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1. INTRODUCTION

Variational inequality theory has emerged as a powerful tool for studying a
wide class of unrelated problems arising in various branches of physical, engi-
neering, pure and applied sciences in a unified and general framework, see for
example [2,12,14-16]. An important and useful generalization of variational
inequalities is a variational inclusion. In 1994, Hassouni and Moudafi [17] dis-
cussed the approximation solvability of a new class of variational inequalities
called variational inclusions. Since then Adly [1], Huang et al. [15], Ding [8,9],
Ding and Feng [10], Ding and Lou [11], Ding and Xia [13] and Kazmi [16],
have obtained some important extensions of the result [17].

In 2005, Kazmi and Bhat [20] introduced and studied some properties of
P-n-proximal mapping, for a nonconvex, proper, lower semicontinuous and
subdifferentiable functional on Banach space. Further, using P-n-proximal
mapping and Wiener-Hopf equation technique, they discussed convergence
and stability of an iterative algorithm for a generalized multi-valued variational
inclusion.

In 2008, Sun et al. [30] introduced the notion of M-proximal mapping on
Hilbert space. Again in 2009, Kazmi et al. [22] introduced M-proximal map-
ping, an extension of P-proximal mapping introduced in [13] and studied its
some properties.

One of the important aspects in variational inequality theory is to study the
convergence analysis and the stability of iterative algorithms. It is worth men-
tioning that in the recent past, stability of several iteration procedures for the
functional equation of the type Tu = f has been studied extensively by many
authors, see for example Osilike [27] and the references cited therein. In 2000,
Huang et al. [17] initiated the study of stability of iterative algorithms for
a class of variational inequalities involving single-valued mappings in Hilbert
space. Later, stability of iterative algorithms of various classes of variational
inequalities (inclusions) have been discussed by many authors, see for exam-
ple Liu et al. [26], Kazmi and Bhat [20], Kazmi et al. [21,22], Kazmi and
Khan [23] and the related references cited therein. As such the convergence
and stability analysis of the iterative algorithms for some new classes of set-
valued /multivalued variational inequalities (inclusions) is still an unexplored

field.

Motivated and inspired by the above achievements, in this paper, we study
a new system of generalized implicit variational-like inclusion problem in Ba-
nach spaces involving M(.,.)-n-proximal mapping for a nonconvex, proper,
lower semicontinuous and subdifferentiable functional. We further construct
an iterative algorithm with errors for approximating the solution of the system
and discuss the convergence and stability of iterative sequence generated by
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the algorithm. The results presented in this paper improve and extend many
known results in the literature, see for example [1,3-6,8-11,13,17-25,29-31].

2. M(.,.)-n-PROXIMAL MAPPING AND FORMULATION OF PROBLEM

Let X be a real Banach space equipped with norm |||, X* be the topological
dual space of X, (-,-) be the dual pair between X and X*. Let C'(X) be the
family of all nonempty compact subsets of X and 2% be the power set of X.

In the sequel, we need the following definitions and results from the litera-
ture.

Definition 2.1. J : X — 2% is said to be a normalized duality mapping, if
it is defined by

J(@)={f € X*: (x, f) = ||, |zll = | fllx-}, Yz € X.

In the sequel, we shall denote a selection of normalized duality mapping
J by j. It is well known that if X is smooth, then J is single-valued and if
X = H, a real Hilbert space, then J is an identity map.

Definition 2.2. ([6]) A Banach space X is said to be smooth, if for every
z € X with ||z|| = 1, there exists a unique f € X* such that ||f| = f(z) = 1.

The modulus of smoothness of X is the function px : [0,00) — [0, 00),
defined by

lz+yl +llz—yll
2

px(o) =sup { LimyeX, Jal=1, ll=o } -
Definition 2.3. ([6]) A Banach space X is said to be uniformly smooth if
tim PX(7) _ g

o—0 o

We note that a uniformly smooth Banach space is reflexive.

Lemma 2.4. ([6,29]) Let X be a uniformly smooth Banach space and let
J : X — X* be the normalized duality mapping. Then for all x,y € X, we
have
(@) llz+yl* < ll=l* + 2{y, J (= +y));
(b) (& —y, Jo — Jy) < 2d*px (4l|l — y[/d),
where d = /([[z]]* + [ly[[?)/2-

Theorem 2.5. (Nadler [23]) Let T : X — CB(X) be a set-valued mapping
on X and (X,d) be a complete metric space. Then we have
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(i) for any given p > 0, z,y € X and u € T(x), there exists v € T(y)
such that d(u,v) < (14 p)D(T(x),T(y)),

(i) of T : X — C(X), then (i) holds for p = 0, where C(X) denotes the
family of all nonempty compact subsets of X.

Lemma 2.6. ([25]) Let {¢"},{h"} and {c"} be nonnegative sequences satis-

fying
CnJrl < (1 _wn)cn WA Cn’ Vn > 0,

o0 [e.°]

where {w"}2, C [0,1], > w" = 400, lim A" =0 and Y " < co. Then
n=0 n—oo n=0

lim ¢" = 0.

n—oo

Definition 2.7. The Hausdorff metric D(-,-) on CB(X), is defined by

D(S,T) = max {sup inf d(u,v), sup inf d(u, ’U)} , S,T € CB(X),
ueS vET veT UES

where d(-,-) is the induced metric on X and C'B(X) denotes the family of all
nonempty, closed and bounded subsets of X.

Definition 2.8. ([31]) A functional f : X x X — R U {400} is said to be

0-diagonally quasi-concave (in short, 0-DQCV) in the first argument, if for

any finite set {z1,---,2,} C X and for any y = > \jx; with A\; > 0 and
i=1

1=

o ) .
l; A =1, 1I§nilélnf(xz,y) < 0 holds.

Lemma 2.9. ([12]) Let G be a nonempty convex subset of a topological vector
space and [ : G x G — [—00,+00| be such that
(i) for each x € G, y — f(z,y) is lower semicontinuous on each compact
subset of G;

(ii) for eachy € G, f(x,y) is 0-DQCV in x;

(iii) there exists a nonempty convex subset Gy of G and a nonempty com-
pact subset K of G such that for each y € G\K, there erists x €
co(Go U {y}) satisfying f(x,y) > 0, where co(X) denotes the convex
hull of set X.

Then there exists § € G such that f(z,7) <0 for all x € G.

Definition 2.10. ([9]) Let n : X x X — X be a single-valued mapping. A
proper functional ¢ : X — R U {+o0o} is said to be n-subdifferentiable at a
point € X, if there exists a point f* € X™* such that

o(y) — o(x) > (f*,n(y,z)), Yy € X,
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where f* is called n-subgradient of ¢ at x. The set of all n-subgradients of ¢
at x is denoted by d¢(x). The mapping d¢ : X — 2X" defined by

O(z) ={f" € X" : ¢(y) — o(x) = (f",n(y,x)), Vy € X}
is called n-subdifferential of ¢ at x.

Definition 2.11. ([22]) Let X7, X2 be real Banach spaces, let S7 : X7 x Xy —
X1 and Sy : X1 x X9 — Xo. Let T : X1 x X9 — X1 X Xg be defined as T'(z,y) =
(S1(x,y), S2(x,y)) for any (z,y) € X; x Xo, and let (xg,y0) € X7 x Xo.

Assume that (anrla yn+1) = f(Tv Tn, yn) = (g(Sla Tn, yn)7 g(SZa Ln, yn)) deﬁnes
an iteration procedure which yields a sequence of points {(z,,y,)} € X1 X Xo.

Suppose that F(T') = {(z,y) € X1 x X5 : (z,y) = T(z,y)} # 0 and {(zn, ya)}
converges to some (p,q) € F(T'). Let {(un,vn)} be an arbitrary sequence in
X1 x Xo and €, = ||(tn+t1,Vn+1) — f(T,xn,yn)||, for all n > 0. If hm €, =0

implies that lim (up,v,) = (p,q), then the iteration procedure deﬁned by
n—oo
(Tnt1,Ynt+1) = f(T, 2y, yp) is said to be T-stable or stable with respect to T.
o0

If Y €, < +oo implies that lim (u,,v,) = (p, ¢), then the iteration procedure
n—oo

{(xn,yn)} is said to be almost T-stable.

Definition 2.12. Let n : X x X — X, A, B : X — X be single-valued
mappings and let M : X x X — X* be a nonlinear mapping. Then

(i) M(A,.) is said to be a-strongly n-monotone with respect to A if there
exists a constant o > 0 satisfying

(M (Az,u) = M(Ay,u),n(y,2)) > al|z -y, Vz,y,u € X;

(ii) M (., B) is said to be p-relaxzed n-monotone with respect to B if there
exists a constant 8 > 0 satisfying

<M(U, B(I?) - M(U, By)?”(:%x» > _BH‘T - yH27 Vx,y,u € X7

(iii) M(.,.) is said to be af-symmetric n-monotone with respect to A and
B if M(A,.) is a-strongly n-monotone with respect to A and M(., B)
is B-relaxzed n-monotone with respect to B with a > g and a = 3 if
and only if x =y for all z,y € X;

(iv) M(.,.) is said to be (&1,&2)-mized Lipschitz continuous if there exist
constants {1, & > 0 satisfying

M (z,u) = M(y,v)|| < &llz =yl + &llu—vll, Vz,y,u,v € X.

