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Abstract. In this paper, we consider the problem of finding zeros of m-accretive operators
by an iterative process with errors. A strong convergence theorem is established in a real

Banach space.

1. INTRODUCTION AND PRELIMINARIES

Let E be a real Banach space, C' a nonempty closed convex subset of £ and
T :C — C a nonlinear mapping. Recall that T is said to be nonexpansive if

[Tz —Ty[| < ||z —yl|, Vaz,yeC.

In this paper, we use F(T') to denote the fixed point set of T
It is a efficient way to to study nonexpansive mappings by using contrac-
tions. More precisely, take t € (0,1) and define a contraction 7; : C — C
by
Tix =tu+ (1 —-t)Tz, VYaeC, (1.1)
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where u € C is a fixed point. Banach’s contraction mapping principle guar-
antees that 7; has a unique fixed point x; in C'. It is unclear, in general, what
the behavior of x; is as t — 0 even if T" has a fixed point. However, in the case
of T having a fixed point, Browder [1] proved that if F is a Hilbert space then
x; converges strongly to a fixed point of T' which is nearest to u. Reich [15]
extended Broweder’s result to the setting of Banach spaces and proved that if
E is a uniformly smooth Banach space then {z;} converges strongly to a fixed
point of T" and the limit defines the (unique) sunny nonexpansive retraction
from C onto F(T).

Let E* be the dual space of a Banach space E. Let (-, -) denote the pairing
between E and E*. The normalized duality mapping J : E — 2F" is defined
by

J)={f € B : {x, f) = |z|* = | fII*}
for all z € E. In the sequel, we use j to denote the single-valued normalized

duality mapping. Let U = {z € E : ||z|| = 1}. E is said to be smooth or said
to be have a Gateaux differentiable norm if the limit

ety ]
t—0 t

exists for each z,y € U. FE is said to have a uniformly Gateaux differentiable
norm if for each y € U, the limit is attained uniformly for all x € U. F is said
to be uniformly smooth or said to be have a uniformly Fréchet differentiable
norm if the limit is attained uniformly for z,y € U. It is known that if F
is smooth, then J is single-valued. A Banach space F is uniformly smooth if
and only if the duality map J is the single-valued and norm-to-norm uniformly
continuous on bounded sets of E.

Recall that a (possibly multivalued) operator A with the domain D(A) and
the range R(A) in E is accretive if for each z; € D(A) and y; € Az;, where
i = 1,2 there exists a j(z2 — x1) € J(x2 — 1) such that

(y2 — y1,j(x2 — 21)) > 0.

An accretive operator A is m-accretive if R(I +rA) = FE for each r > 0.
Throughout this article we always assume that A is m-accretive and has a
zero (i.e., the inclusion 0 € A(z) is solvable). The set of zeros of A is denoted
by F'. Hence,

F={2eD(A):0e A(z)} = A~}0).

For each r > 0, we denote by J,. the resolvent of A, i.e., J. = (I +7A)"L.
Note that if A is m-accretive, then J, : E — E is nonexpansive and F'(J,) = F'
for all » > 0. We also denote by A, the Yosida approximation of A, i.e.,
A = %(I — J;). It is known that J, is a nonexpansive mapping from E to

C := D(A) which will be assumed convex.
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The normal Mann iterative process [10] was introduced by Mann in 1976.
The normal Mann iterative process generates a sequence {z,} in the following
manner:

20 €C, zpt1=1—an)rn+ayTr,, Yn>D0, (1.1)
where the sequence {a,,} is in the interval (0, 1).

If T is a nonexpansive mapping with a fixed point and the control sequence
{an} is chosen so that ) 7 (1 — ay,) = oo, then the sequence {z,} gen-
erated by normal Mann’s iterative process converges weakly to a fixed point
of T' (this is also valid in a uniformly convex Banach space with the Fréchet
differentiable norm [14]). In an infinite-dimensional Hilbert space, the normal
Mann’s iterative process has only weak convergence. Therefore, many authors
try to modify the normal Mann’s iterative process to have strong convergence
for nonexpansive mappings and its extensions (see [3-8,11-13] and the refer-
ences therein).

