Nonlinear Functional Analysis and Applications

Vol. 26, No. 5 (2021), pp. 1091-1104

ISSN: 1229-1595(print), 2466-0973(online) “
cHF A

https://doi.org/10.22771 /nfaa.2021.26.05.17
http://nfaa.kyungnam.ac.kr/journal-nfaa
Copyright © 2021 Kyungnam University Press

KUPress

SOME COINCIDENCE POINT THEOREMS FOR
PRESIC-CIRIC TYPE CONTRACTIONS

Qamrul Haq Khan' and Faruk Sk?

!Department of Mathematics, Faculty of Science
Aligarh Muslim University, Aligarh 202002, India
e-mail: ghkhan.ssitm@gmail.com

2Department of Mathematics, Faculty of Science
Aligarh Muslim University, Aligarh 202002, India

e-mail: sk.faruk.amu@gmail.com

Abstract. In this paper, we prove some coincidence point theorems for mappings satisfying
nonlinear Presié-Ciri¢ type contraction in complete metric spaces as well as in ordered metric
spaces. As a consequence, we deduce corresponding fixed point theorems. Further, we give

some examples to substantiate the utility of our results.

1. INTRODUCTION

The fundamental fixed point result, called Banach contraction principle, is
due to Polish mathematician Banach [3] in 1922. This classical result states:

Theorem 1.1. ([3]) Let (X, d) be a complete metric space and T : X — X be
a mapping. If there exists A € (0,1) such that

d(T(x),T(y)) < Ad(z,y)

for all x,y € X, then T has a unique fized point.
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There are many generalizations of Banach contraction principle, like as
1,2, 6,7, 11, 14, 15, 16, 17, 18]. One of the most generalizations is given by
Presi¢ [12] in 1965.

Theorem 1.2. ([12]) Let (X,d) be a complete metric space and T : X¥ — X
be a mapping. If there exist constants A1, A2, ..., \p € (0,1) satisfying A1+ o+
w. + A < 1 such that
k
d(T($1, T2y euny mk), T(l‘g, L3y ey Ty .CE]H_l)) < Z )\ld(aiz, CL',L'+1)

i=1
forallxy,xo,...,xx11 € X, then T has a unique fixed point, that is, there exists
a unique x € X such that T(x,z,...,z) = x.

The result of Presi¢ is very important because this theorem can be used to
investigate the existence of solution for several linear and nonlinear difference
equations. For instance, consider k-th order nonlinear difference equations:

Int+k = T(.Tn,$n+1, "'>$n+k—l)> n € No, (11)
with initial value zg,z1,...,zx € X, where (X,d) is a metric space, k € Ny
and T : X¥ — X. The equation (1.1) can be studied by means of fixed point
theory in view of the fact that * € X is a solution of (1.1) if and only if z*
is a fixed point of 7', that is,

¥ =T (z% 2", ..., x%).

Afterward, some generalizations of Theorem 1.2 were established (See [4, 13,
15] and references therein). In this continuation, Ciri¢ and Presi¢ [4] extended
Theorem 1.2 as follows:

Theorem 1.3. ([4]) Let (X,d) be a complete metric space and T : X¥ — X
be a mapping. If there exists X\ € (0,1) such that

d(T(z1, 2, ..., x), T(T2, T3, ..oy Thy Tiet1)) < A 1r2fl<xk d(xi, xiy1)

for all x1,29,...,xp4+1 € X, then T has a fixed point, that is, there exists a
z € X such that T'(z,x,...,x) = x.
If in addition, we suppose that on the diagonal AC X*,

d(T(u,u,...,u), T(v,v,...,v)) < d(gu, gv) (1.2)
holds for all v,u € X with g(u) # g(v), then T' has a unique fixed point.

In this paper, firstly, we prove a coincidence point theorem for mappings sat-
isfying nonlinear Presi¢-Ciri¢ type contraction in complete metric spaces which
is a generalization of some existing fixed point results. Then we prove a coin-
cidence point theorem in the context of ordered metric spaces for g-increasing
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mappings satisfying nonlinear Presi¢-Cirié type contraction. Further, we give
some examples to substantiate the utility of our results.