Definition 2.13. Let n: X x X — X and A, B : X — X be single-valued
mappings. Let ¢ : X — R U {400} be a proper and n-subdifferentiable (not
necessarily convex) functional and M : X x X — X* be a nonlinear mapping.
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If for any given point z* € X* and p > 0, there exists a unique point x € X
satisfying

(M(Az, Bx) — 2*,n(y,z)) + pd(y) — pd(z) > 0, Yy € X,

then the mapping * — x, denoted by Rgff{M(AB) (z*), is called M(.,.)-n-

proximal mapping of ¢.
Clearly, we have * — M (Ax, Bx) € pd¢(x) and then it follows that
d¢,M(A,B _ ~1
R)GMAB) (%) = (M(A, B) + pd¢) (7).

Remark 2.14. (i) I n(y,z) = y—=z forall z,y € X and ¢ is a proper and
subdifferential functional on X then the M (.,.)-n-proximal mapping of
¢ reduces to the M (.,.)-proximal mapping of ¢ discussed by Kazmi et
al. [19].

(ii) If further in (i) above, M (A, B) = P, where P : E — E* is a nonlinear
mapping, then M(.,.)-proximal mapping of ¢ reduces to P-proximal
mapping of ¢ discussed in [13].

(iii) If X = H, a Hilbert space, n(y,z) =y — x for all z,y € X and ¢ is a
proper, convex and lower semicontinuous functional on X and M(.,.)
is the identity mapping on H, then the M(.,.)-proximal mapping of
¢ reduces to the usual proximal (resolvent) mapping of ¢ on Hilbert
space.

Now we prove the following result which guarantees the existence of M (., .)-
n-proximal mapping of a proper, lower semicontinuous and subdifferentiable
functional ¢ on Banach space.

Theorem 2.15. Let X be a reflexive Banach space. Letn: X x X — X be
7-Lipschitz continuous such that n(y,y")+n(y’,y) =0 for ally,y’ € X, let M :
X x X — X* be aff-symmetric n- monotone continuous with respect to A and
B, let for any given x* € X*, the function h(y,x) = (z* — M (Ax, Bx),n(y,z))
be 0-DQCYV iny and let ¢ : X — RU{+o0} be a proper, lower semicontinuous
and n-subdifferentiable functional, which may not be convex. Then for any
given constant p > 0 and x* € X*, there exists a unique x € X such that

(M(Az, Bx) — 2*,n(y, ) = pp(z) — pd(y), Yy € X, (2.1)
that is, © = Rgf;M(A’B) ().
Proof. For any given M : X x X — X*, p > 0 and * € X*, define a functional
pod(y), Yy,z € X. Since M(.,.) and 7 are continuous and ¢ is lower semicon-
tinuous, for any y € X, the mapping = — f(y,z) is lower semicontinuous on
X. Next, claim that f(y,x) satisfies condition (ii) of Lemma 2.9. Indeed, let
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m
there exist a finite set {y1, -+ ,ym} C X and xg = >_ A\jy; with A\; > 0 and
i=1

s

X; = 1 such that
1

(x* — M (Axo, Bxo), n(yi, v0)) + pp(xo) — pp(yi) >0, Vi =1,2,--- ,m.
Since ¢ is n-subdifferentiable at z(, there exists a point f* € X* such that
po(yi) — pp(xo) > p(f*,n(vi, o)), Vi=1,2,--- ,m.
Hence we must have
(z* — M(Azg, Bxo) — pf*,n(yi, wo)) > 0.

On the other hand, since h(y, zo) = (x* — M (Azo, Bxo) — pf*,n(y, zo)) is
0-DQCYV in y, we have

(2

0.< > Nifa* — M(Azg, Bxo) — pf*,n(yi, o))
n=0

= <ZE* - M(A:EO’ BZL‘O) - pf*vn(w()’ ZEO)> = 0’

which is a contradiction. Hence f(y, z) satisfies condition (ii) of Lemma 2.9.
Now, take a fixed § € dom ¢. Since ¢ is n-subdifferentiable at g, there exists
f* € X* such that

f(g,2) = (2" — M(Az, Bx),n(§,z)) + pd(x) — pp(7)
> (M(Ay, By) — M(Axz, By),n(y, x))
+ (M(Ax, By) — M(Az, Bx),n(j,z))
+ (2" — M(Ag, By),n(y, z)) + p(f* n(z,9))
> allg —a|* = Bll§ — =l = ("] + 1M (Ag, BH)|| + pll £*Dlln (G, )|
> (a=B)g — 2 = ("] + 1M (Ag, BY)| + ol DI — ]|
=9 = =|[[(ee = B)|g — [l = 7([[=™[| + [[M (Ag, By)|| + pll f*]]))-

Let r = ="+ 1M (Ag, BY)||+pll f*])), and K = {z € X, |[§—=| < r}.

_T

a—p)
Then Gy = {7} and K are both weakly compact convex subsets of X and for
each x € X\ K, there exists § € co(Go U {g}) such that f(g,x) > 0. Hence all
the conditions of Lemma 2.9 are satisfied. By Lemma 2.9, there exists z € X

such that f(y,z) <0 for all y € X, that is, for any given z* € X*,

Next, we show that Z is a unique solution of problem (2.1). Suppose that
Z1,T2 € X are any two solutions of problem (2.1). Then we have, for any
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given z* € X*,
(M(Ady, Bir) — 2,0y, 1)) > po(@1) — poy), e X (2.2)

and

(M(AZs, Bz) — a",n(y, I2)) = pp(Z2) — pd(y), Vy € X. (2.3)

Taking y = Z2 in (2.2) and y = #; in (2.3) and then adding the resulting
inequalities, we obtain

<M(Ai‘1, Bii‘l) — M(Aj% B532)777(5727551)> > 0.

Since n(y,y') +n(y',y) = 0 for all 5,9/ € X and M : X x X — X* is af3-
symmetric 7- monotone continuous with respect to A and B, we have

<M(Ai’1, B.%Q) — M(ACEQ, BCZ‘Q), 77(5/‘1, 552)>
+ <M(A.i‘1, Bi‘l) - M(Ai‘l, Bfg),ﬁ(i‘l,j‘g» < 0,

thus
al|Ey — &||* - BllEL — F2|* < 0.

That is (o — B)||#1 — Z2||> < 0, hence we have #; = Z5. This completes the
proof. O

Remark 2.16. Theorem 2.15 shows that for any af-symmetric n-monotone
mapping M : X x X — X* and p > 0, the M(.,.)-n-proximal mapping

Rad) MAB) . x* 5 X ofa proper, lower semicontinuous and 7-subdifferentiable

functional ¢ is well defined and for each z* € X*, 2z = Rg%’M(A’B) (x*) is the
unique solution of problem (2.1).

Now, we give the following important result which guarantees the Lipschitz
continuity of the M(.,.)-n-proximal mapping.

Theorem 2.17. Let n : X x X — X be 7-Lipschitz continuous such that
n(y,y) +ny) =0 forall y,y € X, let M : X x X — X* be af-
symmetric n-monotone continuous with respect to A and B, let for any given
x* € X*, the function h(y,x) = (x*—M (Ax, Bz),n(y,z)) be 0-DQCV iny, let
¢: X — RU{+00} be a proper, lower semicontinuous and n-subdifferentiable
functional and let p > 0 be any given constant. Then the M(.,.)-n-proxzimal

a¢ M(A,B)
, that
(a—B)

mapping R, of ¢ is L-Lipschitz continuous, where L =
is, for any xj, x5 € X*,

IRy AP (@) — ROGM AP (@) < Lllat — 3.
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a¢> M(A, B)(

Proof. For any given z7,z5 € X*, we have 1 = R, xy) and xo =

Rgf7 M (A, B)( %) such that
(M (A1, Bx1) — 27,0y, 21)) = pd(z1) — pop(y), Vy € X (2.4)

and

(M (Az2, Brs) — 25, 1(y, x2)) = pp(a2) — po(y), Vy € X. (2.5)
Taking y = x9 in (2.4) and y = =z in (2.5) and then adding the resulting
inequalities, we obtain
(M(Azq, Bx1) — M (A, Bxa), n(z1, 22)) < (27 — 23, n(21, 22)),
which implies

(M(Axy, Bxy) — M(Axg, Bxy),n(x1,z2))

+ (M (A1, Bxy) — M(Azy, Bxa),n(x1, 22)) < |lz] — 23| |[In(z1, 22)]-
Since M(.,.) is af-symmetric n-monotone continuous with respect to A and
B,

allzy — x| = Bllar — 2o < 7lla] — a3 [|a1r — o]
which implies
|1 — @2|| < Lla] — 3. (2.6)
Thus
[ROGMAB) (27) — ROGMAP) (a3)|| < Lo} — a3

O

Definition 2.18. Let N : X1 x Xox X1 x X9 — X1,h : X9 — X1 be mappings.
Then the mapping N is called

(i) &-h-cocoercive in the second argument if there exists a constant £ > 0
such that for all z,y € X1, u,v, 2z € Xa,

(N(z,u,y,z) — N(x,v,y,2),h(u) — h(v))
> fHN((I},U,y,Z) - N(‘T7U)y7 Z)H%

(i) (0, ,~)-h-relaxed cocoercive in the fourth argument if there exist non-
negative constants 6, ¢ and  such that for all y,u,v € Xo, 2,2 € X3

<N(l’,y7 Z, ’LL) - N(ﬂ?,y, Z, U)v h(u) - h(?))>1
> —0|N(z,y,2z,u) — N(z,y,2,0)|; = ¢llh(w) = b)|[ + vllu —v[f3.

