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Abstract. In this paper we consider a multiobjective optimization problem with locally Lip-
schitz functions defined on a Banach space involving inequality, equality and set constraints.
Some constraint qualifications in terms of Clarke’s generalized gradients and directional
derivatives are studied, and necessary and sufficient conditions for efficiency with positive

Lagrange multipliers associated with all components of the objective are established.

1. INTRODUCTION

Constraint qualifications (called also regularity conditions) play an impor-
tant role in the theory of extremum problems. They allow us to get Kuhn-
Tucker necessary conditions for efficiency from Fritz John conditions. A lot of
studies dealt with constraint qualifications under which we can obtain posi-
tive Lagrange multipliers associated with all components of objective functions
(see, e.g., [4], [6], [9]-[13], and references therein), which leads to that none of
components of the objective vanishes in necessary conditions for efficiency.

Maeda [10] studies multiobjective optimization problems involving Fréchet
differentiable inequality constraints and introduces a constraint qualification
under which he derives Kuhn-Tucker necessary conditions for efficiency with
Lagrange multipliers corresponding to all components of objective functions
to be positive. Preda-Chitescu [13] give a constraint qualification of Maeda
type in the semidifferentiable case for a multiobjective optimization problem
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with inequality constraints and develop results similar to those obtained by
Maeda [10].

Giorgi et al. [4] consider multiobjective minimization problems involving
inequality and equality constraints in finite dimensions where all functions
are Dini or Hadamard differentiable. They introduce several constraint qual-
ifications which generalize the constraint qualification introduced by Maeda
[10] and the classical ones, and under which they establish Kuhn-Tucker nec-
essary conditions for efficiency with positive Lagrange multipliers associated
with all components of objective functions. Recently, Luu-Hung [9] develop
Kuhn-Tucker necessary conditions for efficiency to mathematical programs in
normed spaces involving inequality, equality and set constraints with positive
Lagrange multipliers corresponding to all components of objective functions,
while Nguyen-Luu [12] establish a theorem of the alternative of Tucker type to
a system comprising inequalities described by sup-functions and an inclusion
together with Kuhn-Tucker necessary conditions of aforementioned type.

The purpose of this paper is to study some constraint qualifications in terms
of Clarke’s generalized gradients and directional derivatives, and establish nec-
essary and sufficient conditions for efficiency in locally Lipschitz mathematical
programming problems involving inequality, equality and set constraints in
Banach spaces with positive Lagrange multipliers associated with all compo-
nents of objective functions along with some properties of the set of Lagrange
multipliers.

The remainder of the paper is organized as follows. After some prelimi-
naries, Section 3 presents a Kuhn-Tucker necessary condition for efficiency in
terms of Clarke’s generalized gradients and normal cones together with nec-
essary and sufficient conditions ensuring the regulaity condition (CQI) holds.
In Section 4 we introduce a constraint qualification of Maeda type in terms
of Clarke’s generalized directional derivatives, and show that (CQI) implies
(CQII). Section 5 gives a necessary condition for efficiency under the regular-
ity condition (CQII). When imposing some generalized convexity hypotheses
on the data of the problem, the necessary condition mentioned above is also
a sufficient one.

2. PRELIMINARIES

Let X be a Banach space, and let f, g, h be mappings from X into R", R™,
R’ respectively. Then f,g,h can be expressed as follows: f = (f1,...,f),
g=1(91,---,9m), h = (h1,...,hg), where fi,..., fr, g1,--.,9m, h1,...,hy are
locally Lipschitz functions defined on X. Let C be a nonempty closed subset of
X. For the sake of simplicity, we define the sets: I = {1,...,m} J={1,...,¢}
and L={1,...,r}.
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Consider the following multiobjective programming problem:

min f(x),
subject to
(MP) gi(r) <0, i=1,...,m,
hi(z) =0, j=1,...,¢
x e C.

Denote by I(T) the set of active indexes at a point T
1@)={iel : g(@ =0},
and M the feasible set of Problem (MP)
M = {ac €C ¢ gi(z) <0 (Viel) hlx)=0 (V)€ J)}.