2. PRELIMINARIES

In this section, we give some basic definitions which will be required to
prove our main results. Throughout this paper, we denote NU {0} as Ny and
g(z) as gz for some places.

Definition 2.1. ([5]) Two mappings 7 : X¥ — X and g: X — X are said to
be commuting if for 1, x9, ...,z € X,

T(gl’l,gﬂ?Q, gfljk) = g(T(xthv ,.’Ek))

Definition 2.2. ([5]) Let T : X* — X and g : X — X be two mappings. A
point z € X is called a coincidence point of T and g if

T(z,x,...,z) = g(z).

Definition 2.3. ([5]) Let T : X¥ — X and g : X — X be two mappings. A
point « € X is called a common fixed point of T" and g if

T(z,z,..,z) =g(r) =x.

Let ® denote all functions ¢ : [0, 00) — [0, c0) satisfying
(i) ¢ is continuous and increasing,
(i) Y02, ¢"(t) < oo for all ¢t € (0, 00).

Lemma 2.4. ([9]) Suppose that ¢ : [0,00) — [0,00) is increasing. Then for
every t >0, lim ¢"(t) =0 implies p(t) < t.

n—oo

The property (ii) of ¢ implies 1i_>m ©"(t) = 0 for every t > 0. Therefore, by
n—oo

Lemma 2.4, if ¢ € ® then p(t) < t.
Now we are well equipped to establish our results.

3. MAIN RESULTS

In this section, we prove a coincidence point theorem for a nonlinear Presi¢-
Cirié¢ type contraction in a complete metric space.

Theorem 3.1. Let (X,d) be a complete metric space and T : Xk 5 X and
g: X — X be two mappings such that the following conditions hold:

(a) T(X*) C g(X),

(b) T and g commuting pair,

(c) g is continuous,
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(d) there exists p € ®
d(T(x1,x2, ...y k), T (22, T3, .oy Tp11)) < w(lril?é{d(gwi,gmiﬂ)}) (3.1)

for all xq,x9,...,2xp41 € X.

Then T and g have a coincidence point.
If in addition to the above hypothesis, we consider the following condition:

(e) On the diagonal A C X*,
d(T (u,ty...;u), T'(v,v,...,v)) < d(gu, gv) (3.2)
holds for all u,v € X with g(u) # g(v),

then T and g have unique common fized point.

Proof. Let x1,xa, ...,z be k arbitrary points in X. Using these points and
condition (a) define a sequence {gz, }nen as follows:

9($n+k) = T(I’n,xn+1, ...,xn+k,1). (33)
Suppose o = max{d(gz1, gr2), d(gr2, g73), ..., d(gTk, gTR41)}. Now if gzq =
gra = ... = gIp = gTk+1 = T, then we are done. Otherwise, we may assume

that gz1, gz, ..., g2k, gTr+1 are not all equal, then we know that o > 0. By
assumption (d), (3.3) and Lemma 2.4 we have,
d(gxk—l-hgxk-l-Q) = d(T(‘rh T2y eeey (L'k), T('r27 T3y ey mk-‘rl))
< gp(max{d(gxl, g$2), d(gl’g,gﬂfg), ceey d(gxk,gxk—l-l)})
<pla)<a

d(9rk+2, 9rkrs) = d(T(z2, 23, ..., xp11), T(X3, T4, ..., Thy2))
< p(max{d(gzs, gr3), d(gx3, gza), .., d(g2rt1, Th+2)})
< p(max{a, p(a)}) < a,
d(gzak, gror+1) = d(T (T, Ths1s s T2k—1), T(Thy1, Thg2, -5 Tak))
< p(max{d(gzk, gTr+1), A(gTk+1; 9Tk42); - A(9T2k-1, gT2k) })
< p(max{a, p(a), ..., p(@)}) = p(a) < a,
d(9T2k+1, 9r2k+2) = A(T(Tpt1, Ths2, o Tk )y T(Thot2s Tht 3, -0, T2k+1))
< p(max{d(grk+1, 9Tk+2), d(9Tk+2, 9Tk+3); -+
d(92k, gTok+1)})
< p(max{p(a), p(a), ..., p(a)}) = p*(a) < a

and so on

d(9Tnk+1, 9Tnk+2) < ¢"(a), n>1
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and
d(gTni1, 9ns2) < (@), n>k. (3.4)
By the property (ii) of ¢ and (3.4), we have
nh_)rrolo d(grp+1, gTni2) = 0. (3.5)

