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Abstract. This paper gives sufficient conditions to ensure the existence and stability of
solutions for generalized nonlinear fractional integrodifferential equations of order « (1 < a <
2). The main theorem asserts the stability results in a weighted Banach space, employing the
Krasnoselskii’s fixed point technique and the existence of at least one mild solution satisfying
the asymptotic stability condition. Two examples are provided to illustrate the theory.

1. INTRODUCTION

During the last decade, with the advent of fractional differential equations
as a frontier area of research, different concepts of fractional derivatives and
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integrals are being introduced and used by various researchers, for example,
Riemann-Lioville, Caputo, Grunwald-Letnikov, Riesz and Hadamard deriva-
tives and integrals [18, 21]. It is known that fractional derivatives essen-
tially capture the non-local nature of the dynamics. However, while dealing
with increasingly complex systems, different types of non-locality arise and
researchers try to fit in by generalizing the existing fractional derivatives.
Almeida et al. [3] introduced a generalized fractional integral and derivative
that interpolates the Caputo and Caputo-Hadamard fractional derivatives.
Here the kernel is generalized using a parameter p that helps in capturing a
variety of non-local phenomena and some direct applications found in the liter-
ature are image encryption and quantum mechanics related to chaos problems
arising in fractional dynamical systems. For more properties of this derivative,
we refer the readers to [2, 3, 13].

A variety of literature can be found in discussing the existence, uniqueness
and qualitative properties of the fractional integrodifferential equations, for
example, see [1, 5, 9, 14, 15]. Stability of these systems plays a crucial part
in stabilizability and controllability problems. There are many notions of sta-
bility and various methods to study stability problems. We choose the fixed
point method to establish stability results since it only requires conditions of
averaging nature which is advantageous over other methods using pointwise
conditions. Only fewer works are reported using this method, for example, see
[4, 16] and references therein. Burton and Zhang [10] generalized Schaefer’s
and Kranoselskii’s fixed point theorems suitable to study fractional differen-
tial equations (FDEs). Ge and Kou [12] adopted these fixed point theorems to
study the stability of FDEs and Makhlouf et al. [7] followed a similar method
to study the existence and stability of generalized FDEs. On the other hand,
very recently several researchers investigated the existence of solutions of gen-
eralized FDEs and some of the works discussed various notions of stability on
generalized fractional differential equations [7, 8, 17, 22, 23, 25].

Motivated by the above works, we study the existence and stability of the
following generalized nonlinear fractional integrodifferential equations
¢

CpYPu(t) = b a(l), /t h(t, 5, 3(s))ds), ¢ > o, (1.1)

t .

:B(to) = Xy, 33,(750) =, (12)
where 1 < a < 2,0 < p # 1, zg,z1 € R, I := [tp,00) and the functions
f:IXxRxR—Randh:IxIxR— R are continuous with f(¢,0,0) = 0.
The nonlinear function f of this type with integral kernel h occur in math-
ematical problems concerning electromagnetic waves in dielectric media [24],
ruin probabilities in financial risk theory [11], among many more applications
found in applied physics.
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First the initial value problem (1.1)-(1.2) is converted into an equivalent
integral equation which is a sum of two operators. One is a contraction and
the other one is compact and hence Krasnoselskii’s fixed point theorem is
applied. Existence and stability results are established in a weighted Banach
space.

The rest of the paper is organized as follows. In Section 2, basic notations,
results, lemmas and theorems are stated. The weighted Banach space and
modified compactness criterion are given in this section. In Section 3, the
main results are presented. Examples are provided in section 4 to validate the
theory.

2. PRELIMINARIES

Let us recall some basic definitions from fractional calculus needed for our
work. We adopt the definitions and other properties of generalized fractional
integrals and derivatives from [3] and [7].

Definition 2.1. (Generalized fractional integral)
Let f € L'[a,b]. Then the generalized fractional integral of the function f is

defined as . , )
o p—
e =" / I g,
: o r=si)e

where a > 0 and «a, p > 0.

Definition 2.2. (Generalized fractional derivative)
Let f € AC™[a,b]. Then the generalized fractional derivative of the function
f is defined as

a—n+1 t (p—1)(1—n)
C pap _ P 5 (n)
DI = foeas [ /s

where a > 0, a, p > 0 and n is the smallest integer greater than a.