Recall that a point * € M is said to be a local weak efficient minimizer of
(MP) if there exists a number § > 0 such that there is no x € M N B(ZT;J)
satisfying

fr(@) < fu(@) (VEk € L), (2.1)

where B(T;6) stands for the open ball of radius § around Z. The point T is
called a local Pareto minimizer of (MP) if (2.1) is replaced by the following

fi(x) < fu(@) (V€ L), (2.2)

fi(x) < fj(T) at least one j € L. (2.3)

Following [2], for a locally Lipschitz real-valued function f defined on X, the

Clarke generalized directional derivative of f at T, with respect to a direction
v, is defined as

fo(f' v) = limsup flz+tv) - f(z)
’ r—x, t]0 t ’

where t | 0 means ¢t — 0. The function f°(z;.) is finite, positively homoge-
neous and subadditive. The following set of the topological dual X* of X is
called the Clarke generalized gradient of f at T

Gf(f):{:n*eX* : (m*,v)éfo(f;v),VveX}.

Now let f be a real-valued function defined on X. The upper Dini derivative
of f at T in a direction v is

Df(z;v) = limsup f@+tv) — (@) ;
t10 t

(2.4)
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The upper Hadamard derivative of f at T in the direction v is

df(Z;v) = limsup f@tt) = J(@)
u—v, t]0 t

(2.5)

Replacing “limsup” by “liminf” in (2.4) and (2.5), we obtain the lower Dini
derivative D f(Z;v) and the lower Hadamard derivative df(T; v), respectively,
of f at Z in the direction v. In case Df(T;v) = Df(z;v) (vesp. df(T;v) =
df(T;v)), we denote their common value by D f(Z;v) (resp. df (Z;v)), which is
called the Dini derivative (resp. Hadamard derivative) of f at Z in the direction
v. The function f is Dini differentiable (resp. Hadamard differentiable) at =
if its Dini derivative (resp. Hadamard derivative) at T exists in all directions.
Note that if df (T;v) exists, then also Df(T;v) exists and they are equal. In
case f is Fréchet differentiable at T with Fréchet derivative V f(Z), then

Df(z;v) = df (Z;v) = (Vf(Z),v).

Following [2], the Clarke tangent cone and the contingent cone to a set
C C X at a point T € C are respectively defined as

T(C;z) = {v eC:Ver,eCuxy —7T,Vt, | 0,30, v

such that z,, + t,v, € C,Vn},

K(C;7) = {v € X : Jdv, — v,3t, | 0 such that T + t,v, € C,Vn}.

Note that T(C;7) is convex, while K(C;Z) is not necessarily convex. Both
T(C;x) and K(C;Z) are nonempty closed, and T(C.z) C K(C;%). In case C
is convex, they are equal.

The normal cones associated with T'(C;T) and K(C;x) are

NT(C;T):{:E*EX*:@ v) < OVUETC’:E}
NK(C;E):{JJ*EX*:@:* v) < OVUGKC’x}

Both these cones are weakly® closed convex. The cone Np(C;Z) is called
Clarke’s normal cone, and Nk (C;z) C Np(C;T).
For any set K C X, the polar cone of K is given by

_ {geX* L (€,0) <0,vUeK}.

Thus, N (C;7) = T°(C;7), Nk (C;7) = K°(C; 7).
The Dini subdifferential of a Dini differentiable function defined on X at =
is

Opf(T) = {g e X*: (¢,0) < Df(T0), Vv € X}.
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Note that in case f is locally Lipschitz at T,

Ipf(@) C 9f(T),
as Df(T;v) < fO(T;0).
Adapting the definition of Giorgi and Guerraggio [3], a locally Lipschitz
function defined on X is called 0-quasiconvex (resp. 0-pseudoconvex) at T if

f(y) < f(z) implies ({,y —7) <0 (VE € 0f(T))
(resp. f(y) < f(Z) implies ({,y —7) <0, VEe€If()).
In case f is Fréchet continuously differentiable, the 0-quasiconvexity (resp. 0-

pseudoconvexity) at T reduced to the quasiconvexity (resp. pseudoconvexity)
at .

3. THE CONSTRAINT QUALIFICATION (CQI) AND
LAGRANGE MULTIPLIERS FOR PROBLEM (MP)

Adapting the definition of Chandra-Dutta-Lalitha [1], we shall say that
Problem (MP) satisfies the constraint qualification (CQI) at T € M if for each
s € L, thereisnoscalars 7, > 0, k € L,k # s, \; 20,1 € I(T), pj € R, j € J,
not all zero, satisfying

0 > mOfe@+ D> Ndgi(T) + > p;ohi(®) + No(C;z).  (3.1)
keL, k#s 1€1(T) jeJ
Note that (CQI) is equivalent to that for every s € L,

0€ ) mdfi(T) ZAag, )+ oy (x +NT(Cx)}
=

k#s i€l(z jeJ
7 = 0,VEk € L,k: #5,X=20,Viel(Z),u; eR,VjeJ
=T =N = Hj = 0
(Vke Lk #s,YielI(x),VjeJ).
A Kuhn-Tucker necessary condition for efficiency with positive Lagrange

multipliers corresponding to all components of the objective can be stated as
follows.