For any n,m € N, n > k, we have,
d(gxn)gxn—i-m) < d(gl‘n, gwn—l—l) + d(gxn-l—la gxn+2) + ...
+d(g$n+mflvg$n+m)
< W) + olil (@) + .+ T ). (36)

Assume | = [2-1] and m/ = [2H2=2]. Then | < m'. It follows from (3.6) that

k
d(.qxnygxn-i-m) < SOZ(O‘) + (Pl<a> +...+ Sol(a)
k times

+ @ @) + @)+ + @ ()

~
k times

+ gpm/(a) + cpm,(a) + ...+ goml(a) .
k ‘c?:nes

So,

A(gTn, gTnim) < kY @'(a). (3.7)
i=l

By the property (ii) of ¢, we have
oo
li ity = 0
Jfim )0
1=

and in view of (3.7), we have d(gxn, gTn+m) — 0 as n — oo. This means that
{9z }nen is a Cauchy sequence. Since X is complete, there exists x € X such
that

lim g(z,) = z. (3.8)

n—0o0

Using assumption (c) and (3.8), we have

lim g(g(zn)) = g(x). (3.9)

n—oo

By using (3.3) and commutativity of 7" and g, we get
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9(gzn+k) = 9(T(Tn, Tnt1s ey Tngk—1))
= T(9Tn, 9Tnt1s s 9Tnik—1)- (3.10)
By using triangular inequality and (3.10), we get
d(gz, T(z,@,...x)) < d(gz,9(92nik)) + d(g(gTnsr), T(2, @, ..., x))
= d(gz,9(9Tn+k))
+d(T(gxn, gTni1, s GTnik—1), T(x, 2, ..., T))
which gives
d(gz, T(z,x,...,x))
< d(gz, 9(92n+k)) + AT (g, 9Tnt1, s GTnsk—1), T(9Tns1, -y GTnik—1, 7))
+d(T(gTn+1y ey 9Tnsk—1,2), T(9Tn42, oy GTpik—1,2,T))

+d(T(9znsk—1,2, ..., z), T(x,2,...,2)).
Therefore, by assumption (d), we have
d(gx, T (z,x,...,x))
< d(gz, 9(92n+k)) + p(max{d(g(gzn), 9(92nt1)), -, d(9(9Tnik-1), 9(2))})
+ p(max{d(g(g92n+1), 9(97n12)), - d(9(92n+1-1), 9(x)), d(g(x), 9(x))})

+ p(max{d(g(g2n+r-1),9(x)), d(g(x), g(x)), - - -, d(g(x), g(x))})-

Taking n — oo and using (3.8), (3.9), (3.5) and properties of ¢, we have
d(ng T(',B: L. .%')) < 07
that is,
d(gz,T(z,x,...,x)) =0
which gives
g(z) =T (z,x,..., ).
Hence, x is a coincidence point of 7" and g.
Now, suppose assumption (e) holds. We show that 7" and g have unique

common fixed point. Let z and y be the two coincidence points of 1" and g
then

T(x,x,...z)=g(x) =7 (3.11)
and
T(y,y:-y) =9y) =7. (3.12)



Some coincidence point theorems for Presié-Cirié type contractions 1097

Then we shall show that
T=7. (3.13)
On contrary, suppose that T # ¥, then by using assumption (e), (3.11) and
(3.12), we get
d(T(z,z,....x), T(y,y,....,y)) < d(gz,gy)
so that

d(z,y) < d(z,7)
which is a contradiction yielding that (3.13) holds.
Again since T" and g are commuting pair, from (3.11) we get

9@ = g(T(e.,....))

= T(gz,gz,...,g9T)

= T(z,z,..,T)
so that

9(%) =T(z,=%,...,T), (3.14)
which implies that Z is also coincidence point of T and g.
Using (3.13) and (3.14), we get
T(z,z,..,7) =g(T) =7,

which yields that T is a common fixed point of 7" and g.

Suppose that x* is another common fixed point of T" and ¢g. Then again by
using assumption (3.13), we get
zt =g(a¥) = g(T) =T.