(iii) Lipschitz continuous in the first argument if there exists a constant
> 0 such that for all u,y,v € Xy,x,2 € Xo

”N(U,LU,:I/,Z) - N(U,l‘,y,Z)Hl < MHu - UHl‘

Similarly, we can define the Lipschitz continuity of IV in other arguments.
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Definition 2.19. Let X be uniformly smooth Banach space. Let S : X —
X*AB:X - X, H: XxX = X*"n:XxX — X be single-valued
mappings. Then

(i) S is said to be n-accretive, if
(Sz — Sy, J(n(z,y))) >0, Vz,y € X,

(ii) A is said to be strictly n-accretive, if A is n-accretive and equality
holds if and only if x =y,

(iii) H(A,.) is said to be a-strongly n-accretive with respect to A if there
exists a constant « > 0 such that

(H(Az,2) = H(Ay, ), J(n(z,y))) = alle —y|?, Vo.y,2 € X,
(iv) H(., B) is said to be -relaxed mn-accretive with respect to B if there
exists a constant 5 > 0 such that
<H(Z,BQZ‘) - H(ZaBy)a J(n(xay))> > _ﬁ||$ - y||27 Vx,y,z S Xa

(v) H(.,.) is said to be d;-Lipschitz continuous with respect to A if there
exists a constant d; > 0 such that

[H(Az, 2) = H(Ay, 2)|| < dil|z —yl|, Vo,y,2 € X,
(vi) n is said to be 7-Lipschitz continuous, if there exists a constant 7 > 0
such that
[n(z. )| < 7llz =y, Yo,y € X.

Now, we formulate our main problem.

Let foreach i =1,2,j € {1,2}\14, g; : X; — X5, m : X; x X; — X, be single-
valued mappings, N; : X7 X X7 x XJ x X7 = X[, Q; : X7 x X7 — X[ E;
XixX; = X7, P+ Xy x X; — X7 be single-valued mappings, let S;, T;, G, F; :
X; — C(X}) be multi-valued mappings such that u; € S;(x;),v; € Tj(x;), w; €
Gi(x;),t; € Fi(x;), let ¢; : X; — RU {400} be a proper, lower semicontin-
uous and n;-subdifferentiable and let g;(X;) N domd¢;(.) # 0. We consider
the following system of generalized implicit variational-like inclusion problem
(SGIVLIP): Find (z;, u;, v;, w;, t;) such that

(N1(ur, v2, w1, t2) — p1Q1(E1 (1, 22), Pi(z1,22)), 1 (y1, 91(21)))

> p1(é1(g1(21)) — ¢1(y1)), Von € Xa, p1 > 0,
(2.7)
(Na(u2,v1, w2, t1) — paQa(Ea (w2, x1), Pa(w2, 1)), n2(y2, g2(22)))

> p2(d2(g2(22)) — P2(y2)), Vy2 € Xo, p2 > 0.
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Special Cases: If in problem (2.7) N; : X" x X5 — X[, Q; : X7 x X7 — X[
is an identity mapping such that Q;(E;(xz;, z;), Pi(zs, ;) = —(Ei(xi, xj) +
P;i(xi,z;)). Then problem (2.7) reduces to the following problem:
(N1(u1,v2) + p1(Er(21, 22) + Pi(21, 22)),m(y1, 91(21)))
> p1(¢1(g1(x1)) — ¢1(y1)), Vy1 € Xu,

(Na(ug,v1) + pa(Ea(x2, 21) + Pa(xa, 21)), 1m2(y2, 92(22)))
> pa(d2(g2(r2)) — d2(y2)), Yy2 € Xa.

Similar type of problem (2.8) has been considered by Kazmi et al. [21].

We remark that for the appropriate and suitable choices of mappings N;, Q;,
E;, P, g, ni,®i,S:,T;,G;, F; and the underlying spaces X;, we can obtain
from SGIVLIP (2.7) many known and new classes of systems of generalized
variational inequalities, see for example, [21,27] and the relevant references
cited therein.

3. EXISTENCE OF SOLUTION

First, we give the following technical lemma.

Lemma 3.1. For each i = 1,2, let X; be a reflexive Banach space, let n; :
X; x X; — X; be a continuous mapping such that

let A;, B; : X; — X; be nonlinear mappings, let the mapping M; : X; x X; —
X7 be a;B;-symmetric n;-monotone continuous with respect to A; and B;, let
for any given x} € X, the function h;(y;, x;) = (xF—M;(A;x;, Bizi), ni(yi, i)
be 0-DQCYV in y; and let ¢; : X; — RU {oc} be a proper, lower semicontin-
uous and n;-subdifferential functional. Then (x;,u;,v;, w;, t;) is a solution of
SGIVLIP (2.7) if and only if
g1(w1) = ROPMUALBUL(M, (A, By) o g1) (1)
— [N1(u1,v2,wr, t2) — p1Q1(E1 (21, x2), Pr(21,22))]} (3.1)

and

ga(w2) = ROPRMA2B) (N, (A5, By) o go)(a2)
— [Na(ug,v1,wa, t1) — p2Qa(Ea(x1,22), Pa(x1, x2))]} (3.2)
where M;(A;, B;) o g; denotes the composition M;(A;, B;) and g;.
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Proof. For x; € X;,u; € Si(x;),v; € Ti(x;),w; € Gi(x;), t; € Fi(x;) and (3.1)
satisfies. Then we have

gi(z1) = ROPLMUALB) LV (A, By) 0 g1) (1) — [Ni(ui, va, w1, t2)
— p1Q1(E1(x1,x2), Pi(x1,22))]}

if and only if
g1(z1) = (M1(A1, B1) + p19¢1) {(M1(A1, By) 0 g1)(z1)
— [N1(ur,v2, w1, t2) — p1Q1(E1 (w1, x2), Pr(21,22))]}

This means that

(Mi1(A1, Br) o g1)(21) + p10¢1(g1(21))
= (My1(A1, Br) o g1)(x1) = [N1(u1, v2, w1, t2) — p1Q1(E1 (21, x2), Pi (21, 22))] }-
It implies that

— [N1(u1,v2, w1, t2) — p1Q1(E1 (w1, 2), Pi(z1,22))] € p10d1(g1(x1))-

Therefore, we have

p11(y1) — pro1(g1(z1))
> (= [Ni(u1, vz, w1, t2) — p1Q1(Er (21, %2), Pi(w1,22))], m (y1, 91(21))).
Hence we have
(N1(u,vo, w1, t2) — p1Q1(E1 (21, 22), Pr(x1,2)), m(y1, 91(x1)))
> p1(¢1(g1(x1)) — d1(y1))-

Proceeding likewise by using (3.2), we have
(Na(ug, v1, w2, t1) — paQa2(Ea(x1, x2), Pa(x1,2)), 2 (y2, g2(2)))
> pa(p2(g2(z2)) — P2(y2)).
This means that (x;,u;, v;, w;,t;) is a solution of SGIVLIP (2.7). O

Now we give the following result for the existence of solution of SGIVLIP
(2.7).

