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Abstract. The object of this paper is to study non-invariant hypersurface of a (e, §)-trans
Sasakian manifolds equipped with (f, g, u, v, A)-structure. Some properties obeyed by this
structure are obtained. The necessary and sufficient conditions also have been obtained
for totally umbilical non-invariant hypersurface with (f, g, u,v, A)-structure of a (e, d)-trans
Sasakian manifolds to be totally geodesic. The second fundamental form of a non-invariant
hypersurface of a (¢, 0)-trans Sasakian manifolds with (f, g, u, v, A)-structure has been traced

under the condition when f is parallel.

1. INTRODUCTION

The study of (¢)-Sasakian manifolds have been studies by Bejancu and Dug-
gal [2], and Xufeng and Xiaoli [10] studied that these manifolds are real hyper-
surface of indefinite Kahlerian manifolds. Tripathi et al. [9] introduced and
studied (€)-almost para contact manifolds. De and Sarkar [4] also introduced
(€)-Kenmotsu manifolds and studied conformally flat, Weyl semisymmetric,
¢-recurrent (e)-Kenmotsu manifolds. Nagaraja et al. [7] studied (e, d)-trans
Sasakian structure.

OReceived September 5, 2020. Revised November 30, 2020. Accepted April 11, 2021.
92010 Mathematics Subject Classification: 53D05, 53D25, 53C25.

OKeywords: (e, d)-trans Sasakian manifold, totally geodesic, totally umbilical.
9Corresponding author: T. Khan(toukeerkhan@gmail.com) .



986 T. Khan and S. Rizvi

In 1970, Goldberg et al. [5] introduced the notion of a non-invariant hy-
persurface of an almost contact manifold in which the transform of a tangent
vector of the hypersurface by the (1,1)-structure tensor field f defining the
almost contact structure is never tangent to the hypersurface. The notion of
(f,9,u,v, \)-structure was given by Yano and Okumura [11]. It is well known
([12] and [3]) that hypersurface of an almost contact metric manifold always
admits a (f, g, u, v, \)-structure. In [5], author proved that there always exists
a (f,g,u,v,\)-structure on a non-invariant hypersurface of an almost con-
tact metric manifold. They also proved that there does not exist invariant
hypersurface of a contact manifold. Prasad [8] studied the non-invariant hy-
persurface of trans Sasakian manifolds. Khan [6] studied the non-invariant
hypersurface of Nearly Kenmotsu manifold. Ahmed et el. [1] studied the non-
invariant hypersurface of nearly hyperbolic Sasakian manifold. In the present
paper, we study the non-invariant hypersurface of (e, d)-trans Sasakian mani-
folds.

This paper is organized as follows. In section 2, we give a brief description of
(e,0)-trans Sasakian manifolds. In section 3, introduce the non-invariant hy-
persurface and induced (f, g, u,v, A)-structure on non-invariant hypersurface
M getting some equation. Some results of non-invariant hypersurface with
(f,g,u,v, \)-structure of (e, 0)-trans Sasakian manifolds. The necessary and
sufficient conditions also have been obtained for totally umbilical non-invariant
hypersurface with (f, g, u, v, A)-structure of (¢, d)-trans Sasakian manifolds to
be totally geodesic.

2. PRELIMINARIES

Let M be a n-dimensional almost contact metric manifold with the almost
contact metric structure (¢,&,n,g) where a tensor ¢ of type (1,1), a vector
field &, called structure vector field and 7, the dual 1-form and a Riemannian
metric g satisfying the following,

$*X = —X +n(X)E, (2.1)

n) =1, n(¢X) =0, ¢ =0. (2.2)

An almost contact metric manifold M is called an (e)-almost contact metric
manifold if

U(X) :eg(X7£)7g(€7£) =6 (23)
9(¢X,9Y) = g(X,Y) —en(X)n(Y), (2.4)

for all X, Y € TM [10], where € = g(&,§) = £1.
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An (e)-almost contact metric manifold is called an (e, J)-trans Sasakian
manifold [9] if

(Vxo)Y = a{g(X, V)¢ —en(Y)X} + B{g(¢X, V)¢ —on(Y)oX},  (2.6)
Vxé = —ea(pX) — 664X, (2.7)

hold for some smooth function o and 5 on M and € = +1, § = +1. For 8 =0,
a = 1 an (¢ 0)-tans Sasakian manifold reduces to an (e)-Sasakian manifold
and for a =0, = 1, it is reduced to a (§)-Kenmotsu manifold.