The relationship between these two fractional operators is the following:

e -« _,d
CDLLA0 =15 (4055 ) 0

Remark 2.3. ([6])

(i) (Semigroup property) For any continuous function f, the semigroup
property for generalized fractional integral operators holds.

LI f(6) = TP f(2)
for o, 3 > 0 and p > 0.
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(ii) If f is a constant, then the generalized fractional derivative

“DXf(t) =0

Lemma 2.4. ([7]) For 1 < a < 2, the following relationship holds

t
“D3p(e =gt ([ e reas).

Lemma 2.5. ([7]) Let u € C(I,R), 1 <a<2and 0 < p# 1. Then x is a
solution of the initial value problem:

“DPx(t) = u(t), t>to, (2.1)
0

m(to) = X, .Ccl(to) =T, (2.2)
if and only if

1—p 1— t
B t (1—p)t-—° 1
R kt) . d]
b1
Fa1 (ttg) P / 53,45
1-p
p)t /to/ $2— 2p7-1+pd s dr

Qatlp —1
=D //52 - sp_fp)m u(r)ds dr.  (2.3)

Using the above Lemma 2.5, we define the solution to our initial value prob-

¢
lem (1.1)-(1.2) as follows. For simplicity we take z,(t) := / h(t,s,z(s))ds.
to

Definition 2.6. The function z is defined as a mild solution of the initial
value problem (1.1)-(1.2) if it satisfies

t\NTP (1= ptte gt
) = “) - d
x(t) ) [(to) tg /to 22 s

|
—i—:nl(tto)l”/ 55, ds

1-
Pt p/to/ o 2p71+p s dr (2.4)

Zatlp

T(a—1) / / §2-20 sp_Tp)Q o/ (T 2(7), 22(7))dsdr.
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Definition 2.7. The generalized FDE (1.1) subject to the initial conditions
(1.2) is said to be stable in a Banach space E, if for every € > 0, there exists a
0 > 0 (6 depends only on €) such that |zg| + |x1| < § implies that there exists
a mild solution x(t) defined on I which satisfies ||z| <e.

Let us introduce the following weighted Banach space and establish our
stability results in it. Let 0 < p# 1,1 < a < 2 and g : I — R be the weight
function such that g(t) > t*°*3 and g(L)g(s) < g(t) for all t,s > to. Let us
define the weighted space as

|z ()]

E:=<qzeC,R):sup—= <o0,.
{recuryap T <o}

t
Observe that E is a Banach space equipped with the norm ||z|| = sup ‘x5t§| .
t>tg 9

For further details on this Banach space, refer [19]. For any € > 0, let
Fle) ={z €E: ||z| <¢€}.

Lemma 2.8. ([7]) Let 0 < p # 1 and 1 < a < 2. Then for all t > tg, there
exist My := M (to,a,p) >0, 0 < My := Ms(p) < 1, M3 := Mz(a, p) > 0 such

that
-1 tl—p t 1
T / 55,48 < M, (2.5)
g(t) to §4— 4P
’(%/ / s2-2p ffiids dr| < M|z, (2.6)
to JT
k t,T Tap2
( t ) S 3 2_ 1’ (27)
9(3) tap?—ap+
where
2—a 1—p pt
p t 1 1
k(t77—) = F(Oé — 1) (7’) /T §2—2p (Sp _ Tp)27ozd5’ t—7>0,
0 t—71<0.

Lemma 2.9. ([20]) Let X be a nonempty closed convex subset of a Banach
space (Y, |.]]). Suppose that A and B map X into Y such that

(1) Ax+ By € X for all x,y € X,
(2) A is continuous and AX is contained in a compact set of Y,
(3) B is a contraction with contraction constant ¢ < 1.

Then there is an x € X with Ax + Bz = .
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Lemma 2.10. ([19]) Let F be a subset of the Banach space E. Then F is
relatively compact in E if the following conditions are satisfied:

(1) {=(t)/g(t) : x(t) € F} is uniformly bounded,

(2) {z(t)/g(t) : z(t) € F} is equicontinuous on any compact interval of
RT,

(3) {z(t)/g(t) : z(t) € F} is equiconvergent at infinity, that is, for any
given € > 0, there exists a T > to such that for all x € F(e) and
ti,ta > T, |x(ta)/g(t2) — x(t1)/g(t1)| < € holds.