Theorem 3.2. Fori € {1,2},5 € {1,2}\{i}, let X; be a uniformly smooth
Banach space with px,(t) < c;t? for some ¢; > 0, let g; : X; — X; be ;-
strongly n;-accretive and Lg,-Lipschitz continuous, let n; : X; x X; — X; be
a continuous mapping such that n;(yi,y;) + ni(y,yi) = 0, for all y;,y; € X;
and n; be Ly, -Lipschitz continuous. Let A;, B; : X; — X; be nonlinear map-
pings, let the mapping M; : X; x X; — X be «;3;-symmetric n;-monotone
continuous with respect to A; and B;, let for any given x} € X} the function
hi(yi, i) = (@7-M;(Aiws, Biwg),mi(yi, xi)) be 0-DQCV in y;. Let ¢; : X; —
RU{+o0} be a proper, lower semicontinuous and n;-subdifferential functional,
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let Qi+ X7 x X5 — X7 be such that Qi(E;(.,x;), P;(.,x;)) is €;-relazed n;-
accretive with respect to M;(Aq, B;) o gi and (L(q, iy, L(q,,j))-mived Lipschitz
continuous, P; : X; x X; — X7 be (L(p,iys L(p, j))-mized Lipschitz continuous.
Let (M;(A;, B;) o gi) be Ly, -Lipschitz continuous and E; : X; x Xj — Xj* be
(L(E;,0)s L, jy)-mized Lipschitz continuous, N; : X} x X7 x XJ x X7 — X[
be Ly, ,Ln,,, LNy, Ln,, -Lipschitz continuous in the first, second, third and
fourth arguments, respectively and p;-strongly n;-accretive in the first argu-
ment, &-Qi(E;i(x},.), Pi(x},.))-cocoercive in the second argument, w;-relazed
ni-accretive in the third argument and (0;, i, vi)-Qi(Ei(z}, .), Pi(x},.))-relazed
cocoercive in the fourth argument. Suppose S;,T;,Gi, F; : X; — C(X;) are
mappings such that S; is Lg,-D-Lipschitz continuous, T; is Lt,-D-Lipschitz
continuous, G; is Lg,-D-Lipschitz continuous and F; is Lg,-D-Lipschitz con-
tinuous. Suppose that there are constants p1, p2 > 0 satisfying the following
conditions:

k; = b; +dj <1, where, )

b;: = {\/(1 —28; +2Lg, x (Ly, +1) + 64CiL?h.)
+Li{ [L?W — 2pi€i + 2p; (L(QML(EZ'J') + L) L)

1
2( 72 2 2 2 2
< (Lo, (L +1))) +64e00F (L, 1 Lo, o+ Lo,y L)) |

v (1—2m+2LN Ls, x (Ly, + 1)+64¢,1%, L2>

+\/(1—2w1+2LN L, % (Ly, +1) +64c,13, L, )}}

di: = Lz{P @ui Emag) + Liun e m)
Q(p &L%, L2 + (—9-L2 L3
—pi i (L(Q Z)L(E DREICEY ) +%)>

+64ci (L, L1, + L, L } L= s
2 J
(3.3)

Then SGIVLIP (2.7) has a solution.

Proof. For each (z1,22) € X1 X Xo, define a mapping V : X; x Xo — X x Xo
by

V(a;l,xg) = (Kl(:cl,xg),Kg(a:l,xg)), V(xl,xg) c X1 X XQ, (3.4)
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where K7 : X7 x X9 — X7 and K5 : X7 X Xo — Xy are respectively defined
by
Ki(z1,22) = x1 — g1(x1) + R?f’;f‘”l(f‘l’Bl){(Ml(Al, Bi) o g1)(z1)

— [N1(u1, va, w1, t2) — p1Q1(E1(x1, x2), Pi(x1,22))]}  (3.5)
and
Ko(z1, 1) = w3 — galws) + ROPHM A2 ((My (A, By) 0 go)(w2)
— [Na(ug, v1,wa, t1) — p2Qa(Fa(z1, x2), Pa(z1,22))]}.  (3.6)
For any (x1,x2), (2], 25) € X1 x X, it follows from (3.5), (3.6) and Lipschitz
continuity of Rgﬁ L (Ar5) and R?i %;MQ(AQ’BQ) that

| K (1, 22) — Ko (2, 25) ||
< |21 = gawn) + RO EI (M (A, By) 0 g1) (1)
— [N1(u1,v2, w1, t2) — p1Q1(E1(x1,22), P(x1, 22))]

}
— {ah = gu(ah) + BRI B (A1, By) 0 g1)(a4)

— (N1t vy wh 1) = p1Qu (B2, 25), Pi(ah, )} |

< [[(x1 = 21) = (g1(21) — 1 (@)

+ [|RIPLMUALBO LV (A, By) o g1)(21)

— [N1(u1, v2,wi,t2) — p1Q1(E1(z1, 22), Pr(21,72))]}

— ROPEMUALBOL (M) (A, By) 0 g1)(2)

- [Nl (ulla Uév wll’ t/2) - PlQl(El(x/p $/2)7 Pl(x/h $/2))]}”1 (37)
Since g; is s;-strongly n;-accretive and Lg,-Lipschitz continuous and n; is Ly,-
Lipschitz continuous, using Lemma 2.4, we have

(21 —24) = (g1(a1) — g ()|

<l — 24113 = 2(g1(z1) — g1()), Ji(m (@1, )
—2(g1(21) — g1(=7), Ji(w1 — 7)1 — Ji(m (1, 7))
+2(g1(z1) — g1(), J1(z1 — o)) — Ji(21 — 27 — (g1(21) — g1(27)))1
< ey — 2417 = 281l — 23
+2)lg1(z1) — g1 (@D % (Jzr — 24| + I (1, )] + 64e1 L, ||z — =) ]|F
<l — 2417 = 281 [len — 243
+2Lg, [lz1 — 24| % (|1 — 24| + Loy, [|21 — 24 ||) + 64e1 L2 (|1 — 24 |13
= (1—2s1+ 2Ly, X (14 Ly,) 4+ 64c1 L2 )||lz1 — = [|F.

This implies

(1 = 27) = (g1(21) — g1(21)) ]|,
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< \/(1 — 251+ 2Ly, X (14 Ly,) + 64c1L2,) |21 — 24 1. (3.8)
Now, using Theorem 2.17, we have the following estimate:

ROPLMIALBO LM, (Ay, By) 0 g1)(21) — [Ni(ur, va, wy, )

— p1Q1(E1 (21, 22), Pi(z1,22))]} — Rgf)ﬁan(Al Bl){(Ml(AhBl) o g1)(21)

~ Vi (5, w4, 15) = prQu(Br(ah, @), Pr(ah, ap))]} |

< L|[{(Ma (A1, Br) 0 g1) (1) = [Ny (v, w1, 12)
— p1Q1(EL(z1, 2), P1(71, 2))]}
—{(M1(A1, B1) o g1)(27) — [N1(uy, vh, wi, t5)
~ MQu(Ex(ah,2%), Pulay, ap))]} |

< L[| (M (A1, By) © g0)(@1) = (Mi(Ar, B) 0 1) (a)

+ p1[Q1(Er (21, 2), P21, 72)) — Q1(EL (2], 22), Pi(a), 22))]

+ p[Qu(E1 (21, 22), Pi(21, 22)) — Q1(E1 (2}

)

zh, ), Pr(a], 5))]
— [N1(uy, v2, wi, ta) — Ni(ul, vy, wi, th)] ‘ )

< L[ (My(Ar, Ba) 0 1) (1) = (My(Ar, By) 0 g1) )
+ 01[Qu(Ba(wr,22), Pu(wr,72)) — Qu(Er(ah, w2), Prat,a2))]
‘|‘L1H[N1(U17'U2awlat2) - Nl(u,DUé?w/laté)]

— QB 22), P, 22)) = Qu(Br(ah,ah). Pl ay))]| . (3.9)

Since Q;(E;i(.,x;), Pi(.,x;)) is €;-relaxed n;-accretive with respect to
(M;(As, B;) o gi) and (L, ), L(q,j))-mixed Lipschitz continuous, P; : X; x
X; — X7 is (Lp,i), L(p, j))-mixed Lipschitz continuous, (M;(4;, B;) o g;) is
Lp,-Lipschitz continuous and E; : X; x X; — X7 is (L&) L(E,,j))-mixed
Lipschitz continuous, from Lemma 2.4 we have

I(M1(Ay, By) © g1)(21) — (M1(Ar, B) o g1)(2))

+ p1[Q1(Er (a1, 2), Pi(1,22)) — QB (2], x2), Py(a, 22))] |17

< [[(M1(Ay, Br) 0 g1)(a1) — (Mi (A1, Br) 0 g1) () [I}

— 2P1<Q1(E1 (21, 22), Pi(21,22)) — Q1(E1 (2], 22), Pi (2], 22)),

Ji (771((M1(A17 Bi) o g1)(x1), (Mi(Ar, Bi) o 91)(353))) >1
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- 2p1<Q1(E1 (z1,22), Pi(21,72)) — Q1(E1(2], 22), Pi (), 22)),
I (M1, Br) 0 1) (1) = (Mi(A, Br) 0 1) (1))

— 1 (m (M (Ar, Br) o g1) (1) = (M (A1, Br) 0 1) (@))) )1

- 201<Q1(E1 (z1,22), Pr(21,22)) — Q1(E1 (2], 22), Pi (2], 32)),

+2 <(M1(A17 Bi)ogi)(z1) — (Mi(Ay, By) o 91)(90’1)>

— 1 ((Mi(A1, By) 0 g1) (1) — (Mi(Ay, By) o g1)(ah)

+ 01 [QuEs (w1, 22), Pu(wy, 22)) = Qu(Br (), w2), Pi(ah,a2))] ) ).
< Lig llzr = 2117 = 2prenf|lzn — 2717

+2p1(|Q1(E1 (21, 22), Pr (21, 22)) — Qu(E1 (2], 22), Pi (2, 2))|

x 1My (A1, Br) 0 1) (1) = (Mi(A1, By) © g1) (@)1

+[m(@nan B o g @), (AL B 0 g1) @)

+ 64c1p7[|Q1 (Er (21, 22), Pi (21, 22)) — Q1(Br (2, x2), Pr (2], 22)) |2

< Lip ller — 241§ — 2pren[lzn — 4|7
+2p1 [(L(Ql,l)HEl(xlax2) — By (2, z2) |2
+ L@ llPi(@1,22) = Pi(a),22)]|2)
x (L llzy = @4111) + Lo Lan 1 — a1
+ 64103 (L, 1) Lyl = 24 + Lig, oy Lip, yller — 2417)

