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Abstract. This paper deals with a nonlinear Langevin equation involving two fractional
orders with three-point boundary conditions. Our aim is to find the existence of solutions for
the proposed Langevin equation by using the Banach contraction mapping principle and the
Krasnoselskii’s fixed point theorem. Three examples are also given to show the significance

of our results.

1. INTRODUCTION

Fractional differential equations occur in various contexts, such as biol-
ogy, physics, biophysics, geophysics, fluid dynamics, control theory, etc. For
additional subtleties and applications, we allude the peruser to the books
[12, 13, 14, 16].

The Langevin equation has been broadly used to depict the evolution of
physical processes in fluctuating conditions (see more details in [1, 2, 4]).
For example, if white noise is believed to be the random fluctuating force,
then the Langevin equation describes the Brownian motion. Nonetheless,
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the ordinary Langevin equations do not grant an accurate description of the
elements for frameworks in complicated networks. Therefore, it is easier to
substitute the ordinary derivative with a fractional derivative and analyze the
fractional Langevin equation. The reader can see published research articles
concerning the fractional Langevin equation in [2, 3, 5, 6, 10, 11, 15, 17] and
references therein.

Here, we consider the following boundary value problem of the Langevin
equation with two different fractional orders
Cow (ODY + k) z(t) = ¢(t,a(t)), 0<t<1, (1.1)
ZE(O):Tl, $(77) =T, x(l):T37 .
where x : [0,1] — R is an unknown function, “® is the Caputo fractional
derivative, ¢ : [0,1] x R — R is a given continuous function, 0 < ¢ < 1,
l<w<2,0<n<1and k,r1,r2,73 € R.

Our aim is to find the existence of solutions for the Langevin equation (1.1)
by using the Banach contraction mapping principle and the Krasnoselskii’s
fixed point theorem. For this, we first prove a new result for a linear Langevin
equation involving two fractional orders in different intervals with three-point
boundary conditions. After that, we investigate the existence results for the
three-point boundary value problem of nonlinear Langevin equation involving
two fractional orders. The first conclusion is based on the idea of the Banach
contraction mapping principle, whereas the second finding has relied on the
fixed point theorem of the Krasnoselskii. At the end, three examples are also
presented which show the significance of our results in this area.

2. PRELIMINARIES

Let J =[0,1] and F = C(J,R) denotes the Banach space of all continuous
functions from J into R endowed with a norm || - || defined by ||z|| = sup |x(t)]
teJ

forallxz € J.

Following definitions and known results will be needed in the sequel.

Definition 2.1. ([7]) The Riemann-Lioville fractional integral of order ¥ > 0
for a continuous function ¢ : [0,00) — R, denoted by IY¢, is defined by
1 T
o) = g [ 79" 90
I'(d) Jo

equipped with that the integral in the right-hand-side exists, where I'(¢) is
defined by

() ::/ ' le T dr.
0
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Definition 2.2. ([13]) The Caputo fractional derivative of order ¥ > 0 for a
function ¢ : [0,00) — R, denoted by D¢, is defined by

1 T n—9—1 ,(n
°D°0(r) = gy [, (7=

where n € N withn —1 <9 <n.

Lemma 2.3. ([7, 13]) Let ¢ € L1(0,1) and ¥,w > 0.

(i) If 9 €N, then I'$(1) = ﬁ fOT(T — )1 (q)ds.

(ii) If 0 = n € N, then “DY¢(1) = ¢ (7).

(i) “DYI17¢(r) = ¢().

(iv) I"I“¢(r) = I"*¢(7).
Lemma 2.4. ([7]) For each ¥ > 0, the general solution of the fractional dif-
ferential equation D%u(T) = 0 is given by

u(t) =co+ a1+ CoT? + o4 e TV,

where ¢; € R for alli=10,1,2,...,n—1 and n = [J] + 1.
Lemma 2.5. ([7]) For each 9 > 0, we have
1° Cgﬂu(T) =u(T)+co+at+ e

where ¢; € R for alli=10,1,2,...,n—1 and n = [J] + 1.