Theorem 3.1. Let T be a local Pareto minimizer of (M P). Assume that the
constraint qualification (CQI) holds at T. Then there exist scalars T > 0,
keL, A\i20,i€l andp; €R, j € J such that

0> TrOfe(®) + Y N0gi(E) + Y m;0h;(T) + Nr(C; ), (3.2)

kel 1€l jeJ
Xigi(T) =0, i€l (3.3)
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Proof. Tt is easy to see that for each s € L, T is a local minimizer of the
following scalar optimization problem:

min fq(x),
s.t. fe(@) < fu(@), keLk#s,
(Ps) gl()<07 el
hj(z) =0, je€J,
x e C.

Applying Theorem 6.1.1 [2] to each Problem (FPs) yields the existence of
numbers 7 > 0, k € L, k# 5, \*) > 0,i e I, ilY € R, j € J, not all zero,
such that

0> 7 0f@ + > ANagi@) + > ulYon(@) + Ne(Cx),  (3.45)
keL icl jed
A\Vg@ =0, iel (3.5.5)
In view of the constraint qualification (CQI), one get TS(S) > 0.
Summing up the inclusion (3.4.1),...,(3.4.r), we obtain

06> TOfr(@) + > Ndgi(T) + > 11;0h;(T) + N (C;T),

kel i€l jeJ
where 7, = S 7 >0 (k€ L), & = S A (i € I), and Ji; =
seEL seL

> ,ujs €R (5 € J). Moreover, it follows readily from (3.5.s) that
seL
ngz(f) =0, 1€l
as was to be shown. g

Without loss of generality we can suppose that I(z) = {1,...,p} (p < m).
For s € L we denote by As(T) the set of vectors (T1,...,Ts—1, Ts41s---sTr)
Aoy Apy 1oy pog) With 7, >0 (VE € Lk #s), Ay 20 (Vi€ I(Z)), pj € R
(Vj € J) such that

0€dfs@+ >, mofu@ Z Xidgi(®) + Y 1ioh;(E) + No(C; ),
keL, k#s i€l(T jeJ
and A(Z) = | As(T).
seL
The following result shows that the boundedness of A(Z) is a sufficient

condition ensuring the regularity condition (CQI) holds.

Theorem 3.2. Let T € M. Assume that As(T) is a nonempty and bounded
for all s € L. Then the constraint qualification (CQI) holds at T.
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Proof. Assume the contrary, that the regularity condition (CQI) does not holds
at T. Then there exist so € L, 7, > 0 (k € L,k # s0), A\; > 0 (i € I(Z)) and
p; € R (j € J), not all zero, such that

0e Z 7.0 fr(T Z N:0gi(T) + Zujah )+ Np(C;7).  (3.6)
keL, kso iel(@) jeJ

Since Ag,(Z) # 0, there exist 7, > 0 (k € L,k # s9), \i = 0 (i € I(T)), and
pj € R (j € J) such that

0€0fe@+ > mOf@+ Y. XNdgi(T) + > 1;ohi(zT) + Nr(C; 7).

keL, k#so 1€I(T) jeJ
(3.7)

Combining (3.6) and (3.7) yields that for any v > 0,
0€0f0(@ + Y. (Te+1)0f(@®) + Y (\i+vX)0g:(@)+

keL, k#so i€I(7)
+ ) (py + )0y (®) + Nr(C;T),
JjeJ
which implies that
(7-1"*_77-13 ey Tsg—1 T 7 so—1s Tso+1 +T. 0+la ceey Tt 77-7{’
A1+ '7)‘17 s Ap YA B A Y s e i) € A (T),
and hence, A, (T) is unbounded, which contradicts the hypothesis. g

In what follows we can see that whenever the regularity condition (CQI)
holds at a local Pareto minimum 7 the set A(Z) will be nonempty and bounded.