< (L%wl —2p1€1 + 2p1 [(L(Q1,1)L(E1,1) + L(QI,Q)L(Pl,l)) X (Lo (1+ Lm))}
+ 64e1pf (L%Ql,l)L%Ehl) + L%Q1,2)L%P171)>> o1 — I

This implies

(M1 (A1, By) o g1)(w1) — (M1(Ay, Br) o g1)(2})
+ p1[Q1(Er (21, x2), P (1, 22)) — Q1(E1 (27, 22), Py (2, 22))] |1

< [L%wl —2p1e1 + 2p (L(Q1,1)L(E1,1) + L@, ,2)L(p1) X (L (1 + Lm))>

1
+64e10 (Ligun Loy + Lo Lm )|l = 241 (310)
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Now,

I[N (u1, v2, wi, t2) — Ni(uy, vy, wi, t5)]
— p1[Q1(E1(2, 22), Pr(2, 22)) — Qu(E1 (2}, 25), Pr(x), 25))]1
< |[[N1(ur, v2, wi, t2) — Ni(uy, v, wi, t2)] — (21 — 7)1
+ [I[V1 (uy, 09, wi, t2) — Ni(uy, v, wy, t2)] + (21 — 27) |1
+ || N1 (u), vo, wi, ta) — Ny(u), v, wi, t2)
+ Ni(uy, vy, wy, ta) — Ni(uf, vh, wi, 1)
— Q1 (B (7, 22), Pi (2, 22)) — Qu(Er (2, 25), P2y, 5)]lli. (3.11)
Since, N; is Ly, -Lipschitz continuous in the first argument and p;-strongly

n;-accretive in the first argument and S; is Lg,-D-Lipschitz continuous, we
have from Lemma 2.4,

I[N (w1, v2, w1, t2) — Ny(uy, va,wi, t2)] — (z1 — 24)|3

< o = @417 = 2( Mo, v wn, t2) = Na(uh v wn, o), S (@1, 24))).
- 2<N1(u177)27’w1,t2) — Ny (uf, va,wr,te), Ji(xn — ) — J1(771($1796/1))>1
- 2<N1(u1,v2,w1,t2) - Nl(u/17v27w17t2)7 Jl(xl - xll)

s ((xl — ) - (Nl(ul,vg,wl,tg) — Ny (), va, wl,tg)))>1

<oy — 24} = 2l — 24117
+ 2|[ N1 (u1, v2, w1, t2) — Ni(ug, vz, wi, o)1 % (lar — 23 [l + I (@1, 27) (1)
+ 64y || N1 (ur, va, wy, t2) — N1(uf, va, w1, t2)|[3

< oy — 24 [F = 2pallwy — 2|17+ 2L, lus — ullly x (14 Ly,)llar — 24|l
+64c1 LYy, [Jur — i |I}

< lzy — 24 |72 |y — 2|17 + 2Ln, D(S1 (1), S1(24))1¢(1 + Ly, ) lz1 — 2411
+ 6401L?V11D(Sl (1), Sl(xﬁ))%

< (1 — 21 + 2Ly, Ls, x (14 Ly,) + 64c1L%V11L§1) a1 — 2|2
This implies

I[V1 (1, v2, w1, t2) — Ny(ul, v, we,t2)] — (21 — 27) |1

< \/(1 — 2 + 2Ly, Ly, X (1+ Ly,) + 641 L3, L3) [lz1 = 1. (3.12)
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Again, since, N; is LNiS—Lipschitz continuous in the third argument and w;-
relaxed n;-accretive in the third argument and G; is L¢,-D-Lipschitz continu-
ous, we have from Lemma 2.4,

I[N (1}, vy, wi, t2) — Na(uy, vp, wh, t)] + (21 — 27) |17

<l = 24+ 2( Nu (v, wi, ) = Nu(uh, v, wih o), Sy (,24)) )
— 2( N1 (uh, vy i t2) — Ni(uh, vyl t2), i (20— 2) = Ji(m (w1,21)) )
- 2<N1(U/1, Uéa wl)t2) - Nl(ullavéawllatQ)a J1($1 - xll)
- J1((l’1 —zh) + (Nl(ullavéawlatQ) - N1(u/1,vé7wl17t2))>)>l

<oy = 24§ = 2w f|ln — 2717
+ 2|[ N1 (uf, vh, wi, ta) — Ni(ug, vh, wh, ta) |l x (ler — 23 [l — Im (21, 7))
+ 6401”N1(u,1avéaw1>t2) - Nl(ullavéawllah)H%

<l = 4 |1F = 2wl — 243
+ 2Ly [lwr — w1 x (14 Ly, )l[z1 — |1 + 64er LR, [lwr — wi [

< [l — 2 [[i=2w1 |21 — 24 [|F42L N, D(G1(21), G1 (7)) 1}(1 + Ly, )21 — 24 |1
+ 6401L?\713'D(G1 (.%'1), Gl(a:'l))%

< (1= 201 +2Lny Ly X (1+ Ly,) + 64e1 L, L, ) o1 — 243

This implies

I[N1(u}, v, wi, t2) — Ni(uy, vh, wh, t2)] + (z1 — 24l

< \/(1 —2w1 +2LN,, Ly X (14 Ly,) + 64c1L§V13Lg1) lz1 — 2|1 (3.13)

Again, from Lemma 2.4, we have
| N1 (uf, va, wi, ta) — Ny(uh, vh, we, ta) + Ni(uh, vy, wl, ta) — Ny(uf, vy, wh, th)
— p[Qu(BL (2], 22), Pi(2},x2)) — Qu(Er (2, 25), Pi (], 25))][17
< p1l|Q1(Er (2], m2), Py(2), 22)) — Qu(E1 (2], 25), Pi(ah, 25))|I
- 2<N1(u/1,1)2, ’U}l7t2) - N]_(Ull,’l)é,w]_,tQ)
+ Nl(ullavéawllatQ) - Nl(u,hU/Q?w/lat,Q)a
Ji <p1 [Q1(Er (2, 22), P27, 22)) — Qu(Er (a7, x5), Pi(x], 25))]

- [Nl(u/I)UQ)wlvt2) - Nl(ullavéuwl)tQ)
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+ Ni(uty, v, wh t2) = Na(oty, v i, 15)]) )
< p1Q1EL (2, z2), Pr(x), x2)) — Q1(E1 (), 25), Pi(x), 25)) |7
- 2<N1(u'1,v2, wy,te) — Ny(ul, vh, w,t2)
+ Ni(uy, v, wy, ta) — Ni(uf, vy, wh, th),
I (IQuEN (2], 22), Pi(ah,2)) — Qu(Ex(ah, 7h), Pi(ah, 24)]) )
+ 2<N1(u'1,vg, wy,te) — Ny(uf, vh, w,t2)
+ Ni(uy, vy, wy, ta) — Ni(uf, vy, wh, th),
Ji <P1 [Q1(E1 (2, 22), Pi(a), 22)) — Q1(Eq (2, 25), Pr (7, 56'2))])
— 1 ([QUB (a1, w2), Pi(ah,22)) — Qu(Bx (2}, 2h), Pi(ah, )]

- (N]_(U/I,UQ,’LUl,tQ) - Nl(ullvv/Z)wlatQ)

+ Ni(uty, v, wh t2) = Na(oth, v i 15)) ) ) (3.14)

Again, since Q; is (L(q, i), L(q,,j))-mixed Lipschitz continuous, P; is
(L(p, 5, L(p,j))-mixed Lipschitz continuous and Ej; is (L(g, ), L(g, ;) )-mixed
Lipschitz continuous, from Lemma 2.4 we have

1Q1(Er (2, 2), (2], 2)) — Qu(E1 (2], ab), Py(x], 25))|I3
2

< L3, I Ea(@h, m2) — Br(ah, sh)I3 + Lig, ) 1P1(ah, 22) — Pi(ah, 24)]3

= L%Ql,l)L%El,Z)H$2 — bl + L% 1,2)L%P1,2)||332 — a3]3.