3. MAIN RESULTS

Before proving the main results, let us introduce the following hypotheses:

(H1) There exist constants 71,12 > 0 and a continuous function % : Rt x
(0,m] x (0,72] — RT such that

£, ug(t), vg(t))]
9(t)
for all t > tp, 0 < |u| <y, 0 < |v| < .

< Pt lul, [v]) (3.1)

(H2) There exists an L!([tg, o)) integrable function m : [tg, 00) X [tg, 00) —

R such that
[h(t, s, 2(s))| < m(t, s)|(s)] (3.2)
and
t
sup [ m(t,s)ds < 0. (3.3)
t>to Jtg

(H3) There exists a constant 51 > 0 such that

/t k(t,7) (7, r1,72)
w0 9(t/T) T
holds for every 0 < 1 < n; and 0 < r9 < 19, where r = min(ry,rs2),
M is as defined in (2.6), 1 (¢, 71, 72) is nondecreasing in r1, r9 for fixed
t and t°" ) (t, 71, 79) € LY([to, 00)) in ¢ for fixed 71,7

sup dr <1 <1-— DM, (3.4)

t>tg

Theorem 3.1. Let 1 < a < 2 and 0 < p # 1. Suppose that hypotheses
(H1) — (H3) hold. Then

(i) the generalized nonlinear FDEs (1.1)-(1.2) is stable in the Banach
space E;
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(ii) there exists at least one mild solution to the generalized nonlinear FDEs

(1.1)-(1.2) such that

(1—My—pB)e
My + My(ty? +t5")
that if |xo| 4 |z1] < J then there exists a mild solution x(t) defined on [tg, +00)
which satisfies ||z]| < e.

Consider the nonempty closed convex subset

Proof. (i) Let 0 < € < n1,m2 and take § < . Let us prove

Fle)={z:x €E,|z|| < e} CE,

which is also a Banach space.
We define two mappings A, B on F(e) as follows:

Ax(t) = f’z_“tl_p/t: [/t 1 f(T,x(T),zx(T))ds] dr

IMNa-1) , 8272 (P — TP)2

= / E(t,7)f(r,2(T), 2 (7))dT, (3.5)

to

t\NT? (p—De o1 .
Bz(t) = — d tto)'

t tropt
1 1—p 1 z(7)
X /to Ean ds+ (1 —p)pt /to [/T =% 1+ ds| dr. (3.6)

Obviously, for z € F(e€), both Az and Bz are continuous functions on [tg, +00).
By Hypothesis (H2), we see that

|22 (8)] < t [h(t, s, 2(s))|ds < t m(t, s)|x(s)|ds < el (t)],

t

where ¢ :=sup | m(t,s)ds < co. Thus we have
t>to Jtg

[zl < cll]l. (3.7)
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Since v(t,71,72) is nondecreasing in 71, for fixed ¢ and by (3.1)-(3.4) and
(3.7), for any t >ty and x € F(€), we have

Az (®)] = L t ) f(1,x(7), 2 (7))dT
= o | e s
k() | (7 2(0), 2 ()
S o e "
E(tT) (L) [zl
= l;mwﬂw<ﬂng’gv>>d7
(t,7)

Ck(t, T
/t g(t/T)w(T’ €,ce)dr

0
< Pimin(e, ce) < Pie.

Now,
Az (1)
< Bre < . 3.8)
g(t) (
On the other hand, there exists My = My(to, o, p) such that
t/to) = e 1 1
(/to) < < 4 <=M, (3.9)
g(t) ty Prertt3 T g et T gopt s
By (2.5), (2.6) and (3.9), we see that
Bu(t N — et
Be0] el (Y70 oD 1]
9(t) g(t) |\to to to 527 9(t)
! L—p)pt'=r (T[4 1
x/ LRV ) / [/ — |x1(?|ds] dr
to S e g(t) to r S P
1 —
< |:L'0| (M4 + tpM1> + |l’1|t(1) le + Mse < o0. (3.10)
0

Then AF(e) CE and BF(e) C E.