Recently, Qin and Su [13] introduced a modified Mann iterative process for
accretive operators in a Banach spaces. To be more precise, they proved the
following results.

Theorem QS. Assume that E is a uniformly smooth Banach space and A
is an m-accretive operator in E such that A=1(0) # 0. Given a point u € C

and given sequences {an}, {Bn} and {ry}. Suppose that {on}, {Bn} and {r,}
satisfy the following conditions

(a) limy ooty =0, Y 00 | oty = 00;

(b) 7, > € for each n >0, B, € [0,a) for some a € (0,1);

(€) Dontoloan—ani1] <00, 32070 |Bn—Bni1] < 00 and 3557 [rn—Tni] <
00.

Let {x,} be a sequence defined in the following iterative process:
xg € C,
Yn = Bnn + (1 = Bn)Jr, Tn, (1.2)
Tyl = au+ (1 — ay)yn, Vn >0,

Then the sequence {x,} converges strongly to a zero of A.

Inspired and motivated by the above results, we consider the following it-
erative process
xg € C,
Yn = Bn@n + Yndr, Tn + Ontn, (1.3)
Tyl = apu+ (1 —ap)yn, n >0,
where wu is an arbitrary (but fixed) element in C, {v,} a bounded sequence in

C, Jp, = (I +r,A)7 Y, {a,} asequence in [0,1] and {8,}, {y.} and {4, } are
sequences in [0, 1] such that 3, + v, + o, = 0.
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If 6, = 0 in (1.3), then the iterative process (1.3) is reduced to (1.2). If
0p = Brn = 01in (1.3), then the iterative process (1.3) is reduced to

290 €C, Tpt1=apu+ (1 —ap)dp,xn, n >0, (1.4)

which was considered in Kim and Xu [8] and Xu [18].

The purpose of this paper is to consider the iterative process (1.3) for
approximating a zero of accretive operators in the framework of uniformly
smooth Banach spaces. The results presented in this paper mainly improve
and extend the corresponding results in Kim and Xu [8], Qin and Su [13] and
Xu [18].

In order to prove our main results, we also need the following concepts and
lemmas.

Let C be a nonempty closed convex subset of a Banach space E and D
a nonempty subset of C. Recall that a mapping @ of C onto D is said to
be sunny if Q(Qx + t(z — Q(z))) = Q(z) for any x € C and t > 0 with
Q(z)+t(z—Q(x)) € C; Recall that a subset D of C'is said to be a nonexpansive
retract of C if there exists a nonexpansive retraction of C' onto D.

The following results describe a characterization of sunny nonexpansive re-
tractions on a smooth Banach space.

Proposition 1.1 ([16]). Let E be a smooth Banach space C' a nonempty subset
of E. Let Q : E — C be a retraction. Then the following are equivalent:

(1) @ is sunny and nonexpansive;

(2) |Qz — Qy|* < (x — y,j(Qz — Qy)), Va,y € E;
(3) (x — Qux,j(y—Qx)) <0, VreE,yeC.

Proposition 1.2 ([15]). Let E be a uniformly smooth Banach space and
T :C — C a nonexpansive mapping with a fixed point. For each fized u € C
and every t € (0,1), the unique fized point xy € C of the contraction C >
x — tu+ (1 —t)Tx converges strongly ast — 0 to a fized point of T. Define
Q:C— Dby Qu=s—limg_gx;. Then Q is the unique sunny nonexpansive
retract from C' onto D; that is, @ satisfies the property:

(u—Qu,J(y—Qu)) <0, YueC,yecD.

Lemma 1.3. In a Banach space E, there holds the following inequality
lz +yl? < |z +2(y. (= +y)), Va,ye€E,
where j(x +y) € J(z + ).

Lemma 1.4 ([17]). Let {zn} and {yn} be bounded sequences in a Banach
space E and let {(3,} be a sequence in [0, 1] with

0 < liminf 6, < limsup 8, < 1.
n—oo

n—oo
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Suppose that xp41 = (1 — Bp)Yn + Bnxy for all integers n > 0 and

limsup(||yns1 = ynll = [#nt1 = 2nl]) <0
n—oo
Then lim,, . ||yn — x| = 0.