For solving (1.1), we now discuss the following linear problem for the Langevin
equation involving two fractional orders in different intervals:

{ Cpw (C@ﬁ +kK)z(r) =9(r), 0<T<1,
z(0) =711, x(n) =re, x(1) =rs,

where x : [0, 1] — R is an unknown function, ¥ € F, 0 < ¥ < 1,1 < w < 2 and
0<n<l

(2.1)

Lemma 2.6. The boundary value problem (2.1) is equivalent to the integral
equation given by

st = [ OO ([T S o mate)) dg

i e (] et —seto)
P U S ([ s vt o

=) (=) = (=) (=) U
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Proof. As laid out in [9], the following problem
9% (997 + k) a(r) = ¥(r)
is equivalent to

ot = [ ([ w0 - sete)) de

7_19+1 7_19

*Clm — Cgm — C3. (23)

Using the boundary conditions for (2.1), we find that

3 = T,

e = o[ (om0 ([ e - wao)) a

[a-o ([ v - i)

LW +1)n [ 1
T [ =)

0 = g (f o F(jj;_lw@)dc—m(&)) ¢

1)
- [a-or(f f (s = wa(©)) ]

J
(9 +2) 1
0 [“1 —ra) e (- 7“2)} |

[aary

Substituting the values of ¢j, 2, c3 in (2.3), we obtain the result in this theo-
rem. O

Keeping Lemma 2.6 in mind, we mutate Problem (1.1) as the following fixed
point problem

x =2z, (2.4)

where Z : F — F is defined for each z € F by
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(Zz)(7)
/OT u ;(?:_1 OE Wcﬁ(wk))k - m(&)) d¢
it L, o () S om o)«
i L o () S som- o) o
T (17:977) [(n =) (=) = (1 =) (=7 + “;ﬂn] .

Observe that Problem (1.1) has solutions if the operator Z has fixed points.

We now give two famous fixed point results which are main tools for solving
the existence of at least one solution of our proposed model (1.1).

Theorem 2.7. (Banach contraction mapping principle) Let (X, D) be a com-
plete metric space. Suppose that T : X — X is a Banach contraction mapping,
that is,

D(Txz,Ty) < kD(z,y) (2.5)
forallz,y € X, where k € [0,1). Then T has a unique fized point a € X, that
s, Ta =a.

Theorem 2.8. (Krasnoselskii fixed point theorem, [8]) Let O be a nonempty,
closed and convex subset of a Banach space B. Suppose that Z1,2Z, : O — B
are two operators satisfying the following conditions:

(1) Z1a+ Z9b € O for all a,b € O;

(2) Z1 is compact and continuous on O;

(3) Z9 is a Banach contraction mapping on O.
Then Z1+ 25 has a fixed point, that is, there exists a € O such that Z1a+Zoa =
a.

3. MAIN RESULTS

In this section, we investigate the existence of solutions for the Langevin
equation (1.1). For the ease of computing, we set

o (9)”
A T E o 3.1
A J
= 77779 772§+1 ’7”1 — 7"3‘ -+ ’Tl — 7’2‘ + %7’1 , (3.2)

A =LA+ Ao, (3'3)
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where

14+ AT 4 )

A1 FW+w+1) (34)
sl [T+ AQ 4]
Ay @ = NCES) . (3.5)

Theorem 3.1. Consider the boundary value problem of the Langevin equation
(1.1). Suppose that

[¢(1,8) = o(7,8)| < L|s — 1| (3.6)
forall T € J and s,t € R, where L > 0 is a constant. Then the Langevin
equation (1.1) has a unique solution provided that A < 1, where A is defined
in (3.3).

