ut)

And so,

2| = |do(t, U?)|
< Ot U)ldo(t, lanv2)| + 10160(t, Up)|d(t, l2nt1))|
|dg(t, Ut)||dg(l2n+1, l2n+2)|
|dg(t, lon+2)| + |do(lan+1, Ut)| + |do(t, lan+1)|
|do(l2nt1, lont2)||do(t, Ut)|[1 + |dg(t, lant2)||do(lons1,1)]]
| dg(l2n+1, Ut)| + |do(l2n+1,1)]

+ MZG(tv Ut)

+ M39(t7 Ut)

As n — oo, we obtain that |z| = |dp(t, Ut)| < 0, a contradiction. Thus, |z| = 0.
Hence, Ut = t. Similarly, we obtain Vit =t.

Now, we show that U and V have a unique common fixed point. To prove
this, assume that ¢ # t is another common fixed point of U and V. Then

do(t,t") = dg(UL, Vt)
do(t,Ut)dy(t', V1)
< ydp(t, 1! ’ :
= pdp(t, ') + “2d9(t7 V') 4+ do(t', Ut) + dg(t,t') (3.4)
L, dolt, VOt VE)[L + do(', Ut)do(t, )]
Hs do(t, VT') + da(t, 1) '
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And so, we have
(d (£, UD)l|do (', VE)|
|do(t, V') + [do(t', Ut)| + |do(t, 1))
|do(t, V)| |do (', VE')|[1 + |do (', Ut)||dg (¢, ¢') ]
|do(t, V)| + |do(t, )] ’

|d9(t7t/)| < :U’l‘dG(tvt/H + p2

this implies that
’dQ(ta t/)‘ < ,U1|d9(t7 t/)’7
which is a contradiction. Hence, t = ¢’ which shows the uniqueness of common
fixed point in W.
Now, we consider the second case:

Step 1: dp(l,Vm) + dg(m,Ul) + dp(I,m) = 0, | = I, and m = lopy1.
do(lon, Vignt1) + do(lons1, Ulon) + dg(lon, lons1) = 0, dg(Ulap, Visps1) = 0. So
that lgn == Ulgn == l2n+1 == Vl2n+1 == l2n+2. Thus, we have l2n+1 == Ulgn = lgn,
so there exist £7 and f1 such that

Ei=Ufi=f1,

where El = l2n+1 and fl = lgn.
Using foregoing arguments, we show that there exist Fo and fs such that

Ey =V fy= fa,

where E2 = l2n+2 and f2 = l2n+1.

As, do(f1,V f2) + do(f2,U f1) + do(f1, f2) = 0 which implies dg(U f1,V f2) =
0. Since F1 = Uf1 =V fo = Ey, we obtain £y = U f; = UF,. Similarly, we
have EQ = VE2

As E1 = E5, then UEy = VE, = E;. Hence E; = Es is common fixed
point of U and V.

For uniqueness of common fixed point, assume that E{ in W is another
common fixed point of U and V. Then we have UE] = VE] = Ej. As
dg(E1,VE]) + dg(E{,UEy) + dg(E1, E}) = 0, therefore, we have

dO(ElaEi) = dO(UEla VE{) = 0.
This implies that E; = E.

Step 2: dy(I,Vm)+dg(l,m) = 0. | = la, and m = ly, 11 in this expression, we
get, dg(lgn, Vl2n+1) + d@(lQn, l2n+1) = 0, it implies that d@(UlQn, Vlgn_H) = 0.
So that lo, = Ulsp = lon+1 = Viept1 = lont2. Thus,we have lop 11 = Ulyy, =
lon, so there exist E3 and f3 such that

Es =Ufs = f3,

where E3 = l2n+1 and fg = l2n.
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Using foregoing arguments, we show that there exist F4 and f4 such that
Ey=Vfi=fu,

where E4 = lop40 and f4 = lopt1- As, de(f3,Vf4) + dg(fg,f4) = 0 which
implies dg(U f3,V f4) = 0. Hence F5 = Ufs = Vfy = E4. Thus we obtain
FE3 =Ufs = UFs5. Similarly,we have E4 = V Ey.