Lemma 1.5 ([2]). Let E be a Banach space A an m-accretive operator. For
A>0and p >0 and x € E, we have

Ja = J#(gx +(1- %)J,\:c),

where Jy = (I + NA)™ and J, = (I + pA)~'.
Lemma 1.6 (]9]). Let {an}, {bn} and {c,} be three nonnegative real sequences
satisfying
an+1 < (1 - tn)an +by+cn, n> 0,

where {ty} is a sequence in (0,1). Assume that the following conditions are
satisfied

(a) Y02ty =00 and by, = o(ty,);

(b) >_5Zg en < 00.
Then lim,, o a, = 0.

2. MAIN RESULTS

Theorem 2.1. Let E be a real smooth Banach space and A an m-accretive
operators in E. Assume that C := D(A) is nonempty and convex. Let {a,},
{Bn}, {m} and {6,} be real number sequences in [0,1]. Let Q¢ be the sunny
nonexpansiwve retraction from E onto C and {v,} a bounded sequence in C.
Let {x,} be a sequence generated in the following manner:

xg € C,
Yn = BnTn + ’Yn!]rnxn + 6,
Tp4+1 = Qpl + (1 - an)yna n 2 07

where u is a fixed element in C, {r,} is a positive real numbers sequence
and J,, = (I +1,A)7L. Assume that the above control sequences satisfy the
following restrictions:

(a) Bn + Yn + 0n =1, for each n > 0;

(b) limy, oo, =0 and Y7y an = 00;

(¢) 0 < liminf, o By < limsup, . Bn < 1;

(d) >2nZodn < 00;

(€) rn > A >0 for each n >0 and lim, o |7 — Tnt1| = 0.

Then the sequence {xy,} converges strongly to a zero Q(u) of A.
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Proof. First, we prove that {z,,} is bounded. Fixing p € A71(0), we see that
l1 = pll = llewo(u = p) + (1 = @0)(yo — Pl
< agllu = pll + (1 = ao)llyo — pll
< agllu —pll + (1 = ao) (Bollzo — pll + 0]l Jrexo — pll + dollvo — pll)
< agllu = pll + (1 — ao) (1 = do)|lzo — pl| + doll fo — pll)
<K,

where K = ||lu — p|| + [|zo — p|| + [[vo — p|| < co. Next, we prove that
|2n —pl| < My, Vn>1 (2.1)
where M; = max{K,sup,>q [[v, — pl/}. It is easy to see that (2.1) holds for

n = 1. We assume that the result holds for some positive integer m. It follows
that

|41 = pll

< amllu —pll + (1 = am)||ym — pl|

= amlu—pl + 1 = am) (18m(@n — ) + Y (e Zm — P) + Om(vm — D))
< amllu = pll + (1 = am)(Bm |:1:m pll + vl Jrp @ — Il + G llvm — plI)
< apflu = pll + (1 = ) ((1 = 8 lzm — || + 5mva —pll)

< ap My + (]- - Olm)(( - 5m)Ml + 6mM1)
= M.

This shows that (2.1) holds for all n > 1. This claim that {x,} is bounded. If
Tn+l = Tn, from Lemma 1.5, we see from the condition (e) that

Tn

T
| Jrp T — Jrn+1xn+1H < “ T+ (1 -
Tn+1 Tn+1
Tn

) Tn — Tnt1]|

Tn+l — Tn

(xn - xn—H) +

J _
T _— (JrpTn — Tpp1)||

My
<||lzp — zp41ll + T(Tnﬂ —Tn),

(2.2)
where M> is an appropriate constant such that

Ma > sup{||Jr, Tn — Tny1| }-
n>0

xn-‘rl_ﬁnxn

Put g, = N for every n > 0. This implies that

Tp4+1 = (1 - ﬁn)gn + Bpxn, n>0. (2'3)
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Now, we compute ||gn+1 — gn||- Note that