1

This implies
1Q1(E1 (2, z2), Pr (2, 22)) — Qu(E1 (2, 2h), Py(ah, 2b))||F
< (Bl Lin) + Lionn Eip ) ) lle — w413 (3.15)

Again, since N; is &-Qi(Ei(x},.), Pi(x},.))-cocoercive in the second argument
and (0;, @i, 7i)-Qi(Ei(x},.), Pi(x}, .))-relaxed cocoercive in the fourth argument,
Ly, , Ln,,-Lipschitz continuous in the second and fourth arguments, respec-
tively and 7; is L,-D-Lipschitz continuous, F; is L,-D-Lipschitz continuous,

we have

- 2<N1(u'1, Vo, w1, to)—N1 (U], v, wi, to)+Ny (u], vh, wi, ta) — Ny (u), v, wi, ),
Ji (o1 (QUEL, 29), Pi(ah, 2)) — QuEa (w4, 25), Pi(ah,ah)) ) )

S —2<N1(u/1,v2,w1,t2) - Nl(u/17 vév U]l,tQ),

1
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(91 (Qu(Br(ah,22), Pi(eh,22)) = Qu(Ba(ah, ), Pu(ah,ah)) ) ) ),
— 2 N (uh v wh £2) — N (uh, v wh 1),
I (o1 (QuUEL( 22). Pu(ad,22)) = QuBr (e, 2)). Po(ad,25))) ) )
< —2p1&1 || N1 (u), vg, wi, t2) — Ny(u), v, wi, t2)|I3
= 2( = 00| Va (o v ] t2) — N (05, w0t 1)
— 197 | Qu(BL (2], 2), Pi(2, x2)) — Qu(Br (2, 25), Pi(x, 25)) |17
+llez - 2b3)
< =2l o = vhll3 = 2( = 61L%, 1tz — 1513
~ o1 (B, 1B (@, 22) — Bu(ah, )3
+ L2, p|P1 (@, @2) = Pr(ah, ah)3) +mllza — a5)3)
< —2m& L%, llos — 053 = 2( = 61 L%, l1ta — 14113

— 031 (Lo, Bl o) + Loy 2y Lim ) ) o2 — 243+l — a5l13)

< —20161 L, D(T(w2), Ta(ah))3 — 2( — 01 L, D(Fa(w2), Fa(ah))
— A1 (L, 1) Lis, o) + Loy oy Lim o) ) Iz — a4ll3 + ez — a113)
< —2p1& L%, L llws — abll3 — 2( = 01 LR, L |z — 2b 3
- P%@l <L(2Q1,1)L(2E1,2) + L%Ql,Q)L%P1,2)> |2 — 1‘/2”% +7llze — $é”%)
< < —2p&1 L%, L, — 2( —601LY, L,

— Pl (L?Ql,l)L%Elﬂ) + L%Q1,2)L%P1,2)> + 71)) 22 = a5
This implies
— 2<N1(u’1,vg,w1,t2)—N1(u’1,vé,wl,tg)—i—Nl(u'l, vh, wl, te)—Ny(u], vy, w, ),
J1 (o1 QB 22), Pi(ah, 2)) — QuEi(ah,25), Pi(ah, b)) ) )
< (-2m&ath, 13, - 2( - 0L, I,

= o1 (Lo Loz + Loy Limgy ) + ) llez — a5l (3.16)

1
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Again,
2<N1(u'1,v2,w1,t2) — Ni(uy, vy, wy, to) + Ny(ul, vy, wy, te) — Ny(ul, vh, wi, th),
I (o1 (QuB(h22), P, 22)) = Qu(Br(ah, ), Pi(ah, 7)) ) )
= 711 (@i (Ba(h o), Pi(eh, 22)) = Qu(Ea (@, ), Py, b))
— (Nl(ull,vg,wl,tg) — Ny (ul, vh, wy,ta) + Ny(ul, vy, wh, t2)
— Nu(uh, v, 1)) ),
< 64cy || Ny (ul, va, wr, ta) — Ny(ul, vy, wi, ta) + Ny(u), vh, wi, ta)
— Ni(uf, v, wi, )17

1 (| N1(uy, vo, wr, ta) — Ni(uh, v, wi, t2)||1 + || N1 (u], vh, wi, t2)

2
— Ni(uth, vh,wf, 1))

C1

(
(u
, 2
64c1 (Lo, vz = vlla + Lov,, [t2 = th]l2)
2
(LN12D Ty(w2), To(25))2 + LN14D(F2($2)7F2($'2))2)

2
< 64cy ( Ly, Ly, lzg — 2hl2 + Ly, Lr, [l22 — 252 )

< 64, (LNIQLTQ + LN14LF2> 2 — b2, (3.17)
It follows from (3.14)-(3.17), that

”Nl(ullav%wlat?) - Nl(u,lavéawlth) + Nl(ullavéawllatQ) - Nl(“i?”é?wllaté>
— o1 (Qi(Br (2}, 22), Pi(),22)) = Q1 (Br (), 2h), Pi(ah,2h)) ) I}
< (Bl Bea + Lo Lo )l — o3
~2(p&i L, 14, + (0L, I}
- L?, (L. o+ L2, o L7 + |l2zo — 2b]|3
Pien(LignLie 2 + Lig, 2 (P,2)) T 1) )1IT2 — T2l
2
+ 64c; (L]\leLT2 + LN14LF2) |lxo — :Cé”%

This implies

”Nl(u/17v27w17t2) - Nl(u,lavéawlatQ) + Nl(ullavéawllatQ) - Nl(ull?vé?wllaté>

— 1 (Q1(E1($37$2),P1(3?'17332)) - Ql(El(ﬁ«“'px'z)vPl(ﬂ«“'px/z))) 1
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2 2 2 2 2 2 2 2 2
= [01 (L(Ql,l)L(El,z) + L(Q1,2>L(P1,2)) - 2</)151LN12LT2 + ( — 0Ly, L,
2 2 2 2 2
— P11 (L<@1,1>L<E1,z) + L 1,2>L<P1,2>) + 71))
211/2 )
+ 64cy (LN12LT2 +LN14LF2> } H.%'Q —JIQHQ. (318)

From (3.5), (3.7)-(3.18), we have

!

< {\/(1 — 251 + 2L, X (14 L) + 64e1 L2))|

HK1(1‘1,$2) — Ky (2, x5)

+ Ll{ [Lﬂ1—20161+201 ( [L(Ql,l)L(E171)+L(Q1,2)L(P1,1)} X (Lo, (1 + Lm)))

1
2
+64c1p} (L%Ql,l)L%El,l) + L%le)L?Phl))]

+ \/(1 21 + 2Ly, Ly % (14 Ly) + 641 I3, I3, )

+ \/(1 — 2wy + 2Ly, Ly % (14 Ly,) + 64c1L§V13Lgl) }}||g[;1 — s
2 2 2 2 2
+ Ll{Pl (L(Ql,nL(El,z) + L(Q1,2)L(P1,2))
-2 (Pl& LY, L2T2+(—91 LR, L, —pien <L%Q1,1)L%E1,2)+L?Q1,2)L%P1,2))"1"71> )

2y1/2
+ 64cy (LN12LT2 + LN14LF2> } ng - x,2||2
< il — 2y |1 + dif|lza — 2b]lo. (3.19)

Similarly, we infer that

| Ka(@r,2) = Kaah,ab)|| < bollws = ablla +daflas =i (3:20)

‘2

From (3.19) and (3.20), we have

| K1 (21, 22) — Kl(ﬂfﬁ,xé)Hl + HK2(1’1,$2) — K (2, x3)

< killer — 2}l + kallze — 25l
< E{llzr — 2yl + o2 — 252}, (3.21)
where k1 = by + da, ko = by + d; and k = max{k;, ka}.
Now, define the norm |||, on X; x X3 by
H(xl,xQ)H* = H.%'1H1 + HI’Q‘ 99 V(aﬁl,:ﬂg) c X; x Xo. (3.22)
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Then we know that (X7 x Xo,||.|[«) is @ Banach space. Hence, it follows from
(3.4), (3.21) and (3.22) that

< |[(Ki(@r,22), Kaor,@2)) = (K (), ah), Ka(ah, 2)) |

|Vi@122) = Vet ah)

< HKl(% r9) — K1 (2, xy), Ko(w1, 22) — Ko (2, x3)

*

< HKl(ﬂﬂl,ﬂﬂz) - Kl(l‘/l,fz)Hl + HK2(331,5E2) — Ky (2, x5)

,
2}. (3.23)

Since k =max {ki,k2} < 1 by (3.3), it follows from (3.23) that V is a con-
traction mapping. Hence, by Banach contraction principle, it admits a unique
fixed point (z1,z2) € X1 X X3 such that V(x1,22) = (1, 22), which implies
that

S (R B i

g1(21) = RO {(My1(Ay, By) 0 g1)(a1)
—[N1(u,v2,wi,t2) — p1Qi(Er(z1,22), Pi(x1, 22))]}

92(x2) = Rp3,{(Ma(As, Bo) o go)(x2)

—[Na(ug,v1,wa, t1) — p2Q2(Fa(x1, 22), Pa(w1,22))]}-
It follows from Lemma 3.1, that (x;,u;, v, w;,t;) is a solution of SGIVLIP
(2.7). This completes the proof. g

4. ITERATIVE ALGORITHM, CONVERGENCE AND STABILITY ANALYSIS

Lemma 3.1 is very important from the numerical point of view as it along
with Nadler [23] allows us to suggest the following iterative algorithm for
finding the approximate solution of SGIVLIP (2.7).

