Nonlinear Functional Analysis and Applications

Vol. 26, No. 5 (2021), pp. 1011-1020

ISSN: 1229-1595(print), 2466-0973(online) “
cHF A

https://doi.org/10.22771 /nfaa.2021.26.05.11
http://nfaa.kyungnam.ac.kr/journal-nfaa
Copyright © 2021 Kyungnam University Press

KUPress

EXISTENCE AND UNIQUENESS OF A SOLUTION FOR
FIRST ORDER NONLINEAR LIOUVILLE-CAPUTO
FRACTIONAL DIFFERENTIAL EQUATIONS

J. A. Nanware' and Madhuri N. Gadsing?

'Department of Mathematics, Shrikrishna Mahavidyalaya, Gunjoti
Dist. Osmanabad-413 606 (MS) India
e-mail: jag skmg91@Qrediffmail.com

2Department of Mathematics, Jawahar Arts, Science and Commerce College, Anadur
Dist. Osmanabad-413 603 (MS) India
e-mail: madhuridhokale@gmail.com

Abstract. In this paper, first order nonlinear Liouville-Caputo fractional differential equa-
tions is studied. The existence and uniqueness of a solution are investigated by using Kras-
noselskii and Banach fixed point theorems and the method of lower and upper solutions.

Finally, an example is given to illustrate our results.

1. INTRODUCTION

In recent years, theory of fractional differential equations has become an
important investigation area(Kilbas et al. [6], Podlubny [17], Miller and Ross
[12] and Samko et al. [18]). The basic theory for initial value problems for
fractional differential equations involving the Riemann-Liouville and Liouville-
Caputo differential operator was discussed by Diethelm [5]. Many interesting
results of the existence of solutions of various classes of fractional differential
equations involving Riemann-Liouville and Caputo type fractional derivatives
with the initial condition, the integral boundary conditions have been studied

YReceived September 6, 2020. Revised November 5, 2020. Accepted April 11, 2021.

92010 Mathematics Subject Classification: 34A08, 34A12.

9Keywords: Lower-upper solutions, fractional differential equations, existence and unique-
ness solution, fixed points.

9Corresponding author: M. N. Gadsing(madhuridhokale@gmail.com) .



1012 J. A. Nanware and Madhuri N. Gadsing

extensively by several researchers (see [1, 7, 8, 9, 10, 13, 14, 15, 16, 20, 21] and
the references therein).

Recently, Matar [11] used the method of upper and lower solutions and
Schauder and Banach fixed point theorems to obtain the existence and unique-
ness of positive solution for the nonlinear fractional differential equations:

CDFw(r) = (,w(r)) 0<r<l1,
w(0) =0, w'(0)=¢>0,

where ¢D# is the standard Caputo fractional derivative of order 1 < pu < 2
and f:[0,1] x [0,00) — [0, 00) is continuous functions.

By employing the upper and lower solutions and Schauder and Banach fixed
point theorems, Boulares et al. [4] investigated existence and uniqueness of
positive solutions for the nonlinear fractional differential equations

’

¢DHw(r) = f(r,w(r)) + <D* th(r,w(r)), 0<r<T,
w(0) = ¢, w(0) =¢ >0,

where ¢D* is the standard Liouville-Caputo’s fractional derivative of order
1< pu<2 h f:[0,T] x[0,00) = [0,00) are given continuous functions, h
is nondecreasing on w and (2 > h(0,¢1). Ardjouni et al. [2] studied the exis-
tence and uniqueness of positive solutions for the first-order nonlinear Caputo-
Hadamard fractional differential equations. Also Ardjouni et al. [3] studied
the existence and uniqueness of positive solutions for the first-order nonlinear
Liouville-Caputo fractional differential equations by using the upper and lower
solutions and use Krasnoselskii and Banach fixed point theorems.

Inspired by the aforementioned works, in this paper, using the method
of upper and lower solutions and the Krasnoselskii and Banach fixed point
theorems, we study the existence and uniqueness of solutions of nonlinear
fractional differential equation

{CD“(w(r) — h(r,w(r)) = fr,w(r), 0<r<T, w1
w(O) = wo > h(O,’wo) > 0, .

where 0 < p <1 and h, f:[0,7] x [0,00) — [0,00) are continuous functions.