Proof. We first define Z : F — F for each x € F by a function Zx which is
given for each 7 € J by

(Zz)(7)
T (r_ £)0-1 € (¢ w1
e e

et U e (] S oo ) o
P —)

n—T 1 (1_5)19—1 13 (g—g)w_l »
! U—n){A r'(9) <A T(w) o(s, x(s))ds @0d4
7'ﬂL9 1 1_
R [(”‘” (ri=rg) = 5 (1 =7) (1 = r2) + <T§”)1] |
Let us set M := sup |¢(7,0)| and choose
TeJ
2%?§;i (3.7)

where A <= < 1.
Now, we will show that ZB, C B,, where B, = {z € F: ||z|| < r}. For each
x € B,., we have
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| Z]]
T (r_ )01 € (¢ — ¢yt
/ : F(?) </0 s F(fj) ¢(g’x(g))d§_m(®) “

E o mr(f,?; 1(/05 “;8;1¢<g,x<c>>d<_m<@>ds}
-1 o w—1
! <1( e U o </o£ s —re(©))

U

sup
TeJ

i {(n—ﬂ(rl—rg)—nlﬁ(1—7) (rl—r2)+(1;9’7)r1]
[ e
([ ES = 006000 - 6 01 + ot s + (o) ) de
Rl g
([ R otesate) = 006,00 + 006, 0 s + (@) )
il L 5
o ([ otet6) = 006,00 + 1ot 00 s + o€ ) a
|1 (1= i =l + [T =l 252 ) )
e {
([T O+ 1ot 0 s+ rr©))
it e

CE—ov!

([ SRl @+ oo ds + el ) e
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[ nﬁﬂl

=
¥ (

( (L [al6) + 616, 0)) s + ()] ) de

e e ()

[ 20" (/0(§<c3> “ac) de (L1 + )

i el (sup [ e

all - {/0 <1 pé)jl(/j <‘5;(2;”‘1d<) € (L al| + [M])
)}

#(1-7)

Bl =) {/ o () ) decetan oy
-

il ([ 1d€)}

(0 —7)
1—
19

IA

+ sup
TeJ

1 1— 9—
T Jaf 2] /O( <

+ sup

+ sup

() ()
+sup (1 n) (1719”) 7”1}

e (1 - %if”fw) /01 . ;59))0 - /o5 s ;3;1 dede
e (14 7;7;(?%)%) /01 . ;@))ﬁ s

IN

(Lr 4 M)\ [7 (g —€&)P=1 [€ (£ — )<
+<(1n)n‘9(1+79)1”>/o I(W) /0 Tw) %

W] r(9)” "y — &)
+<<1—n>nﬁ<1+ﬁ>l+ﬁ)/o O

n(9n)” - (9)? )
(1 — 77)(1 +19)1+19 |T’1 7’3| + (1 — 77)7779(1 _|_19)1+19 \7“1 r2| + 7.

+

Using (3.1)-(3.5), (3.7) and the following relations:
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1 w
B@+Lm:Auaﬁ%wa—%E?Ig

and

wge - PO 1) g
/(77 f)ﬁ lf §—m7f”,

where B(-,-) is a Beta function, then we obtain that
|Zo] < (A+1-Z)r

r.

IN

Now, for each x,y € I, we obtain

|1Zx — Zy||
- sup\ Zz)(1) = (Zy)(7)]

(r—¢"!

IN

sup
TeJ 0 F(ﬁ)

{6

€—9)
k.
(1 —n)

-1

66, 2(s)) ¢@w«Md«Hmu@»—mo)ds

s

n
( « jflw@x<» ¢«w@Mdemm&y—ma)d4
Sl

(
I'(w)
1

X

Iy 1
4|

(1—-mn)
13 w—1
x( (€= e a()) - w;monﬁwwmmgy—maodﬂ}
0
(i)’ (1= g7 [ (6 — o)
< 1fi+g nﬂ*—P”>/‘ o | SRl =l
+\|(

n(9n)? (- g
T mﬁﬁ>é NORRAE
(

)L N
*(u—mwu+0wW)A o, e e

5] (9)? 7 (y— €)1
+<G—WMW1+®“”>A (o) clle vl

= Alz—yl,
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where A is given by (3.3) and relies only on the parameters involved in the
problem. As A < 1, therefore Z is a Banach contraction mapping. Hence,
the theorem’s inference is accompanied by the idea of the Banach contraction
mapping principle. O

Theorem 3.2. Consider the boundary value problem of the Langevin equation
(1.1). Suppose that ¢ maps a bounded subset of J x R into relatively compact
subset of R. Furthermore, assume that the following conditions hold:

(Hy) there exists L > 0 such that
6(r,5) — 67, 1) < Lls — 1 (3.5)
forallT € J and s,t € R;
(Hg) there exists o € F such that
¢(7, )] < o(7) (3.9)
for all T € J and s € R.