A hypersurface of an almost contact metric manifold M is called a non-
invariant hypersurface, if the transform of a tangent vector of the hypersur-
face under the action of (1,1) tensor field ¢ defining the contact structure is
never tangent to the hypersurface. Let X be tangent vector on non-invariant
hypersurface of an almost contact metric manifold M. Then ¢X is never to
tangent of the hypersurface. Let M be a non-invariant hypersurface of an
almost contact metric manifold. Now, we define the following:

¢X = fX +u(X)N, (2.8)
¢N = —U, (2.9)
£=V + AN, \=n(N), (2.10)
n(X) = v(X), (2.11)

where f is (1,1) tensor field, u and v are 1-form, N is a unit normal to the
hypersurface, X € TM and u(X) # 0. Then we get an induced (f, g, u, v, A)-

structure on M satisfying the conditions
P=-T+uU+vaV, )
uof = Av,vof = —\u,

(V) =1- X u(V)=vU) =0,u(U) =1\

fV =xU, fU =MV, (2.12)
w(X) = eg(X,U),v(X) = eg(X, V),

g(f X, 1Y) = 9(X,Y) —u(X)u(Y) — ev(X)v(Y),
g(fX,Y) = —g(X, fY), )

for all X,Y € TM and A = n(N).

The Gauss and Weingarten formula are given by

VxY =VxY +h(X,Y)N, (2.13)
VxN = —A;X, (2.14)
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for all X,Y € TM, where V and V are the Riemannian and induced connection
on M and M respectively and N is the unit normal vector in the normal bundle
T+ M. In this formula h is the second fundamental form on M related to Ay
by

h(X,Y) =g(A5X,Y), (2.15)
forall X,Y € TM.

3. SOME PROPERTIES OF NON-INVARIANT HYPERSURFACES

Lemma 3.1. Let M be a non-invariant hypersurface with (f, g, u,v, \)-structure
of (€,8)-trans Sasakian manifold M. Then

(Vx9)Y = (Vx )Y —u(Y)AzX +h(X,Y)U + (Vxu)Y + h(X, fY))N, |
)

(Vxn)Y = (Vxv)Y = M (X,Y),
Vx€=VxV = MgX + (h(X,V) + XM)N,
for all X, Y € TM.

Proof. Consider:

~—~~ o~

3
3.
3

[SCI O

(Vx9)Y = VxoY — p(VxY).
Using (2.8) and (2.13), we have
(Vx@)Y = Vx(fX +u(Y)N) = 6(VxY + h(X,Y)N)

(Vx@)Y = VxfX 4+ Vx(u(Y)N) — ¢VxY — h(X,Y)pN

(Vx@)Y = Vx fX + WX, fY)N +u(Y)VxN + (Vxu(Y)N - f(VxY)
—u(VxY)N + h(X,Y)U

(Vxo)Y = (Vx )X + f(VxX) —u(Y)Az X + h(X,Y)U + h(X, fY)N
— f(VxY) + (Vxu(Y))N —u(VxY)N

(Vxo)Y = (Vx )X —u(Y)AzX +h(X,Y)U + h(X, fY)N + (Vxu(Y))N
—u(VxY)N

(Vx0)Y = (Vx )X —w(Y)AzX + h(X,Y)U + h(X, fY)N + (Vxu(Y)
+ h(X,u(Y))N — u(VxY))N

(Vxo)Y = (Vx )X —u(Y)AzX +h(X,Y)U + (Vxu)Y + h(X, fY))N

Also, we have
(Vxn)Y = Vxn(Y) —n(VxY).
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Using (2.8), (2.11) and (2.13), we have

2.
(VxmY = Vx(v(Y)) = n(VxY),
(VxmY = Vx((Y)) + h(X,v(Y))N = n(VxY + h(X,Y)N),
(VxmY = Vx((Y) = n(VxY) = h(X,Y)n(N),
(Vxn)Y = Vxo(Y) —v(VxY) = h(X, Y) (N),