Theorem 3.3. Let T be a local Pareto minimizer of (MP). Assume that the
reqularity condition (CQI) holds at T. Then A(T) is nonempty and bounded.

Proof. Since T is a local Pareto minimizer for (MP), it also is a local minimizer
of the scalar optimization problem (P;) for all s € L. Applying Theorem 6.1.1
[2] to each Problem (Ps) (s € L) yields the existence of scalas 7, > 0 (k € L),
Xi 20 (tel(x))and pj € R (j € J), not all zero, such that

0€ ) mdfi(T) + Z Xidgi(T) + Y _ 1;0h;(E) + Np(C; ).
keL iel(T jeJ

By virtue of the regularity condltlon (CQI), each the following constraint
qualification holds to (Ps) at Z: for all (71,...,Ts—1,Teq1, - Try ALy ooy Ap,
fi1, ..., pe) € R RE fo\{o}

0¢ > mdfe@+ Y Ndgi(®) + > poh;(@) + Np(C;z).  (3.8)

keL, k#s 1€I(T) jeJ
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for all s € L. Hence 75 > 0, and we can take 74 = 1 (Vs € L). Consequently,
As(T) # 0, and so is A(T).

It is obvious that the regularity condition (3.8) implies that for all
(Tl,...,TS_1,T5+1,...,TT,)\l,...,)\p,ul,. . .,/Lg) S R:__l X le_ X RZ \ {0},

oga( > kak> —i—@(Z)\ng) +8<Z/’v> )+ Np(C; 7).

k€L, k#s 1€l(T) jeJ
(3.9)

This is the constraint qualification (CQII) for Problem (Ps) in the Jourani
sense in [8]. Under the gerularity condition (3.9) Theorem 3.2 in [8] shows
that As(T) is bounded. Hence, A(Z) is bounded as well. O

4. THE CONSTRAINT QUALIFICATION (CQII)

In this section we shall be concerned with a constraint qualification of Maeda
[10] type in terms of the Clarke generalized directional derivatives and the
relationship between this constraint qualification and (CQI)

For z € X, we set

Q.= {0 € C fula) < Rl@)(VE € Lk £ 9),u(a) < O(vi € D),
hi(w) = 0(%j € 1)},
P, ={w € C: fu(e) < 1@ (P € L,k £ 5),g:(x) < O(vi € I),
hi(w) = 0(%j € 1)},
Q= {z € C: fulw) < fu(@)(Vk € L), gi(w) < 0¥ € I),
hi(w) = 0(%j € 1)},
For a nonempty closed convex subcone T of K (C;T), we set
Cr(Qsm) = {v e T1f2(@v) O (VK€ Lk # 9),

ﬁ@m)(NWGH)%@@vyxuweJ&

CMQ@y:@eTjﬂamgowkem,

ﬁ@w)(MWen)%@@vyxuweJ& (4.1)

Thus Qs = PsNC and Cr(@Q;7) = [ Cr(Qs; 7).
seL
Maeda [10] considered Problem (MP) consists only of Fréchet continuously

differentiable constraints of inequality type. To derive necessary conditions
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with positive Lagrange multipliers associated with all components of the ob-
jective, Maeda [10] introduced the following constraint qualification:

C(@;7) C ()@ K(Qs:), (4.2)

seL
where €0 indicates the closed convex hull, X = R", and

C(Q:7) = {u € X (Vfu(@),0) <0 (Vk € L),

(Vgi(2),v) <0 (Vi € 1), (Vh;(@),v) = 0 (¥j € J) }.

Chandra et al. [1] studied Problem (MP) without set constraints, and intro-
duced the constraint qualification of the form

C(Qs;7) Cco K(Qs;T) for some s € L. (4.3)

Note here that T'= X and C(Qs;T) = Cx(Qs; T).

Under condition (4.3) Chandra et al. only obtain necessary conditions
for efficiency with Lagrange multipliers corresponding to the objective to be
nonzero. Motivated by the results due to Maeda [10] and Chandra et a. [1], we

introduce the following constraint qualification: there exist nonempty closed
convex subcones T of K(C;T) and Ty of K(Qs;T) (Vs € L) such that

Cr(Q;z) C () T, (4.4)

seL

which is called the constraint qualification (CQII). For example, it can be
taken T and Ty as the Clarke tangent cones T(C;Z) and T(Qs;Z) (s € L),
respectively.