As F3 = Ey, implies UE3 = VE3 = E3. Hence E3 = FE, is common fixed
point of U and V.

For uniqueness of common fixed point, assume that Ej in W is another
common fixed point of U and V. Then we have UE; = VE; = Ej. As
do(E3, VES) + do(E3, E)) = 0, therefore, we have

do(Es3, EY) = dg(UFE3, VES) = 0.
This implies that E5 = E%. This completes the proof of the theorem. O

Corollary 3.2. Let (W,dy) be a complete complex valued extended b-metric
space, let 0 : W x W — [1,00) and let V' be a self-mapping from W into itself
satisfy the following inequality:
do(1,V1)dg(m,Vm)
do(l,Vm) + dg(m, V1) + dg(l, m)
dg(1,V1)dg(m,Vm) [1 + dg(m, VI)dy(l, m)}
do(l,Vm) + dg(l,m)
for all Il,m € W, such that I # m, dg(l,Vm) + dg(m, V1) + dg(l,m) #
0,do(l, V) + dg(l,m) # 0 where p1, pz and us are nonnegative reals with
pr 4 0l 1) (pe + ps) < 1, ¢ = p + (p2 + p3) 0(ly, la) where ¢ € [0,00),
lim 01, ln) < % or dg(VI,Vm) =0 if dg(l,Vm) +dg(m, V1) +dp(l,m) =

n,Mm—00

0, do(l, Vm) 4+ dg(l,m) = 0, then V has a unique common fixed point in W.

do(V1,Vm) < pady(l,m) + p2
(3.5)

Proof. We can prove this result by applying Theorem 3.1 with the condition
U=V. O

Theorem 3.3. Let (W, dy) be a complete complex valued extended b-metric
space, let 0 : W x W — [1,00) and let U,V be self-mappings from W into
itself satisfy the following inequality,
N d2(1,Vm) + d3(m,Ul)

P2 301, V) + do(m, UI)
+ us[do(1, UL) + dg(m, Vm)| + palde(l,m) + do(m,Ul)] (3.6)

d2(m,V
+ s 5(m, Vm)
d@(lv Vm) + d@(la m)

do(Ul,Vm) < p1dp(l,m)
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for all lym € W, such that I # m, dp(l,Vm) + dg(m,Ul) # 0,dg(l,Vm) +
do(l,m) # 0 where uy,po, us, pa and ps are nonnegative reals with uy +
20(lo, o) p2 4 2us + pa + 0(lo, l2) s < 1, C(1 — (p2 + ps)0(lo, l2) — p3) = (1 +
p20(lo, l2)+ ps+pa) where ¢ € [0, 00), lirg Oln,lm) < % ordg(Ul,Vm) =0

if dg(1,Vm) +dg(m,Ul) =0, dg(I,Vm) + dg(l,m) = 0, then U and V have a
unique common fized point in W.

Proof. For any arbitrary point Iy € W, define a sequence {l,,} in W such that
l2n+1 = Ulgn and 12n+2 = Vlgn, Vn Z 0. (37)

Now we prove that {l,} is a Cauchy sequence. Let [ = ly,;» = I in (3.6).
Then, we have
do(l1,1l2) = dp(Uly, Viy)
[d2(lo, V1y) + d2(1y, Ulp)]
do(lo, V1) 4+ do(lh, Ulp)
+ psldy(lo, Ulo) + do(la, V1y)]

= pidg(lo, l1) + p2

d3(11, Vi)
dg(lo, Vll) + dg(lo, ll)

[d2(lo, 12) + d3 (L, 11)]
S+ psldg (o, 1) + do(1y, 1
a0, To) + do(lr. 1) p3([dg(lo, 11) + da(l1,12)]
dg(llvb)

(
(lo, l2)
(lo, 12)
+ paldo(lo, 1) + do (1, 11)] +#5d9(lo l2) +do(lo, 11)
5o, l2)
(lo, 12)

+ p3ldg(lo, L) + do(lh, 12)]

de(llv l2)
do(lo, 12) + dp(lo, 1)