Algorithm 4.1. For each i = 1,2,5 € {1,2}\ 4, gwen (29, ud, vl w?, 1Y),
where 29 € X;,u) € S;(a! )’UOET( )wOGG( N € Fy(2?) such that
Si, T;, Gi, Fy « X; — C(X;) compute the sequences {x"} {u"} {ol'}, {wl}, {t7'}
by the iterative schemes:

TL n n n 87 BY n
= (1=a"af + 0" {2t —gu(a]) + Ror TP (0 (A, B 0 g1) a)

- [Nl(u?ﬂ UQL?w??tg) - plQl(El(fo,:L’g), Pl(x?vxg))]} + ane?7

71 n n n n 8 n? > An? S n
= (1ma)ag o+ o {of —ga(a) + RSP {(( A2, Bo) o 42) 0)
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- [Ng(ug, U?? wg? t?) - pQQQ(EQ(xrllv IL’S), Pl(x?v x?))]} + ane§z7

up € Si(af) « ui ™ =il < D(Si(af ™), Silal))ss
v € Ti(ay) « ot = oflls < D(Ti(af ™), Tilaf)s,
wi' € Gi(al) « ™ —wfli < D(Gi(a ™), Gila]))s;
ti € Fi(x) : Ht”+1 tilli < DE (™), Filay))i,

where n = 0,1,2,---, p; > 0 are constants, M are ol B}

- symmetric n;'-
monotone continuous with respect to A" and B' and {el,e5}n>0 is sequence
i X1 X Xg introduced to take into account possible inexact computation which

satisfies lim |le}|| = lim |le}|| = 0 and {a"} is a sequence of real numbers
n—oo n—oo

oo
such that a™ € [0,1] and ) a" = 4o0.
n=0

First, we give the following conditions:

Condition 4.2. Let for each n > 0,n",n : X x X — X be 7"-Lipschitz
continuous such that n""(y,y") +n™(y',y) = 0 and 7-Lipschitz continuous such
that n(y,y") + n(y/,y) = 0, for all ',y € X, respectively, let M™(A™, B") :
X x X — X* be a"p"-symmetric n"-monotone, let M(A,B) : X x X — X*
be af-symmetric n-monotone, let for any given t* € X*, the functions

W'y, x) = (a" — M"(A"z, B"z),n"(y, z))
and
hy,z) = (2" — M(Az, Bz),n(y, z))

be 0-DQCV in y, let " : X — R U {oo} be a proper, lower semicontinuous
and n"-subdifferentiable function, and let ¢ : X — RU{oc} be a proper, lower
semicontinuous and n-subdifferentiable functional.

Condition 4.3. Let Condition 4.2 hold. The sequence {0¢™} which approxi-
mates {0¢} in the following sense:
d¢n M™ (A", Bn
7}1_}1{)1@ Rpf; ( )(1:*) = Rgf;M(A’B)(x*), Vz* € X*.

Now, we discuss the convergence analysis of iterative Algorithm 4.1, and we
give the following result for the existence of solution of SGIVLIP (2.7).

Theorem 4.4. For each i € {1,2}, let X; be a uniformly smooth Banach
space with px,(t) < it for some ¢; > 0. Fori € {1,2}, j € {1,2}\{i}, let
the mappings nf*,m; : X; x X; — X, A, B, A;, B; : X; — X;, M]'(A?', BI'),
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M;(A;, B;) : Xi = X7, o7, ¢+ Xi =& RU {400}, and for any given 7 € X7,
the functions

hi (yi, wi) = (@] — M (Afws, Bi'w:), 0 (yi, x1))
and

hi(yi, wi) = (@7 — Mi(Asi, Bixi), ni(yi, ©:))

satisfy the Conditions (4.2)-(4.3). Let Q; : X7 x X5 — X[ be such that
Qi(Ei(.,xj), Pi(.,x5)) is €;-relazed n;-accretive with respect to M;(A;, B;) o g;
and (L(Q,.i)» L(qQ..j))-mized Lipschitz continuous, P; : X; x Xj — X7 be
(L(p,iys L(p, ))-mized Lipschitz continuous. Let (M;(Ai, B;) o gi) be Ly,-
Lipschitz continuous and E; : X; x X; — X7 be (L(E,i)> L(E,,5))-mived Lips-
chitz continuous, N; : X7 x X7 x X x X5 — X¥ be Ly, , Ln,,, Ln,,, Ln,, Lip-
schitz continuous in the first, second, third and fourth arguments, respectively
and p;-strongly m;-accretive in the first argument, w;-relaxed n;-accretive in the
third argument and &-Q;(E;(x},.), P;(x},.))-cocoercive in the second argument
and (0;, pi,vi)-Qi(Ei(x},.), Pi(x}, .))-relaxed cocoercive in the fourth argument
and S, T;, Gy, Fy : X3 — C(X;) be such that S; is Lg, —D-Lipschitz continuous,
T; is L, — D-Lipschitz continuous, G; is Lg, — D-Lipschitz continuous and F;
is Lp, — D-Lipschitz continuous. Suppose that there exist constants p1, p2 > 0,
such that the following conditions are satisfied:

k' = b +dj <1, where,

b = {\/(1 — 25+ 2Ly, % (1+ Ly,) + 64c;L2,)
+L?{ [L?wi — 2pi€; + 2p; (L(Qi’i)L(Ei,i) + Ligyy Lip
02 2 2 2 2
(L, (Ly, + 1))) + 64¢;p° (L(QM)L(M) + L(th)L(m)}

+\/(1—2#Z+2LN Ls, x (1+ Ly,) + 64,13, L2)

[ I

+\/(1—2w,+2LN Le, % (1+ Ly, )+64ciL?Vi3Léi)}},

dif = L?{Pf( oL(e.g) + Ligui Lie J))
2<p§lL2 L2 ( 0.L%, L3

—Pi@z< (Qs0) ( z,j)—i_L( J)L(szj)) +%)>
7

24 1/2
+6dci (L, Ly + L, Ly ) |5 L= — o
o — 3
Then for each i = 1,2, the sequences {z]'}, {ul'}, {vl'}, {w]'}, {tI'} generated
by Algorithm (4.1) converges strongly to x;,u;, v;, w;,t;, respectively, where
(1,2, U1, Uz, v1, V2, W1, wa,t1,t2) is a solution of SGIVLIP (2.7).
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Proof. Tt follows from Theorem 3.2 that (z1,z2,u1,us, v1,ve, w1, wa,t1,t2) is
a solution of SGIVLIP (2.7) and hence further it follows from Lemma 3.1 that

z1 = (1= "oy +a" {1 = g1 (1) + BOZ, (M (A1, By) 0 1) (1)
— [Ni(u1, v2, w1, t2) — p1Q1(Er (21, 22), Pr(21, 22))]},

z2 = (1= ")z + 0" {3 — ga(w2) + RO, {(Ma( A2, B) 0 g2)(2)

— [Na(u2, v1, w2, t1) — p2Qa(E2 (w1, 22), Pa(71, 72))]}- (4.2)
From Algorithm 4.1, we estimate
27 = 2fls < (1= a2} — 2i]li + ™2} — 21 = (91(2]) = g(@1))|n
a "’M’VL A"L’Bn
+ 0" | Ry M ED () — ROGLMALE) ()| + ae,
where

VI ={(M1 (A1, Bi)ogr)(@])—{N1(uf, vy, w13 )-p1Q1(Ex (27, z3), Pr (27, 23))]}
and
V1 ={(M1 (A1, By)ogr)(w1)—[N1(u1,v2, w1, t2) — p1Q1(E1 (21, 22), Pi (71, 72))]}-
Using Theorem 3.2, we have

27 — a1 [l < (1= a™) |2} — z1lh + a2} — 21 — (91(2F) — g1(21)) |1

091, M{* (AT, BY) 99T, M7 (AT ,BT)
T a[ROPLMEATED (pry - ROSLMEATED ()

+a"®T + a"el

< (I =a")[l2} —all + a"[[a7 — 21 = (91 (27) — g1(x1)) 2

+a" LTIV = Vil + a" @Y + a”ef, (4.3)
where Do A (AT BT
”747 n n’ n A
o 1= R AT ) - AR )1 (44)

Using the same arguments used in estimating (3.8)-(3.23), we have

[yt

< (1= a2t — 1|1 + a" [\/(1 — 251+ 2Ly, x (14 Ly,) + 64e1 L2,)

+ er{ [L?\/Il —2p1€1 +2p1 <L(Q1,1)L(E1,1)+L(Q172)L(p171)X(LM1 (1+ Lm)))

1
2
+ 6de1 pf (L%Ql,l)L%El,l) + L%le)L?Pl,l))]

+ \/(1 21+ 2Ly, Ls, % (14 Ly,) + 64e1 L%, I3, )
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n \/(1 — 2w + 2L, Ly x (14 Ly,) + 6401L?V13Lé1> H 2% — 1|

2 2 2 2 2
+a"Ly [Pl (L<Q1,1)L<E1,2) + L(Q1,2>L(P1,2)>
_Q(m&L?VlQLQTzJF(_ O\Ly, L1, pign (L%Ql,l)L%Elz)* L?Q1,2)L%P1,2))+’Yl>)

+64ex (L, Lz, + Ly, L) | Y2008~ golls + 0”0 + anen
< (1 —=a")|2t — a1l
+ a™{07 |2} — @1lly + dY ||y — @2ll2} + a" T + a”leT |1 (4.5)
Similarly, we infer that
25 = @ale < (1 = a™)|laf — 2oz + a" (D5 ||25 — @2l + db 2T — 2111}
+a"®5 + a"|le3 |2 (4.6)
From (4.5) and (4.6), we have