Theorem 4.1 below will show that the constraint qualification (CQI) implies
the constraint qualification (CQII) under suitable hypothesis.

Theorem 4.1. Let T be a feasible point of Problem (MP) and C' a convex
set. Assume that h; is Fréchet continuously differentiable at T with Fréchet
derivatives Vh; (V5 € J); fi and g; are Dini differentiable at T with convex
derivatives (Vk € L,¥Yi € I(Z)). Suppose, in addition, that the constraint
qualification (CQI) holds at T. Then the constraint qualification (CQII) holds
at T.

Proof. Since fi and g; are Dini differentiable and locally Lipschitz at =, they
are Hadamard differentiable at  for all k € L, i € I(Z). By virtue of the
regularity condition (CQI), it follows that for all s € L,

0e > mdfu@ ngz )+ > wiVhi(@)+Nr(C;T) }
=

keL, k+#s icl(T jeJ
0 (Vke L, k# ), i =0 (VielI(T)),p; € R (Vjeld)
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Sme=XN=pu =0 (VkeLk#sViel®),VjeJ). (4.5)
Since Op fx(T) C Ofi(T), Opgi(T) C 0gi(T), it follows from (4.5) that for all
s €L,

0 Y mipfi(@ ZA&DgZ )+ > 1 Vhi(T)+Nr(C; ) }
=

keL, k#s icl(T jeJ
0 (VkeL,k;«és), i =20 MielI®),p €R(Vjeld)
=>m=N=p=0 (VkeLk#sViecl(Z),VjelJ),
which implies that for all s € L,

0 > mIpfr@ + Y Ndpgi(®) + Y 1 Vhi(T) }
=

keL, k+#s i€l (T) jeJ
0VkeLk#s),A\ >0 (VielI(®),p; €R (Vjeld)
Sm=XN=pu =0 (VkeLk#sViel®),VjelJ), (4.6)
as 0 € Np(C; ).
Moreover, one has, according to Theorem 3.1 [7], that
K(Qs;T) = K(Ps;7) N K(C; ). (4.7)
Note here that K(C;z) = T(C;%), as C is convex. Under the regularity
condition (4.6) we can invoke Lemma 2.1 [14] to deduce that for all s € L,
K(Ps;f):{UEX :Dfi(T;v) <0 (Vk € L, k # s),
Dgi(w;v) <0 (¥ € I(2)), (Vhy(@),v) = 0 (Vj € J) }.

In view of the convexity of the functions Dfy(Z;.) (k € L) and Dg;(Z;.)
(1 € I(T)), we deduce that K(Ps;T) is convex. This along with (4.7) yields
that K(Qs;T) is a closed convex cone.

On the other hand, it is clear that for each s € L,

Cre(Quim) € {v € K(C57) : Dfy(@i0) <0 (Vh € L,k # 5)

Dgi(w;v) <0 (Vi € 1(2)), (Vhy(z),v) =0 (V) € J) |
= K(Ps;7)NK(C;7)
K(Qgs;E)'

Hence,

() Cu(@s:7) = Ck(@57) € () K(Qs;)

seL seL
Thus the constraint qualification (CQII) holds at z with T' = K(C;Z) and
Ts = K(QS;E)' O
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5. OPTIMALITY CONDITIONS

In this section, under the constraint qualification (CQII) we shall derive
necessary conditions for efficiency of Problem (MP) with positive Lagrange
multipliers corresponding to all components of the objective in terms of the
Clarke generalized gradients and the contingent cone K (C;T). At this point
we also assume that h; (j € J) is Fréchet continuously differentiable at Z with
Fréchet derivative Vh;(Z) for all j € J. For an arbitrary nonempty closed
convex subcone T of K(C;T), we set

U{Zﬂfafk Z Ai0g;i (T +Zu]Vh Y+ T%: 7, >0,

keL iel(T Jjed
A > o,uj cRforallke L,icl(z),je J}.

Theorem 5.1. Let T be a local Pareto minimizer of Problem (MP). Assume
that the constraint qualification (CQII) holds at T for the mnonempty closed
convex subcones T and Ts of K(C;T) and K(Qs;f), respectively. Then

(=X om@) N Br(@ # (5.1)
kel
where the bar indicates the weak® closure.
Proof. Since T is a local Pareto minimizer of (MP), it is a local minimizer of

the scalar optimization problem (Ps) for all s € L. For any v € K(Qs;T),
there exist sequences t,, | 0 and v, — v such that T + t,v, € Qs (Vn). Hence,

dfs(T;v) > limsup fs(@ + tnvn) = f5(@)

n—00 tn

= 0.