+ paldo(lo, 1) + do(l1, Ulp)] + s

= pdg(lo, l1)+pe

d3

lo. 1
=M1d9(107l1)+ﬂ2 0> 2

de(lo, l2

+ padg(lo, 1) + ps
And so,

|d%(lo, l2)]

do(lr,12)] < pa|da(lo, 1 FATWA
[do(h, 2)] < pldy(lo, )| + pa g 17 =5,

+ wslldo(lo, 11)| + |do(l1,12)]]

|d (11, 12)]
|dg(lo, l2)| + |da(lo, 11)]

+ paldg(lo, l1)| + ps
that is,

|do(l1,12)| < paldg(lo, 11)] + p2lde(lo, l2)| + wa[|dg(lo, 11)| + |dg(l1,12)]]
|d3 (11, 12)]

dg(lo, 1 '
+,U/4| 9( 0 1)|+/’L5‘d0(l07l2)|+‘d9(l07l1)‘
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Using the triangle inequality, we have

do(lo, 12) < 0(lo, 12)[de(lo, 11) + do (11, 12)].
Thus, we have
|do (11, 12)| < pualdg(lo, 1r)] + p26(lo, b2)[|do(lo, 11)| + [do (1, 12) ]
+ pa[ldo(lo, 1) [ + |do (L1, L2)]]
+ paldg(lo, 11)| + ps0(lo, 12)|dg(l1, 12)|
= (1 + p20(lo, l) + ps + pa)|do(lo, 1)
+ ((12 + p5)0(lo, 12) + p3)|do (L1, 2]
it implies that
(11 + p20lo, l2) + pig + p1a)
(1 — (p2 + p5)0(lo, l2) — p3)

|dg(l1,12)] < |dg(lo, 1)

Then, we obtain
|do (I, 12)[ < Cldg(lo, 1)
Similarly, we have
|do(l1,12)| < ¢ldo(lo, 11)],
|dy(l2,13)] < ¢Pldg(lo, )],
|dy (13, 1) | < ¢*ldg(lo, )],

Ido(ln, lnt1)] < ¢"[dg(lo, 11)]-

Now, by triangle inequality, for any m > n, m,n € N we have

do(Ln, ) = 0L, 1) g (Lo, 11) + 0Ly 1) 0Ly 1, 1) g (o, 1) .
4+ 0l )0 (15 b)) -+ - Ol L) O (Lin—1, 1o )™ g (Lo, 1)
Then
do(Ln, 1) = dg(lo, 1) [0(Ln, 1 )™ 4 0L, 1 )0 (L1, 1 )C L
+ 0Ly )0 (L1 L) - - O(L—2 L) O (L1, L) C™ 1.

Since lim 6(l,,m)¢ < 1, series Y ¢™ [[ 0(li, ;) converges by ratio test for
=1

n,m—>oo 7'[»:1 l
each m € N.
Let

S = chng(lulm)a Sp = ZCJ He(lulm)
n=1 i=1 j j
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Then, for m > n, the above expression can be written as

do(lny ) = do(loy11)[Sm—1 — Sn]
and
|do(Ins lm)| < |dg(lo, 11)[[Sm—1 — Sh]-
Letting n — oo, we get
|do (L, lm,)| — 0.

Thus, {l,} is a Cauchy sequence in W. Since W is complete, there exists some
t € W such that [, — t as n — oo. If not, then there exits z € W such that

|do(t,Ut)| = |z| > 0. (3.8)
Using the triangle inequality, we have
z =dp(t,Ut)
= 0(t,Up)dy(t, lant2) + 0(t, Up)dy(lan42, Ut)
= 0(t,Up)dy(t, lany2) + 0, Ur)do(Vign1, Ut)
=< 0(t,Up)dp(t,lont2) + 0(t, Us) uade(t, lan+1)

[d5(t, Vigny1) + dj(lons1, Ut)]
do(t, Vignt1) + do(lan+1, Ut)

-+ H(t, Ut)ug, [da(t, Ut) + d@(lgn_H, Vl2n+1)]
+ H(ta Ut)ﬂ4 [de(ta l2n+1) + d9(12n+17 Ut)]