Next, we shall use Lemma 2.9 to prove that there exists at least one fixed
point to the operator A + B in F(¢). For clarity, let us divide the proof into
three steps.

Step 1: We will prove that Az+By € F(e) forall z,y € F(e). Let x,y € F(e),
from (3.8) and (3.10), we obtain,

‘Ax(t) + By(t) ‘

o0 |zo| (Mg +ty M) + \x1!t[1)_pM1 + Mae + Bie

IN

< (My+ My(tg” + 15 )6 + (M + B1)e <e,
which implies that Az + By € F(e) for all z,y € F(e).
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Step 2: We will prove that A is continuous and AF(e) is relatively compact
in E. First, we will show that A is continuous. Let (z,),en be a sequence
such that =, — x in F(e).

Using (3.1),

we get

f(r,2(7), 2(7))]

ap? |f (T, 20 (T), 22, (T))

<

IN

IN

~—

g(r
Tap2 ‘f(Ta xn(T

~—

s Zon (T + | f (1, 2(7), 2(7))|
9(7)

() o 55

27'0"’21/1(7', €,ce) € Ll([to, +00)).

It follows from (2.7) that for any ¢ > ¢y,
[ Az (t) — Ax(t)]

g9(t)

IN

IN

IN

and hence

|Az,, — Az|| <
t

Note that

|22, (t) — 22()] =

/t k(t, T) ’f(ﬂ xn(T)7 an(T)) — f(va(T)7 Zw(T))|

to 9(t/T) 9(7)
M3 ¢ Q 2|f(7’,.%'n(7'),zxn(7'))—f(T,J)(T),Zm(T)N
7 mertt /t ™ g(r 4
M % _ap (T an(7), 22, (7)) — f(7,2(7), 2(7))]
tapz—jp-i-l /t T g(T dr

Ms /°° rop? [F (T 2a(7), 20, (7)) — f(7,2(7), 24(7))]

o artl o(7)

/t h(t,s,xn(s))ds — /t h(t,s,z(s))ds

to to

< /t (1h(t, s, 2n(s))] = [h(t, s, 2(s))[) ds
= m(t, s) (|zn(s)| — [x(s)]) ds
< c(fen(®)] = [z®)]) < clon(t) — x(t)],

Hence we see that |z, (7) — 22(7)| < clan (1) — x(7)].
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Now we have for any 7 > t,

(1) — 2(7)

S Tn — ||,
e |0 — a

so lim |z,(7) —2(7)| = 0 and similarly lim |z, (7) —2,(7)| = 0 for all 7 > ¢.
Since we know f is continuous in [tp,00) X R x R, we have

lim ‘f(Ta xn(T)a an(T» - f(T,x(T), ZI<T))’

n—00 9(7)

=0 for all 7 > t;.

Then by dominated convergence theorem, it follows that || Az, — Az| — 0 as
n — oo. Thus, A is continuous in F/(e).

Secondly let us prove that AF(e€) is relatively compact in E. For all ¢ > ¢,
it follows from (2.7) that there exists a constant M3 = Ms3(«, p) such that

k(t,T) T’
gltjr) =M

3 tap?—ap+1’

Moreover, for any T > ty, the function is uniformly continuous on
{(t,7):to <7<t <T}

We have for any = € F(e), t1,t2 € [to,T] and t; < to,

Ax(ta)  Az(ty)
' glt) — g(t)

2 k(ta, 7) M K(t,T) EPEN
< /to o) f(r,a(7), 22(7))dr /to o) f(rx(7), 22(7))d

< [Ny Sy e s lar

t2 k(tQ,T)
+ [P a2 lar

(t, T
g(t/7)

k(te,7)  k(ti,7)

blk(ta,T)g(r)  k(t1,7)g(T)
< T pme e
21 k(te, 7)g(T)
_|_/t1 o) W(T, €, ce)dr
U k(2 m)g(r) k(T
<], o) |17
M3

to
/ TQPQw(T, €, ce)dr,
t1

+ tap2 —ap+1
0
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as to — t; which tells us that {f;?g),x(t) eF (e)} is equicontinuous on any

compact interval of [tg, 00). To prove that AF(e) is relatively compact in E, by

Lemma 2.9, it still remains to show that {‘Lﬁg) ,x(t) € F (e)} is equiconvergent
at infinity. By (2.7), we have

| Az(t)] CE(t,T) LE(t,T)
< /to S ratr) 2l S/to (e cor

_Ms
tap?—ap+1

t
< / Tap21/1(7', €, ce)dr
to

— 0Oast— oo (3.11)

Thus, we can assert that {’:J(”g) ,x(t) € F (e)} is equiconvergent at infinity.