(Vxn)Y = (Vxv)Y — Ah(X,Y).
Further, consider using (2.13) and using (2.10), we have
Vx€ = VxE+ (X, €N,
Vxé=Vx(V+AN)+h(X,V +AN)N,
Vx€=VxV + Vx(AN) + h(X, V)N + Aa(X, N)N,
Vxé=VxV +AVxN)+ (XN)N + h(X,V)N,
Vxé=VxV = MzX + (h(X,V) + XM)N,
for all X,Y € TM.
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Theorem 3.2. Let M be a non-invariant hypersurface with (f,g,u,v,\)-

structure of (e, 6)-trans Sasakian manifold M. Then we have
WX, &) = eaf’X — eau(X)U — 0BFX + f(VxE),
u(Tx€) = —eau(fX) + Bu(X),
foral XY € TM.
Proof. Consider
(Vx )€ = Vx g — d(VxE),
(Vx )€ = —p(VxE).
Using equations (2.2), (2.7), (2.8) and (2.9) in above, we have
(Vx9)§ = —d(—ea(dX) — 5¢°X),
(Vx0)€ = d(ealfX +u(X)N)) + 356(—X +n(X)E),
(Vx0)€ = eaf’X + cau(X f)N — eau(X)U — 68X — (Wu(X)N
Using equation (2.13) in (3.6), we get
(Vx0)¢ = —0(Vx€) — h(X,§)oN.
Using equation (2.8) and (2.9) in above, we get
(Vx0)¢ = —F(Tx€) —u(TxN + h(X,)U.

(3.4)

(3.7)

(3.8)
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Comparing equation (3.7) and (3.8), we have
— [(Vx€) —u(VxEN + WX, U
= caf’X + cau(X f)N — cou(X)U — 68fX — 6Bu(X)N.
Equating tangential and normal parts on both sides, we have
h(X,6U = eaf?X — ecau(X)U — 6BfX + f(Vx&)
and
u(¥x€) = —eau(X f) + Bu(X),
for all X, Y € TM. [l

Theorem 3.3. Let M be a non-invariant hypersurface with (f,g,u,v,\)-
structure of (e, 6)-trans Sasakian manifold M. Then, we have

(Vxf)Y =u(¥)Az5X — h(X,Y)U + ag(X,Y)V
—eav(Y)X + Bg(fX,Y)V = 6pv(Y)fX (3.9)
and
(Vxu)Y = Xag(X,Y) + ABg(fX,Y) — dBv(Y)u(X) — h(X, fY), (3.10)
forall X, Y € TM.
Proof. Consider covariant differentiation, then we have
(V@)Y = Vx¢Y — ¢(VxY). (3.11)
Using equation (2.8) in (2.13), we have
(Vx@)Y = VxfY + Vx(u(Y)N) — ¢pVxY — h(X,Y)oN.
Using (2.8), (2.9) and (2.13), we have
(Vxd)Y = VxfY + (X, fY)N +u(Y)(VxN)
+ (Vxu(Y))N — fVxY —u(VxY)N + h(X,Y)U.
Using (2.13) and (2.14) in above, we have
(Vxd)Y = (Vx )Y —u(Y)Ag X +h(X, V) U+((Vxu)Y +h(X, fY))N. (3.12)
Now, using (2.8), (2.10) and (2.11) in (2.6), we have
(Vxd)Y = ag(X,Y)V + Aag(X,Y)N — eav(Y)X + Bg(fX,Y)V
+ABg(fX,Y)N — 680(Y)fX — 6Bu(Y)u(X)N. (3.13)
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Comparing (3.12) and (3.13), we have

(Vxf)Y —u(Y)AgX +h(X,Y)U + (Vxu)Y + h(X, fY))N

= ag(X,Y)V 4+ Aag(X,Y)N — cav(Y)X + Bg(fX,Y)V
+ABg(fX,Y)N — 680(Y)fX — 6B8u(Y)u(X)N.
Equating tangential and normal part, we have
(Vx )Y =u(Y)AzX — WX, Y)U + ag(X,Y)V — eav(Y)X
+ Bg(fX,Y)V —6pv(Y)fX

and

(Vxu)Y = Aag(X,Y) + ABg(fX,Y) — dBv(Y)u(X) — h(X, fY),
for all X,Y € TM. O

Theorem 3.4. Let M be a non-invariant hypersurface with (f,g,u,v,\)-
structure of (e, 6)-trans Sasakian manifold M. Then we have