The layout of paper is as follows: In Section 2, we introduce some basic
definitions and lemmas that will be used to prove main results. Section 3 is
devoted to existence and uniqueness of solution for the problem (1.1) and we
provide an example to illustrate results.
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2. PRELIMINARIES

Let B = C([0,T]) be the Banach space of all real-valued continuous func-
tions defined on the compact interval [0,7], endowed with the norm |lw| =

OrSnTaSXT |w(r)].

Let K be a nonempty closed subset of B defined as
K={weB:|w|<Il1>0}.

Let ¢,d € RT with ¢ < d and for any w € [c,d] C R*, we define the upper
and lower control functions respectively as follows:

M(r,w) = sup f(r,n), m(r,w)= inf f(rn).
c<nlw w<n<d
It is obvious that m(r,w) and M (r,w) are monotonic non-decreasing on [c, d]
and m(r,w) < f(r,w) < M(r,w).
We give some definitions and their properties for our main results.

Definition 2.1. ([6, 17]) The fractional integral of order > 0 of a function
w: RT — R is given by
1

IMw(r) = TG0 /Or(r — ) hw(s) ds,

provided the right side is pointwise defined on R™.

Definition 2.2. ([5, 16]) The Liouville-Caputo fractional derivative of order

i > 0 of a function w : Rt — R is given by
1 T
‘DFw(r)=I1"""w"(r) = / r—s)" (™ (s) ds,
(r) (r) F(n—u)o( ) (s)

where n = [u] + 1, provided the right side is pointwise defined on R™.

Lemma 2.3. ([6, 17]) Let Re(u) > 0, w € C" ([0, +00)) and w™ ezists
almost everywhere on any bounded interval of RY. Then

el )
(1" Dw)(r) = w(r) — 3 k!(o)rk.

k=0
In particular, when 0 < Re(u) < 1, (I* Djw)(r) = w(r) — w(0).

Lemma 2.4. Let w € C([0,T]), w' and %]; exist. Then w(r) is a solution of
(1.1) if and only if

w(r) = wo — h(0,wo) + Alr, w(r) + F(lm /0 "= s w(s)) ds. (21)
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Proof. Suppose w(r) satisfies (1.1). Then applying I} to both sides of (1.1),
we have

I*[D*(w(r) — h(r,w(r))] = I* f(r,w(r)), 0 <r < T.
In view of Lemma 2.3 and the initial condition of problem (1.1), we get

w(r) =wo — h(0,wy) + h(r,w(r)) + F(lu) /OT(T — s)P L f(s,w(s))ds.

Conversely, suppose that w(r) satisfies equation (2.1). Then applying ¢ D
to both sides of equation (2.1), we obtain
“DHFw(r) = *D*[wy — h(0,wo) + h(r, w(r))
1 /T 1
+ s [ (=9 f(s,w(s)) ds]
L(w) Jo
= “Dh(r, w(r)) + DI f(r, w(r))
= “Dh(r,w(r)) + f(r,w(r)).
Then DH[w(r) — h(r,w(r))] = f(r,w(r)) and the initial condition w(0) = wy
holds. U

Lastly, we state the fixed point theorems which is useful to prove the exis-
tence and uniqueness of a solution of (1.1).

Definition 2.5. Let (B, ||.||) be a Banach space and ¢ : B — B. The operator
¢ is a contraction operator if there is an v € (0, 1) such that u,v € B implying

lpu — dvl| < flu—of.

Theorem 2.6. ([19]) Let E be a nonempty closed convexr subset of a Banach
space B and ® : E — E be a contraction operator. Then there is a unique
w € E with dw = w.

Theorem 2.7. (Krasnoselskii fixed point theorem, [19]) Let E be a nonempty
closed convex subset of a Banach space B and let P and Q two operators defined
on E with values in B such that Pu + Qv € E, for every pair u,v € E, the
operator P is completely continuous and the operator @) is a contraction. Then
there exist w € E such that w = Pw + Quw.