2} — 21|l + |25t — 2ol

<[ -a"(1- kD))

xy — lel +[1-a"(1- ké‘)]’ xhy — x2H2
+a"(@F + 03) + a” (|leflly + ez

<[1—a"(1 —max {kT, Ek5})] (H:r? —

o5 =]
1 2
(@ + @5+ et + l1e52)

+ an(l — max {k??f; ]‘3721}) (1 — max {kn k?}) 7 (4.7)
1>
where k7' = b} + db; kL = b5 + d7.
If ¢ n n B {(CI)?—F(I)g—i_He?Hl_‘_HegHQ}
¢ *‘xl_mIH1+’x2_m‘2’ N (1 — max {k},kZ}) .

w" =a"(1 — max {k7, k3 }),
then, we have
Cn—&-l < (1 _ wn)Cn + W R,

Using Lemma 2.6, we have (" — 0 as n — oo. This implies 2} — x1, 25 — x2
as n — 00. Since S; is Lg, — D-Lipschitz continuous, it follows from Algorithm
4.1 that

< D(Si(xf), Si(wi))i < Lg,

n

i
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This implies that u] — u; as n — oco. Further, we claim that u; € S;(z;),

d(ug, Si(xi)) < lug — ul]; + d(uft, Si(xi))s

wi — udli +D(Si(x}), Si(wi))s
lui —wtll; + L, || — xill;

— 0asn— oo.

IAINA

Since S;(z;) is compact, we have u; € S;(x;). Similarly, we can prove that v; €
Ti(zi), w; € Gi(zi),t; € Fi(x;). So the approximate solution (z', ul", v}, wl, t7")
generated by Algorithm 4.1 converges strongly to (x;,u;, v;, w;,t;) which is a

solution of (2.7). O

Now, we discuss the stability analysis of Algorithm 4.1.

Theorem 4.5. Let, for i € {1,2}, j € {1,2}\{i}, Xi, 0, mi, A}, B!, A;,
Bi; Mzn(Azlaan)? MZ(A”LaBZ)z d)?y ¢i7 h?7 h’i; N’i: Qi; Ei; Pi; S’i7 717l7 Gi; Fi;
gi, Mi(A;, B;) o g; be same as in Theorem 4.4 and let (4.2) of Theorem 4.4
hold. Let Conditions (4.2) and (4.3) hold and let {(Z}, ul, v, @, t1*) }n>0 be
any sequence in X; and define €" = €} + €5 forn >0 by

e — ’ Frh {(1 — aM)E + a"{fc? — (@) + Ry {(Mi(A, Br) © 1) (3)
— (Ni@p, 5,07, 8) - mQu(Bi (@Y, 7). Pt a9) ) | +amer] |
e — ’ Foth {(1 — Az + a"{fcg — 92(75) + B2, {(Ms(As, Bo) © g5)(75)

)

— (Na(, 07, 05, 77) — paQa(Ea(al, 35), Po(a%,25)) ) | +a"ef |

S Sz(f?) : Hﬂn—i_l — ﬂ?HZ < D(Sz(if“),sl(f?))“

(2

n
(3

o€ Ti(ay) - ||op ! — o], < D(T(EE, Ti(ED))
n

(]

€ Gy(p) : ||wptt - wp |, < D(Gi (), Gi(71))s,

)

fy € K« |6+ -, < DEET), Fi(@l):.

2

(4.8)

where p1, p2 are positive constants. Then, for any sequences {z}, u}, v, w}, t7'},

lim (z, al, o, o, %) = (x4, ui, vi, wi, t;) if and only if lim €* = 0, where
n—oo n—oo

€" =€ + €y, for alln > 0.

Proof. By Theorem 4.4, there exists a solution (x;,u;, v;, w;,t;) of SGIVLIP
(2.7). From Lemma 3.1, iterative algorithm 4.1, and using the same arguments
used in estimating (3.7)-(3.15), (4.2), we have

1277 =],

=n n\=n n)=n =n (Lol —n
— ’ A {(1 —a")zl +a {wl —q1(z}) + Rpi}ﬁ{(Ml(Al,Bl) o g1)(Z})
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- [Nl(ﬂ’?llaﬁgﬂ w??%) - plQl(El(i?v‘%g)ﬂ P1(£?7j721))]}} + ane?

- [Nl(ﬂ’?llaﬁgﬂ w??%) - plQl(El(i?v‘%g)ﬂ P1(£?7j721))]}} + ane?

< ¢+ ||| - amat + o {at - gu@n) + By {00 (AL By 0 1) )

- [Nl(ﬂ’?llaﬁgﬂ w??%) - plQl(El(f?ng)ﬂ P1(£?7j721))]}} + ane?
+ RO {(M1 (A1, Br) 0 g1) (1)

P1,M1

- [(1 —a")r1+a { g1(x1

)

— [N1(u1,v2, w1, t2) — p1Q1(E1 (21, 22), Pi(21,72)) } Hl
(z
(z

[E——

<@+ (1—a)|@} — 2|y + a"[[(Z} — 1) — (01(F}) — g1 (1)1
+a"||ROC {(My(Ar, B) o g1)
_[Nl(ulav2vw1’tg)_p1Ql( 1(

{R8¢1 {(M1(A1, B1) o g1)(a1)

i
1)
7, Ty), P (27, 73))]}

P1,7M1

— [N1(u1,v2, w1, t2) — PlQl(El(l'lax2)aP1(1'17152))]}}||1 +a”||e}l1-

This implies that
123+ — 21| <€ 4 (1 —a™)||ZF — 21l
+a" (27 — 21) — (91(27)) — g1 (1)) |

II,
n H [(1 — aMI? + a"{f’f — (@) + By (M (A, B) © 01)(37)

T

o
1

+ an”R%’faM{’(A’va?)O‘;?) RO%1.M:1(A1,B1) V)|l + a”e?,

p1,m7 PLM
where
Vi = {(Mi(Ay, By) 0 1)(37) — [N1(ay, vy, 0f , T
—p1Q1(E1 (2T, 5), P (27, 75))]}
and

V1= {(My (A1, By) o g1)(x1) — [N1(u1,v2, w1, t2)
—p1Q1(Er(x1, x2), Pi(z1,22))]}.
Using Theorem 4.4, we have
|z — 2y < e+ (1 - a”)||ff7f - fElHl +a™ |7} — 21 — (91(Z7)

o7, M ROOLMI (AT BY)
+ a" ||y ED (g — ROCEMEAEED ()

+a" P + a"e}
<e + (1 —a")|z) -l +a™[|7T — 21 = (92 (77)
+a"LT|| V] — Vill1 + a"®T + a”el.

—91(15‘1

- 91(33

Dlh

)l

(4.9)
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This implies
127! — a1 < € + (1= a")l|2} — 2y (4.10)

+ a" {07 (|2 — [l + dY(|Zy — a2}
+a" @7 + a”||ef |1

Similarly, we infer that

1757 = walla < €5 + (1 — a™)|| 75 — 2|2

+ a"{by |7y — wall2 + dy |7y — 11} (4.11)
+a"®y +a"||eq])2.

This implies

Hxn+1 n+1

—zf1 + (|27 — 222
<4 [1—a(1 — max {k7, k5] (H@?—xlu n ‘;zg_@u?) (4.12)

(OF + @5 + [eT 1 + llezl2)
( — max {k17 2})

+a" (1 — max {k7, k3 })

Suppose that lim,, , €® = 0. If

{(®F + @5 + [leflls + lle3 2}
(1 —max {k{,k3})

o= |
w' = a"(1 —max {k},k}}),

# — ig—xQ‘Q, =

then, we have
Cn+1 § (1 _ wn)gn _|_wnhn‘

Using Lemma 2.6, we have (" — 0 as n — oo. This implies 2} — x1,Z5 — x2
as n — oo.

Proceeding as in the convergence of the sequence (u
that (al",of', @, t7") — (u;, v, w;, t;) as n — oo.

Conversely, suppose that (zI',al, 0", W}, t1') — (24, Ui, Vi, w4, t;) as n — oo.
In view of (4.12), we have

ool wl, ) it follows

€' =€ + €
< ||zt = 2|l + |25 — 2ala
+[1—a"(1 —max {k7, k53 })] ([|27 — 21|, + [|75 — z2|[,)
(@7 + @5 + [leT|[1 + [le5]l2)
(1 — max {k{, k3'})

Therefore, we have lim €™ = 0. This completes the proof. O
n—oo

a"(1 —max {k7', k3 })
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Remark 4.6. The problem considered in this paper is more general than the
similar problems consider by many researchers in the literature. The results
presented in this paper generalize many known results in the literature. The
class of M(.,.)-n-proximal mapping is more general than the similar types of
operators considered in the literature, see for example [13,19] and the related
references cited therein. The stability analysis can further be extended for
other classes of variational inclusions and their extensions considered in the
literature, see for example [1,3-6,8-11,13,17-25,29-31].
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