As fs is locally Lipschitz at Z, it results that
Dfs(T;v) = dfs(@v) 20 (Vv € K(Qs;7)),
which leads to the following
F@v) >0 (Ve K(Qs7)),
as Dfs(T;v) < fO(x;v). This yields that
O@v) =0 (VweTy). (5.2)
Let us show that

0caf(z)+TO. (5.3)
Assume the contrary, that

0¢0fs(T)+TP.

It is obvious that the set df5(Z)+ T2 is convex. In view of the weak* compact-
ness of 0 f5() and the weak* closedness of T, we infer that the set O f (%) +T2
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is weakly™* closed. Making use of a separation theorem of disjoint convex sets
(see, for example, [5, Theorem 3.6]), we claim that there exists vy € X, vy # 0,
such that

(G vo) <0 (V€ € 0fu(@) +TY). (5.4)
As 0 € TY, it results that
(& vo) <0 (V€ € 0fs(T)),
whence,
f9(@;v0) < 0. (5.5)

We shall prove that vy € T. If this were not so, there would exist &y € T, f
such that (£, vp) > 0. For any A > 0, A € T?, and so, for A sufficiently large
and any & € 0f(Z), we have

<§7U0> + <)‘£07U0> = 0.

We then arrive at a contradiction with (5.4). Hence, vy € T, and so, (5.5)
conflicts with (5.2). Thus one gets (5.3).
It follows from (5.3) that

0> 0f(m)+> TP C > of(m)+> T (5.6)
sEL seL seEL sel
On the other hand, the constraint qualification (CQII) yields that
0 0
(N%) <@, (5.7)
seL

where C%(Q; ) is the polar cone of Cr(Q; 7). Taking account of Lemma 5.8
in [5], we get

( N Ts)o —3 10, (5.8)

seL seL
Combining (5.6)-(5.8) yields that
06> 0fu(T) + CHQ;T). (5.9)
seL
We now prove that
C(Q;7) = Br(7). (5.10)

We first show that
Br(Z) € CY(Q; 7). (5.11)
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For ¢ € Bp(Z), there exist 7, > 0, & € Ofk(T) (kK = 1,...,7), \jy = 0,
ni € 0g;(T) (i € I(T)), pj ER (j =1,...,¢) and ¢ € T? such that

€= T+ Z Aimi + > 1 Vhy(T
kel icl(z jed
For any v € Cp(Q; ), it follows readlly that v € T, and
(&, v) < fi(@0) <O (Vk e L),
(mi,v) < g7 (T;0) <O (Vi € 1)),
(Vhy(7),v) = (v) € J),
(

o
<
N
o

Hence, £ € C2(Q;T), and (5.11) holds. As C(Q;7) is weakly* closed, it
results that

Br(T) C Cp(Q; ). (5.12)

Let us verify the opposite inclusion of (5.12). If it were false, there would
exist w € CX(Q;T), but w & By(z). Observing that Br(T) is weakly* closed
and convex, we invoke a separation theorem of disjoint convex sets (see, e.g.,
[5, Theorem 3.6]) to deduce that there exists up € X, ug # 0, such that

(& up) <0 < (w,ug) (V€€ Br(x)), (5.13)

which implies that ug € BX(T).
On the other hand, for & € 0fx(T), it holds that & € Br(z) (Vk € L).
Hence,

(Eksuo) <O (V& € O0fk(T)),
which leads to the following

(@ u) <0 (Vk € L). (5.14)
Similarly, one gets
(@ u0) <0 (Vi € I(T)). (5.15)
Moreover, since £V h;(Z) € Br(z) (Vj € J), it results that
(Vhj(@),uo) =0 (Vj € J). (5.16)

For every ¢ € T, we also have
(¢ uo) <0, (5.17)

whence, ug € T =T.
Combining (5.14)-(5.17) yields that ug € Cr(Q;x). Observing that w €
CY%(Q;T). we obtain that
<w7u0> <0,
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which conflicts with (5.13). Hence,

C7(Q:7) € Br(T),
which along with (5.12) yields that (5.10) holds.
Substituting (5.10) into (5.9) yields that

ngafs +BT )7

seL
which implies that
(=D 0s@) N Br(@) #0.
seL
The proof is complete. O

The following corollaries give us standard Kuhn-Tucker necessary conditions
for efficiency of (MP) with positive Lagrangian multipliers corresponding to
all components of the objective.