3. EXISTENCE AND UNIQUENESS OF SOLUTION

In this section, first we need to construct two mappings, one is contraction
and other is completely continuous. Now we define the operator ® : K — B
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(Pw)(r) = wo — h(0,wg) + h(r,w(r))

L Tr—s “Lf(s,w(s))ds
i [ =9 ) d

= (Pw)(r) + (Qu)(r), (3.1)
where the operator P : K — B is defined as

1 T
Pw)(r —/ r—s)* (s, w(s))ds
(Pu)r) = s [ =y (o)
and the operator ) : K — X is defined as
(Quw)(r) = w(0) — h(0,wp) + h(r,w(r)).
Throughout this paper, we assume that the following conditions hold.
(C1) h, f € C(]0,T] x [0,00),[0,00)) and h is non-decreasing on w.
(C2) Let w*,w, € K such that ¢ < w, < w* < d and satisfying
‘DH(w*(r) — h(r,w*(r))) =2 M(r,w"(r))
and
“DH(w«(r) — h(r,wi(r))) < m(r,w.(r)),
for any r € [0,7]. The function w* and w, are respectively called a

pair of upper and lower solutions for the equation (1.1).
(C3) For u,v € B and r € [0,T], there exist a € (0,1) and S < 1 such that

|h(r,u) = h(r,v)| < afu— vl
and
[f(ryu) = f(r,0)] < Bllu—ol.
We need the following lemmas to establish our results.

Lemma 3.1. Assume that (C1) holds. Then, the operator P : K — B is
completely continuous.

Proof. By (C1), f is a continuous and nonnegative function, we get that P :
K — B is continuous. If the function f : [0,7] x K — [0, 00) is bounded, then
there exists A > 0 such that 0 < f(r,w(r)) < A. Therefore, we obtain

(Pw)(r)] < F(lm /O " — ) | f(s,w(s))] ds
A =9 AH
SF(u)[ —p ]O_F(N+1)

ATH
T D(p+1)
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Hence P(K) is uniformly bounded.
Now we will prove equicontinuity of P. Let w € K, ¢ > 0, § > 0 and for

1
any r1,79 € [0,T] with r; < rg such that |ro —ry| < 6. If 6 = [J%‘i)\ﬂ)} " then

we have

|(Pw)(r1) — (Pw)(r2)| < r(lu) /0” |(r1 — s}t — (rg — )" f(5,w(s))| ds
L ” ro — g)H=1 s,w(s)| ds
i L 1= 1o o)
A ™1 B _
< g [ L=t = = s
L " 9 — S -1 S
+r<u>/n (ra = sy d
= o+ 2 =)
< 7”\ (rog —r)*
ST+ ) 2 —T1

< €.

Therefore P(K) is equicontinuous. Then by Arzela-Ascoli theorem, P : K —
B is completely continuous. O

Lemma 3.2. Assume that (C1) and (C3) hold. Then the operator Q : K — B
18 contraction.

Proof. By (C1) and initial conditions of problem (1.1), the operator @ : K —
B is continuous. For u,v € K and « € (0,1), we have

[(Qu)(r) = (Qu)(r)| = [h(r,u(r)) = h(r,v(r))| < aflu —v]|.

Hence @ is contraction. O

Theorem 3.3. Assume that (C1) and (C2) hold. Then there exists at least
one solution w(r) € B of the problem (1.1) satisfying ws(r) < w(r) < w*(r),
forr e [0,T7].

Proof. Let U = {w € K : wy(r) <w(r) < w*(r),r € [0,T]}, endowed with the

norm |lw|| = max |w(r)|. Then we have ||w|| < I. Hence U is a bounded,
0<r<T

closed and convex subset of a Banach space B. Moreover, by (C1), the con-
tinuity of h, f implies that the operator ® defined by (3.1) is continuous on
U. By Lemma 3.1, P : U — K is completely continuous. Also by Lemma 3.2,
Q : U — K is contraction.
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Now, we show that if u(r),v(r) € U, then (Pu)(r) + (Quv)(r) € U. For any
u(r),v ( ) € U, we have w,(r) < u(r),v(r) < w*(r), then

(Pu)(r) + (Qu)(r) = uo — h(0,uo) + h(r,v(r))
1

— Tr—s”’l s, S
i [ = ) d

< ug = h(0,ug) + h(r,w"(r))
+ F(l/i)/o (r —s)" "' M(s,w*(s)) ds
< w*(r) (3.2)
and

(Pu)(r) + (Qu)(r) = up — h(0, uo) + h(r, v(r))
L Tr—s“_l s, u(s))ds
" /0< (s, u(s) d

INOD)
> Up — h(ov uO) + h(’l”, w*(r))
+ 1“(1,u) /0 (r — ) tm(s, w.(s)) ds
> wy(r). (3:3)