9n+1 — Gn
Qp 1+ (1 — @i 1)Ynt1 — Bny1Tns1
B 1- BnJrl
~anu+ (1= an)yn — Bn
1- 38, (2.4)
_ 1 (= Yny1) + (1 — Brt1)Ir, 1Tn41 + Ont1(Vng1 — Jr, o Tnge1)
B 1- /Bn+1
~an(u—yn) + (1 = Bu)Jr, 20 + Sn(vn — Jr, @)
1-73, '
It follows that
lgnsr = gall < 75—t = gl + 125l —
5n+1
+ 1 Tntr = Jr | + ﬁ“vn-&-l — Iy o1l (2.5)
n+1
571
+ m”ﬂn — Jrnan-

Substituting (2.2) into (2.5), we arrive at

Ign+1 = gnll = llzn = Znial
Ap+1 On
S5 U= Ynpill + 7 llYn —u
Tl v+ = o —
M2 5n+1 n
+ P ("1 —1n) + 1-3 .. B |vn+1 = Jrppy T || + 1-3. 3, lon = Jr, 0.

In view of the conditions (b), (c), (d) and (e), we can conclude that

timsup (lgas1 — gall — 2w — 2atall) <0. (2.6)

n—oo

In the case of 7, > ry, 41, we can obtain (2.6) by a similar way. It follows from
Lemma 1.4 that

T lgn = ]l = 0. 27)
In view of (2.3), we have

Tnt1 — Tn = (1 = Bp)(gn — n),
which combines with (2.7) gives that

lim ||zp+1 — x| = 0. (2.8)
n—oo
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On the other hand, we have
”xn - Jrnan < ”xn — Ty + Hanrl - yn” + lyn — Jrp2nl|
< zn = Zns1ll + anllu = yull + Bullzn — Jr,zoll + 0nllvn — znl|-
This implies that
(1= Bulllzn = Jrpxall < |20 — Tpall + anllu = ynll + dnllon — znl.
By virtue of the the conditions (b)-(d) and (2.8), we conclude that
lim ||z, — J,, x| = 0. (2.9)
n—oco
Take a fixed number r such that ¢ > r > 0. From Lemma 1.5, we obtain that

[ = Jreall = | (- + (L= =), 20) = Joea

<L = =) Upn = )| (2.10)

n
< | Jrpan — @al|-

It follows that
lxn — Jrxn|| = |Xn — Jr, 20 + Jr, @0 — Jray]|
< len = Jrpnll + | Jr,20 — Jrza||
< 2|z, — Iy, x|
Thanks to (2.9), we obtain that
lim ||z, — Jrxy| = 0. (2.11)
n—oo

Next, we claim that

lim sup(u — Q(u), j(2n — Q(u))) < 0, (2.12)

n—o0
where
Qu = %E}% zt, u€ClC
and z; solves the fixed point equation
z=tu+ (1—1t)Jrz, Vte(0,1),
from which it follows that
12t = znll = [[(1 = 0)(Jrze — zn) + t(u — zn)|-
It follows From Lemma 1.3 that
12 = @all® < (1= )% T2 — 2l + 26w — 2, (21 — 20))
< (1= 2+ )z — 2+ fult) (2.13)
+ 2t(u — 24, (20 — wn)) + 2t 20 — 2a ),
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where
fa@) = Qllze — 2all + [|on — Jran|))|2n — Jran| — 0. (2.14)
In view of (2.1), we see that f,,(t) — 0 as n — oo. It follows that
t 1
(2t —u, J(2t — x)) < iﬂzt—mnHQ—i—%fn(t). (2.15)
Let n — oo in (2.15) yields that
limsup(z; — u, j(z — x)) < %Mg, (2.16)

where M3 > 0 is a constant such that Mz > ||z; — x,||? for all ¢ € (0,1) and
for all n > 0. In view of (2.16), we can obtain that

lim sup lim sup(z; — u, j(z; — xy,)) < 0.
t—0 n—00

So, for any € > 0, there exists a positive number §; such that, for ¢ € (0,d;)
we get that

limsup(z; — u, j(zt — xp)) < =. (2.17)

n—oo

DN

On the other hand, since z; — ¢ as t — 0, we see there exists do > 0 such that,
for t € (0,92) we have
[(u—q,J(xn — q)) = (2t — u, (2t — 2n))]
< |<u -4, J<xn - Q)> - <u -4 J(xn - Zt)>|
+ {u—q,j(@n —2)) = (2t —u, (2 — xn))|
< Wu—q,5(xn —q) = J(xn — 20))| + {2t — ¢, § (20 — 20))]
< lu=qlllli(zn — q) = j(@zn — 20|l + [zt = qllllzn — 2]l
€
< 5
Choosing § = min{dy, d2},Vt € (0,9), we have