VxV =MzX —eafX + 68X — 6pv(X)V (3.14)
and
h(X,V) = —eau(X) — Aofv(X) — X\, (3.15)
forall X, Y € TM.
Proof. Using equation (2.1), (2.8) and (2.11) in (2.7), we have
Vxé = —eafX — eau(X)N + 68X — 6Bv(X)V — A6Bu(X)N.  (3.16)
Comparing equation (3.16) and (3.3) we have
VxV = Mg X + (h(X,V) + XA\)N
= —eafX — eau(X)N + 08X — 65v(X)V — A5Bu(X)N.
Equating tangential and normal part, we have
VxV = MMzX —eafX + 68X — 6pv(X)V
and
hX,V)=—eau(X) — Apv(X) — XA,
for all X,Y € TM. O
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Theorem 3.5. Let M be a non—invarianihypersurface with (f,g,u, v, \)-
structure of (e,d)-trans Sasakian manifold M. Then, we have
(Fxd)Y = ag(X,Y)V — cw(Y)X + Bg(fX,Y)V — 680(Y) fX
+ (Aag(X,Y) + ABg(fX,Y) = 6Bu(Y)u(X))N  (3.17)
forall X, Y € TM.
Proof. Using (3.9) and (3.10) in (3.13), we have
(Vx@)Y =u(Y)A5X — M(X,Y)U + ag(X,Y)V — eav(Y)X + Bg(fX,Y)V
—0Bu(Y)fX —u(Y)AzX + (X, Y)U + (Aag(X,Y) + ABg(fX,Y)
—5Bu(Y)u(X) = h(X, fY) + h(X, fY))N,
(Vx9)Y = ag(X,Y)V —eav(Y)X + Bg(fX,Y)V = 56v(Y) fX + (Aag(X,Y)
+ABg(fX,Y) = 65u(Y)u(X)N,
(Vx@)V = o{g(X,Y)V — ev(Y)X} + B{g(fX,Y)V — 6v(Y) f X}
+ (Aag(X,Y) + A3g(FX,Y) = 56v(Y )u(X))N,
for all X,Y € TM. O

Theorem 3.6. Let M be a totally umbilical non-invariant hypersurface with
(f,g,u,v, \)-structure of (€,9)-trans Sasakian manifold M. Then it is totally
geodesic if and only if

eau(X) + Xopv(X)+ XA =0, (3.18)
for all X, Y € TM.
Proof. Using equation (2.1), (2.8) and (2.11) in (2.7), we have
Vxé = —eafX —eau(X)N + 68X — 6u(X)V — A6Bv(X)N.
Using (3.3) in above equation, we have
VxV = Mz X + (h(X, V) + XA)N = —eafX — cau(X)N + 65X
— 6Bu(X)V — A3Bu(X)N.
Equating normal part, we have
(X, V)= —eau(X) — Xépv(X) — X\ (3.19)
If M is totally umbilical, then Ag = (I, where ¢ is Kahlerian metric
B(X,Y) = g(AgX,Y) = g(CX,Y) = Cg(X, V) = Cu(X),
h(X,V)=(g9(X,V) = (v(X). (3.20)
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Then, from (3.19) and (3.20), we, have
eau(X) + Xopv(X) + XA+ (u(X) = 0.
If M is totally geodesic, that is, ( = 0, then from (3.21), we have
eau(X) + AoBv(X) + XA =0,
for all X,Y € TM.
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(3.21)

O

Theorem 3.7. Let M be a non-invariant hypersurface with (f,g,u,v,\)-

structure of (e,d)-trans Sasakian manifold M. If U is parallel, then we have

)X + f(AxX) + BINfX) = 0,

for all X,Y € TM.

Proof. Consider covariant differentiation, then we have

(Vx@)N = VxoN — ¢(VxN).

Using equation (2.8), (2.9), (2.13) and (2.14) in above, we have
(Vx¢)N = Vx¢N + h(X,¢N)N — f(VxN) — u(VxN)N,
(Vx@)N = —VxU+ f(AzX).

From (2.6), we have
(Vx¢)N = afg(X, N)§ — XX} + B{g(6X, N)& — 5ApX },
(Vx@)N = —eadX — BSAN(fX) — B6 u(X)N

From (3.25) and (3.26), we have

—VxU + f(A5X) = —eadX — BONfX) — Bo u(X)N,

VxU = ecadX + f(A5X) + BON(FX) + BoAu(X)N

If U is parallel, then VxU = 0, so from above equation, we have
cadX + f(AxX) + BON(FX) + Bodu(X)N = 0.
Now, equating tangential part, we have
eadX + f(AzX) + BOA(fX) =0,
for all X,Y € TM.

(3.22)

(3.23)

(3.24)

(3.25)
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