Corollary 5.2. Let T be a local Pareto minimizer of (MP). Assume that the
set By (T) is weakly® closed, and the constraint qualification (CQII) holds at T
for some nonempty closed conver subcones T of K(C;T) and Ts of K(Qs;T)
(s =1,...,7). Then there exist 7 >0 (k=1,....7), \; =0 (i =1,...,m)
and i; € R (j =1,...,£) such that

OEZTk(?fk +Z)\ 0g:(x +Z#Jw )+ T (5.18)
)\Z-gi(f) =0, i=1,...,m. (5.19)
Proof. We invoke Theorem 5.1 to deduce that
(=X 05@) N Br(@) # 0, (5.20)
keL

as Bp(T) weakly* closed. But (5.20) is equivalent to the following
0€ Y fi(®) + Br(z).
kel

Hence, there exist 7, > 0 (k = 1,...,7), \; > 0 (i € I(T)) and p; € R
(j =1,...,¢) such that

¢
OGZ (14 m)0fr(T Z)\agz )—J—Z,uthj(f)—l—T
j=1

k=1 i€l(x

By taking 7, =1+71 (k=1,...,7), )\i =\ (i€ I(T)), \y =0 (i ¢ I(z)) and
By =i (j=1,...,¢), we obtain (5.18) and (5.19). O
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Corollary 5.3. Let T be a local Pareto minimizer of (MP). Assume that all
the hypotheses of Corollary 5.2 are fulfilled and the constraint qualification
(CQII) holds with T = T(C;T) and Ts = T(Qs;T). Then there exists Ty, > 0
(k=1,...,r), A =>0(=1,...,m) and i; €R (j =1,...,() such that

OGZka)fk +Z)\8gl +ZMJVh ) + Nr(C;7),

)\igi(f):o, 1=1,....,m
Proof. Since T°(C; %) = Nr(C;T), applying Corollary 5.2 we obtain desired
conclusions. g

We close the paper with a sufficient condition for efficiency.

Theorem 5.4. Let T be a feasible point of (MP). Assume that the func-
tion fy, is O-pseudoconver at T for some ko € L, while the functions fy
(k =1,....,mk # ko) and g; (i € I(x)) are J-quasiconvex at T. Suppose,

furthermore, that £hq,...,thy are quasiconvex at T, C' is convex, and
(=Y o5@) nBr(@ #0. (5.21)
kel

with T =T(C;T). Then T is a weak minimum of (MP).
Proof. It can be rewritten (5.21) in the form
0€ > 0fu(@) + Br(z),

kinL

which implies that there exist & € 0fx(Z) (k=1,...,r) and n € By () such
that

0=> &+ (5.22)

kel
It can be expressed 7 as follows

n=w"— hm (Zrn)f n)—i- Z )\ —i—Zug-")th(E)—i-a(")),

kel i€l(T) jeJ
(5.23)

where w* — hm indicates the limit in weak™ topology, 7 ( ) > 0, )\En) > 0,
WY e R, & € af(@), 1™ € 0gi(T) and o™ € NT(C,:U) (for all k € L,
iel(x),jed).

Contrary to the conclusion, suppose that T is not a weak minimizer of (MP).
Then there exists x € X which is a feasible point for (MP) such that

fe(z) < fr(®)  (Vk € L).
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In view of the O-pseudoconvexity of fi,, the J-quasiconvexity of fi (

1.

k =
.1k # ko), gi (i € I(T)), and the quasiconvexity of £h; (j =1,...,¢), it

follows that forn =1,2,...,

__ <€koax_f><07
fro(x) < [y (T) = €Mz -3 <0, (5.24)
__ <€k7$ - f> g 07
fi(z) < fiu(@) = <€]E:n)7$ CT) <0 (k€ Lk £ k), (5.25)
gi(2) <0 =g,@) = (", 2 ~7) <0 (Vi € [(@)), (5.26)
hi(z) = 0 = hj(T) = (Vh;(@),2 —T) =0 (Vj € J). (5.27)
Combining (5.23)-(5.27) yields that
<Z§k +n,x 7§> <0,
kel
which contradicts (5.22). Hence T is a weak minimum of (MP). O
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