If
B LA |k| A
ST +w+1) rW+1)
where A is given in (3.1), then the Langevin equation (1.1) has at least one
solution.

("t + ) + (1+n"t) <1, (3.10)

Proof. In view of (Hs), let us fix

o [1+ A(1+ 771 |) 1)

T+ 1)

Let B, := {x € F: ||z|]| < r}. We define operators 21, 2 : B, — F for each
x € B, by

T (r— 9—1 13 _ w—1
@) - [ (F(f;) ( / (fr(jj)ac,m(c))dc - m@)) de.

(Z22)(7)
C'(1-n
* (1—1n) [(77 —7) (11 —13) — 771(1 —7)(r1 —r2) + (1;9”)7“1] )

= [IIUHA1+H<1—

S G om )

53

ZMU r(% </§ T ”@)dg‘m@)d&]
;
9
i-
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Then, for each x,y € B,, it follows from (3.11) that

1 1 U+1
sl7 [L+ A+ >]+f>§ﬁ

Z Z < A
|22+ wn_owu1+ O

Thus Z1x + Zsy € B,. In view of condition (3.10), it can be shown that Zs is
a Banach contraction mapping. The continuity of ¢ implies that the operator
Z; is continuous. Also, Z; is uniformly bounded on B, as

o]l k|7
W+wt+l) T@O+1)

Now, we will prove the compactness of the operator Z;. Setting {2 := J x By,
we define ¢ := sup |¢(7,2(7))|. Consequently, we have

(r,2)EN
/Tl (n—¢""
0 I'(9)

XQK“;Q;%@am«—m@>&

B /7’2 (7_2 _ g)ﬁfl
o T
)

1210l <

[(Z12)(m1) — (Z12)(12)| =

XQK“;@;%mam«—m@>ﬂ
= MM)73+”—73*”! * P(L;L:D ‘ 19_759"

which is independent of  and tends to zero as 70 — 71. Thus, Z; is relatively
compact on B,. Hence, by the Arzeld-Ascoli theorem, Z; is compact on B,.
Thus all assumptions of Theorem 2.8 are satisfied and the conclusion of The-
orem 2.8 implies that the boundary value problem of the Langevin equation
(1.1) has at least one solution. O

Example 3.3. Consider the following boundary value problem:

(T4+2)% 1+[(r)]?”

3.12
x(O) =7, T (é) = T2, :L’(l) =T3. ( )

{c@z(%m)xmzlw O<7<l,

Now, we set a function ¢ : 7 x R — R by

1 52

A=
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for all 7 € J and s € R. By setting ¥ = %, w =
boundary value problem (3.12) has the form of (1.1

|¢(7-7 5) - ¢(7-7 t)| < L |5 - t|
for all 7 € J and s,t € R, where L = i. Further, we have

A=LA1+Ay=~0.34 < 1.

n:%andm:%,the

5
2
). Clearly,

Thus, by Theorem 3.1, the boundary value problem (3.12) has a unique solu-
tion.

Example 3.4. Consider the following boundary value problem:

{%3(C®%+i>x<7>:115(rc<T)COST)—17 O<r<l (513

z(0)=0, z(3)=0, z(1)=0.
Here, we set a function ¢ : 7 x R — R by
1
= — -1
(T, 8) 15 (scosT)

for all 7 € J and s € R. By setting ¥ = %, w =
boundary value problem (3.13) has the form of (1.1

[¢(T,2) — d(7,y)| < Lz —y|
for all 7 € J and s,t € R, where L = % Further, we have
A=LA1+Ay=090<1

1 _ 1
= s and K = 3, the

3.
). Clearly,

Thus, by Theorem 3.1, the boundary value problem (3.13) has a unique solu-
tion.