[d3(lon+1, Viont1))]
do(t, Vigny1) + do(t,l2ns1)

= 0(t,Us)dg(t, loant2) + 0(t, Up) puadg(t, l2n+1)

[d5(t, lony2) + dj(l2ni1, Ut)]
do(t,lan+y2) + do(lany1, Ut)
+0(t, Up) usldo(t, Ut) + do(l2n+1, lon+2)]
+0(t, Ur)palda(t, lont1) + do(lont1, Ut)]

+ e(t, Ut)pLQ

+ H(ta Ut)NS

+0(t, Up) p2

[d3(lon+1, l2n12)]
do(t,lon+2) + do(t, lont1)

+ G(t, Ut)/,L5
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Thus, we have
2] = |do (2, Ut)| < Ie(t,Ut)l(lde(t, lan+2)| + paldo(t, lont1)|

o [1d5(t, lant2)| + |dg (lant1, Ut)]]
|do (1, lan+2)| + |do(l2nt1, Ut)]
(
(

+ p3[|do(t, Ut)| + |do(lant1, l2n+2)|]

+ pa [|do(t, lon41)| + |do(lons1, Ut)|]

+ s |d5 (lany1, lont2)] )
|dg(t, lan+2)| + |do(t, l2nt1)] )
As n — oo, we obtain that |z| = |dy(¢t,Ut)| < 0, which is a contradiction.

Thus, |z| = 0. Hence, Ut = t. Similarly, we obtain Vit = ¢.
Now, we show that U and V have a unique common fixed point. To prove
this, assume that ¢ # ¢ is another common fixed point of U and V. Then

do(t,t") = do(Ut, V')

[d3(t, V') + d3 (¢, Ut)]
do(t, V') + dg(t', Ut)
dz(t', vt')
do(t, V') +dp(t,t')

< pdg(t,t') + pio + psldg(t, Ut) + do(t', V)]

+ pa[do(t, ') + do(t', Ut)] + ps

And also, we have

[ld5(t, VE)| + |d5(t', Ut)]
|do(t, V') + |do (¥, UT)]
+ ps(do(t, Ut)| + |do(t', V)]

|do (¢, )] < palda(t,t)] + pro

|d3 (', Vt')]

+ pal|do(t, V)| + |do(t', Ut)|] + ’
pallde(t, )] + [do(t', Ut)[] Fo1 a6, V) + |do(t, 1))

that is,
|do(t,t)] < (1 + p2 + 2p4) | (¢, )],

which is a contradiction. Hence ¢ = ¢/ which shows the uniqueness of common
fixed point in W.

For the second case, dg(Ul, Vm) = 0 if dp(l, Vm) +dg(m, Ul) = 0, the proof
of uniqueness of common fixed point can be completed in the line of Theorem
3.1. This completes the proof of the theorem. O
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Corollary 3.4. Let (W,dp) be a complete complex valued extended b-metric

space, let 0 : W xW — [1,00) and let V be a self-mapping from W into itself

satisfy the following inequality:

d2(1,Vm) + d5(m, V1)

do(l,Vm) + dg(m, V1)

+ u3 [d@(l, V1) + do(m, Vm)] + pa [d@(l, m) + dg(m, Vl)] (3.9)
d2(m,Vm)

do(1,Vm) 4+ dp(l,m)

for all Iym € W, such that | # m, dg(I,Vm) + dg(m, V1) # 0,de(l,Vm) +

do(l,m) # 0 where u1,ua, us, s and ps are nonnegative reals with py +

20(lo, l2) 2 + 23 + pa + 0(lo, I2) s < 1, (1 — (p2 + p5)0(lo, l2) — p3) = (1 +
p26(lo, l2)+ps+pa) where ¢ € [0, 00), ligl O(ln, lm) < % ordg(VI,Vm) =0

if dg(1,Vm) 4+ dg(m, V1) =0, dg(I,Vm) 4+ dg(I,m) = 0, then V has a unique
common fixed point in W.

d@(Vlv Vm) = :Ufldg(la m) + p2

+ U5

Proof. By using Theorem 3.3 with U = V', we can prove this result. O
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