Step 3: Let us show that B : F(¢) — E is a contraction mapping. By (2.6),
for any 1, x2 € F(e), we get that

Baxy(t) Basg(t)’ - (1= p)pti=r /t [ /t L o) =20, ] o

sup
t>to | 9(t) g(t) g(t) 22 p
< MQHJ,‘l—l’QH.

Through Lemma 2.8, we can assert that there exists atleast one fixed point of
the operator A+ B in F(¢), which is a mild solution of (1.1)-(1.2). Hence the
generalized nonlinear FDEs (1.1)-(1.2) is stable in the Banach space E.

(77) For any 0 < € < 11,192, let us define

Fi(e) = {x € ]-'(e),tliglo;gg - }

We show that Az + By € F*(e) for any x,y € F*(€), that is, we need to show

Az(t) + By(t)

that — 0 as t — oo. In fact,

g(t)
M = i t ) (T, 2(7), 2.(7))dT
g(t) - g(t) |:/t0 k(t7 )f( ) ( )a x( ))d

1—p 1— t
t (p— 1)t =° / 1
— d
+x0 <<t0> + tg \ Ry S

t
1
tto) =" d
+x1 <( 0) ] 52—2p S)
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Since we know g(t) > t***+3 we obtain

t=r 1

0 < o3~ et —0ast— o0 (3.12)
and
ti=r 1
g(t)/ - S 5,ds > 0ast— oo (3.13)
to

Moreover, we see that

ti=r rt E1 x(r) t t 1 1 z(7)
—_ s |dr <ttr ds|d
g(t) / </ 22 rltp > T= / </ g(t/) 22 710 g(r) > "

and let us consider the following two cases.
Case 1: For p € (0,1), we have

Lot 1 1 a(n) 1 b oapripx(T)
1—p < ap“+p .
! / </ o(tj7) 2% Tl+pg<f>d5> T = famon / PN
()

Since lim ——= = 0, there exists 17 > tg such that for all ¢ > T7,
700 g(7)
t
|IL'( )’ <(O[p2 p 1)E

9(t) 2
Moreover there exists a Ty > 11, such that for all t > T5,

1M

L e

t to g(T) 2
Then we have for t > T5,

1 L lz(7)]
p*+p 1TAT)]
rap?tpt1 /to T 9(7) dr

T t
— ! ap +p T)‘dT + 1 7_o¢p2+p |x(7—)|d7’
tap2+p+l to 7-) tap?+p+1 T g(T)

A PR N
to ()

t T tap?+p+1 g(t) T
€ 9 € 1
< = e (———
2+(ap o+l <ap2+p+1>
< E4f_
2 2
Case 2: For p € (1,00), we have

t t t
tl_p/ </ 1 212 11 x(T)ds) dr < 721 / To‘p2_p+2—x(7)d7
to \Jr g(t/7)s*72P 7117 g(7T) tars=pt3 9(7)
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Since lim @ = 0, there exists T7 > ty such that for all ¢ > T,
=00 g(T)
|z(?)] 2 €
< (ap®—p+3)=.
g(t) 2

Moreover there exists a 15 > 11, such that for all t > 15,

1M
T
t to g(T) 2

Then we have for t > Ty,

1 /t rop?—p+2 MdT
t

TS o(r)
— 1 /Tl 7_azpz—p—i-2 ‘$(T)‘dT + 1 /t TapQ—p-l-S |x(7)|d7’
tort=pt3 J; 9(7) ter*=rt3 o, 9(7)
T t
L P
t to g(T) ter Pt g(t) Ty
€ 9 € 1
— — 3)- ——
< 2+(ap Pt )2 <ap2—p+3>
PR
5T 5=¢
Based on the previous calculations, we get
tlfp t t 1
/ / — Mds dr - 0 ast — oo. (3.14)
o0 o \J- 527150
Also by (3.11) we obtain
Ax(t !
2(t) _ / k(t, 7) (7, 2(7), zo(7))dT — 0 as t — 0. (3.15)
g(t) to
Then by using (3.12)-(3.15), we assert that
A B
AT+ BY®) ) st o o0 (3.16)

g(t)