Thus from (3.2) and (3.3), w.(r) < (Pu)(r) + (Qu)(r) < w*(r) implying that
(Pu)(r) + (Qu)(r) € U. Hence by Krasnoselskii fixed point theorem, there
exists fixed point w(r) € U such that w(r) = (Pw)(r) + (Qw)(r), r € [0,T]
in U. Therefore the problem (1.1) has at least one solution w(r) € U and
’LU*(T") < ’LU(’I“) < w*(T), T e [O?T] O

Corollary 3.4. Assume that (C1) — (C3) hold and there exists (1, (a2, (3, (4
such that

0< ¢ <h(ryw) <l <oo, (ryw(r))el0,T]x]0,+c0) (3.4)
and
0< @< f(ryw) <y <oo, (ryw(r))el0,T]x]0,00). (3.5)

Then the problem (1.1) has at least one solution w € B. Moreover,

—h(0,wo)+C1+C3 w(r) < wo—h(0,wo)+C2+C4 (3.6)

i h
Fp+1) — I'(p+1)

Proof. By (3.5) and definition of control functions, we have

G <mr,w] < M[r,w] < {4, (r,w(r)) €[0,T] x [0,400). (3.7)
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Now, we consider the equations

“Dylw(r) — Gl = ¢, w(0) = wo, (3.8)
“Dyw(r) = G] = G, w(0) = wo. '
Then, equation (3.8) are equivalent to
w(r) =wy — h(0,wy) + (1 + Ff;) /r(r —s) s
0
= wo — h(0,wo) + C1 + C?)F(lf:‘l)
and
w(r) =wy — h(0,wo) + C2 + F%L)/ (r—s)*ds
0
= = h(0.u0) + G+ G-
Now taking into account (3.4), (3.7) we have
wi(r) = wo — h(0,wo) + (1 + F%,Z) /Or(r — s tds
< = h(0.up) £ (0. (7) + s [ (= 9 e (1) ds
0
and
w*(r) = wo — h(0,wo) + (2 + 1“%;) /OT(T —s)"tds
1

,
> o = (0,w0) + bl (1) + o [ (= 5 M () s
I'() Jo

Then it is clear that, w.(r) and w*(r) are respectively the lower and upper
solutions of equation (3.8). Therefore, an application of Theorem 3.3, yields
that the problem (1.1) has at least one solution w € U C B and satisfies

equation (3.6). O

Theorem 3.5. Assume that (C1) and (C3) hold and
g
— <L 3.9
) (39)

Then the problem (1.1) has a unique solution w € U.

Proof. 1t follows from Theorem 3.3 that the problem (1.1) has at least one
solution in U. For uniqueness of solution, we need only to prove that the
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operator ® : K — B defined in equation (3.1) is a contraction on B. For all
&1, & € U, we have

|®(&1) — @(&2)] < |h(r,&i(r)) — h(r,&2(r))]

+ 1“(1,11)/0 (7’—3)#*1 |f(s,€1(5)) — f(s,&(5))] ds
alei-el+ 516 -6l p [0 orta
s
:a|§1—§2\+6\§1—§2]m

o1
< (OH—IW) &1 — &of .
Thus,
"
Io(6) — 2l < (a+ oy ) -l

Hence by equation (3.9), the operator ® is a contraction mapping. Then
by contraction mapping principle, we conclude that the problem (1.1) has a
unique solution w € U. O

Example 3.6. We consider the following nonlinear fractional differential equa-
tion:

el 14+w(r)| _ 1 rw(r)
{ Di [w(T) - 3+w(7«)} =2 [2 + 2+w(7“)} » O<rsl, (3.10)

where wg = 1, T = 1, h(r,w) = %, f(ryw) = Q—Jlrr {24— 2:%%} and

h(0,wp) = 3. Since h is non-decreasing on w, wlgréo ;igg:g =1,

whﬁn(l)oﬁ [2+ 1?1&%] =1 and % < h(r,w) <1, % < f(r,w) <1, for (r,w) €

[0,1] x [0, 00). Hence from Corollary 3.4, equation (3.10) has a solution which

1 1
satisfies w.(r) < w(r) < w*(r), where w’(r) = § + ¢f15, wi(r) = § + 351
1 4

1
are respectively the upper and lower solutions of (3.10). Also a + % ~
0.3106 < 1, then by Theorem 3.5 and (3.10) has a unique solution which is

bounded by w(r) and w*(r).
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