(= Qu). (e — Q(u))) < (1 — . (e — ) + 5.
that is,

lim sup(u — Q(u), j(zn, — Q(u))) < limsup(z; — u, j(z — x,)) + %

n—oo n—oo

It follows from (2.17) that
limsup(u — Q(u), j(zn — Q(u))) < e

n—oo

Since € is chosen arbitrarily, we obtain that (2.12) holds.
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Finally, we show that x,, — Q(u) as n — oo and this concludes the proof.
Note that

1yn — Q)| = [Bazn + Vndr, Tn + 6nn — Q(u) ||
< Ballzn — Q)| + YallJr, 20 — Q)| + dnllvn — Qu)]|
< [lan — Qu)]] 4 6n M.
It follows from Lemma 1.3 that
201 — Q(w)|I?
= [[(1 = an)(yn — Qw)) + an(u — Qu))||?
< (1= an)?llyn — Q)|* + 2an{u — Q(u), j(ns1 — Q(u)))
< (1= an)(llzn — Q)| + 6, M1)? + 20 (u — Q(u), (241 — Q(u))) (2.18)
= (1= an) (|2 — Q(u)||* + 20, M0, — Q(u) || + &5 MT)
+ 2an(u — Q(u), j(Tnt1 — Q(u)))
< (1= an)llzn — Q)| + 1 Ms + 20 (u — Q(u), j(nt1 — Q(u))),

where M3 is an appropriate constant such that

Ms > sglg{2M1van — Q(u)|| + 6, M7}
nz

Let p, = max{(u—Q(u), j(x,—Q(u))),0}. Next, we show that lim,_,~ p, = 0.
Indeed, from (2.12), for any give € > 0, there exists a positive integer n; such
that

(u—Qu), J(zy, — Qu))) <€, VYn>mn.

This implies that 0 < p, < € Vn > ny. Since € > 0 is arbitrary, we see that
lim;, 00 pp, = 0. It follows from (2.18) that

st — Q)2 < (1 = a)llzn — Q)| + 1M + 20

Put a, = ||z, — Q(u)||? tn = an, by = 2auppi1 and ¢, = 1, Ms for every
n > 0. In view of Lemma 1.6, we can obtain the desired conclusion. O

Remark 2.2. The proof of Theorem 2.1 is different from Theorem 2.1 of Qin
and Su [13]. From computation point of view, Theorem 2.1 can be viewed
as an improvement of Theorem 2.1 of Qin and Su [13]. Furthermore, the
restrictions imposed on the control sequences are also mild.

As an application, we have the following results.

Corollary 2.3. Let E be a real smooth Banach space and A an m-accretive
operators in E. Assume that C' := D(A) is nonempty and convez. Let {a,}
and {5, } be real number sequences in [0,1]. Let Q¢ be the sunny nonexpansive
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retraction from E onto C and {x,} a sequence generated in the following
manner:

xg € C,
Yn = By + (1 - ﬂn)Jrnxrm
Tyl = au~+ (1 — ay)yn, VYn >0,

where u is a fixed element in C, {r,} is a positive real numbers sequence
and J,, = (I +1,A)"L. Assume that the above control sequences satisfy the
following restrictions:

(a) limy oo atp =0 and >, 2 oy = 00;
(b) 0 <liminf,, o G, < limsup,,_,. Gy < 1;
(¢) 1o > X >0 for each n >0 and lim,_,o0 |7y, — Tn41| = 0.

Then the sequence {z,} converges strongly to a zero Q(u) of A.
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