Example 3.5. Consider the following boundary value problem:

3 3 9 (s 1+[§§T)}27
Here, we set a function ¢ : 7 x R — R by

1 52

s = TR Ty s

{ Dt (°9% +1) a(r) = gp ilp, 0<r <1, (3.14)

3

for all 7 € J and s € R. Bysettingﬁz%,w:g, zl—oandff:%,the

n
boundary value problem (3.14) has the form of (1.1). Clearly
|¢(T7 8) - ¢(T7 t)‘ <L |S - t’
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for all 7 € J and s,t € R, where L = %. Further, we have A ~ 0.415 and

LA 941 ’H’A 9+1
e wy 4 1M g
© = Torer " T )
~ 0.4955

< 1

Thus, by Theorem 3.2, the boundary value problem (3.14) has at least one
solution.

4. CONCLUSION

In this paper, we have discussed the existence and uniqueness of solutions
of nonlinear Langevin equation for a three-point boundary value problem in-
volving two fractional orders in different intervals. We used the Banach and
Krasnoselskii fixed point theorems to find out the desire results. Indeed, our
method is straightforward and can be quickly extended to several real-world
situations. Three examples illustrating our approach are also discussed.

Acknowledgements: This work was supported by Thammasat University
Research Unit in Fixed Points and Optimization.

REFERENCES

[1] B. Ahmad, Ezistence of solutions for fractional differential equations of order q € [2,3)
with antiperiodic boundary conditions, J. Appl. Math. Comput., 34(1-2) (2010), 385-391.

[2] B. Ahmad and V. Otero-Espinar, Ezistence of solutions for fractional differential in-
clusions with antiperiodic boundary conditions, Bound. Value Probl., (2009), Article ID
625347, 11 pages.

[3] B. Ahmad and P. Eloe, A nonlocal boundary value problem for a nonlinear fractional
differential equation with two indices, Comm. Appl. Nonlinear Anal., 17(3) (2010), 69-
80.

[4] A. Alsaedi, Ezistence of solutions for integrodifferential equations of fractional order
with antiperiodic boundary conditions, Int. J. Diff. Equ., (2009), Article ID 417606, 9
pages.

[5] R. Darzi, B. Agheli and J.J. Nieto, Langevin Equation Involving Three Fractional Or-
ders, J. Stat. Phys., 178 (2020), 986-995.

[6] H. Fazli, H.G. Sun and S. Aghchi, Ezistence of extremal solutions of fractional Langevin
equation involving nonlinear boundary conditions, Int. J. Comput. Math., (2020), 1-10.

[7] A.A. Kilbas, H.M. Srivastava and J.J. Trujillo, Theory and applications of fractional
differential equations, Elsevier: Amsterdam, The Netherlands, 2006.

[8] M.A. Krasnoselskii, Amer. Math. Soc. Transl., 10(2) (1958), 345-409.

[9] V. Lakshmikantham, S. Leela and J. Vasundhara Devi, Theory of fractional dynamic
systems, Cambridge Academic, Cambridge, UK., 2009.

[10] S.C. Lim, M. Li and L.P. Teo, Langevin equation with two fractional orders, Phys. Lett.
A, 372(42) (2008), 6309-6320.



1034 A. Turab and W. Sintunavarat

[11] S.C. Lim and L.P. Teo, The fractional oscillator process with two indices, J. Phys. Lett.
A, 42 (2009), Article ID 065208, 34 pages.

[12] R.L. Magin, Fractional calculus in bioengineering, Begell House Publisher, Inc., Con-
necticut, 2006.

[13] I. Podlubny, Fractional Differential Equations, Academic Press, San Diego, 1999.

[14] J. Sabatier, O.P. Agrawal and J.A.T. Machado (Eds.), Advances in Fractional Calcu-
lus: Theoretical Developments and Applications in Physics and Engineering, Springer,
Dordrecht, 2007.

[15] A. Salem and B. Alghamdi, Multi-strip and multi-point Boundary conditions for frac-
tional Langevin equation, Fractal. Fract., 4(2) (2020), 1-13.

[16] G.M. Zaslavsky, Hamiltonian chaos and fractional dynamics, Oxford University Press,
Oxford, 2005.

[17] H. Zhou, J. Alzabut and L. Yang, On fractional Langevin differential equations with
anti-periodic boundary conditions, Eur. Phys. J. Spec. Topics. 226 (2017), 3577-3590.