Hence we proved that there exists at least one mild solution to (1.1)-(1.2) such
that
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4. EXAMPLES
Example 4.1. Consider the nonlinear fractional initial value problem:

3 t 2
3L 1| x 1 x(s)
Draalt) = 1()[1,‘6+1—|—t12+1+t8 (/1 arsds) |

(1) = =z, 2/(1) = 21. (4.2)

Let us choose g(t) = t* and let

E= {x € C([1,00),R) : sup@ < oo}.

t>1 t
Set

1 [z x> 22
( == (Z v
Ty <t6+1+t12+1+t8>

t
1
where z, := / 2(s) ds. Then we have |z,(t)| < —|x(t)| and observe that
1 (&

etts 2
o (wh)’ | (zat?)?
£t ug(t). 2] _ L% e | 1l el el
g(t) S 10 t4 10\ t6 ¢ tt )
So let us take X )
1 (r1  r{ 75
t e -1 22
Wt ) = 5 (t *3 +t4)
and further , )
& 1 (r r r
384t dt<—(++2+2
/1 Pltrr)dts (75 135
for fixed 71,75 and hence t3/34)(t, 71, 75) € L'([1,00)).
We see that
Sup/t k(L) L rirs) 2V2 (r rf 13 7
>1.J1 9(t/7) r ™ \5r 3r 3r
where 7 := min(ry, r2).
Then there exist 771,72 > 0 such that
PRt t 4 2 13
sup/ (’T)¢(’T1’T2)d7§7<1——:—,
t>1.J1 g(t/7) r 5 15 15

for all 0 < 71 < n; and 0 < ro < 19. Hence by Theorem 3.1, we conclude that
the nonlinear fractional integrodifferential equation (4.1)-(4.2) is stable in the

Banach space E and there exists at least one mild solution which satisfies
. x(t)

lim —= =0.

t—00 g(t)
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Example 4.2. Consider the nonlinear fractional initial value problem:
1 t - 1/3
CD%’?’:L‘(t) = 5 arctan <t3 + 23 4 </1 SE?(_HCS)Q)ds> . (4.3)
z(1) = =z, /(1) = 21. (4.4)

Let us choose g(t) = t1° and let

E = {l’ € C([1,00),R) : s;gll) ‘Zg?’ < oo} :

Take .
fltyx,zy) = 5 arctan(t> 4 z/3 4 21/3)

t o3 1
where z, ::/ Mds. Note that |z, (t)] < Z|x(t)\ and
1

(t—s)?
[/t ug(t), zag(D)] 1 [arctan (£ + (ut'®)!/? 4 (2,t1%)17)|
g(t) o t15
3 1/3145 1/345
<;% + lu t5|t + \Zult5 t ) 3 1 ]u‘l/?’ ’Zu’1/3
= 15 = 7 + 15 15

So let us take

1/3
1 r91/3
Y(t,r1,72) = (7517 T T s )

and further

Rt 1 7'}/3 7’5/3
< g1 42
/1 t ¢(t,T1,T2)dt =7 + 9 + 2
for fixed 71,79 and hence t'24(t,r1,72) € L'([1,0)).
We see that
t 1/3 1/3
Sup/ k(taT) w(tvrlaTQ)dTS 1 L‘FL_’_L 7

t>1.J1 g(t/7) r 31/30(4/3) \ 16r = 14r = 14r

where 7 := min(ry,r2). Then there exist 11,72 > 0 such that

/t ]‘C(tﬁ)w(t,ﬁ,m)d 1 1 1
1

<-<l—=-=-
g(t/T) r T=% 2 2
for all 0 < 7r; < m; and 0 < ro < 19. Hence by Theorem 3.1, we conclude that
the nonlinear fractional integrodifferential equation (4.3)-(4.4) is stable in the
Banach space E and there exists at least one mild solution which satisfies

sup
t>1
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