Hence, T' and g have a unique common fixed point. O

Corollary 3.2. Let (X,d) be a complete metric space and T : X* — X and
g: X — X be two mappings such that the following conditions are satisfied:
(a) T(X*) € 9(X),
(b) T and g is a commuting pair,
(¢) g is continuous,
(d) There exists A € (0,1) such that

d(T(.’El,.’L‘Q, ceey mk)v T(IEQ, L3y ooy Ty xk‘—i—l)) S A 11’2?<Xk d(g:lci,gx,-+1)

for all x1,x9,..., 241 € X.

Then T and g have a coincidence point.
If in addition to the above hypothesis we consider the following condition:
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(e) On the diagonal AC X,
d(T(u,u,...;u), T(v,v,...,v)) < d(gu, gv)
holds for all u,v € X with g(u) # g(v),

then T and g have unique common fized point.

Proof. In Theorem 3.1, taking ¢(t) = At for all ¢t € [0,00) with A € (0,1) we
obtain Corollary 3.2. 0

Remark 3.3. Some of existing results are deducible from our newly proved
results, as given below:
(1) In Theorem 3.1, taking g as identity map and considering ¢(t) = At
for all t € [0,00) with A € (0,1) we obtain Theorem 1.3.
(2) If we take g as identity map with ¢(t) = At for all ¢ € [0,00) with
A € (0,1) and consider the map T on X in Theorem 3.1, then we
obtain Theorem 1.1.
(3) Contractive condition of Theorem 1.2 implies contractive conditions of
Corollary 3.2. So, by considering the map ¢ as identity in Corollary
3.2 we obtain Theorem 1.2.
(4) Theorem 3.1 improves other fixed point results given by Luong and
Thuan(Theorem 2.2) [8].

4. RESULTS IN ORDERED METRIC SPACES

In this section, we prove a coincidence point theorem for g-increasing map-
9y
pings satisfying nonlinear Presi¢-Ciri¢ type contraction in an ordered complete
metric space.

Let (X, =) be a partially ordered set. We endow X%, k € N with the
following partial order:

(x1, 2, ..., xx) C (y1,Yy2, ..., yr) if and only if z1 < y1, 22 < Y2, ..., Tk = Yg.

Definition 4.1. ([10]) Let X be a nonempty set with partial order < and
T:X* - X and g : X — X be two mappings. Now,

(a) A sequence {xy,}nen is said to be increasing with respect to < if

T a9 =Xy XL

(b) T is said to be increasing with respect to < if for any finite increasing

sequence {xn}ﬁii we have,

T(z1,z2,....xK) = T(x2, 23, ..., Tht1),

(¢) T is said to be g-increasing with respect to < if for any finite increasing

sequence {gxn}ﬁg we have,
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T(x1, 72,y wx) 2 T (22,23, Tpy1)-

Theorem 4.2. Let (X, =X) be a partially ordered set and suppose there is a
metric d on X such that (X,d) is a complete metric space. Let k be a positive
integer and the mapping T : X* — X be g-increasing. Suppose the following
conditions hold:

(a) T(X*) C g(X),

(b) T and g commuting pair,

(¢) T is continuous or if {x,} is an increasing sequence with x,, — x then

Tp X x for all n,
(d) g is continuous,
(e) there exist k elements x1,xa, ...,xx € X such that

gr1 X gre <X ... 2 gr) and grg X T(x1, 29, ..., k),
(f) there exists ¢ € ® such that

AT (x1, 2, ...y xp), T(x2, 23, oy Tht1)) < ¢(1@?<Xk{d(gxi’ 9Ti+1)}) (4.1)

for all x1,x9,...;xp 11 € X with gr1 <X gre = ... X gTk11-

Then T and g have a coincidence point.
If in addition to the above hypothesis we consider the following condition:

(9) On the diagonal A C X,
d(T(u,u, ...;u), T(v,v,...,v)) < d(gu, gv) (4.2)
holds for all u,v € X with g(u) # g(v),
then T and g have unique common fized point.
Proof. By assumption (e) there exist k elements x1,xg, ...,z € X such that
gr1 X gre < ... 2 gk and gxp 2 T(x1, T2, ..., T)).
Using assumption (a) we can define a sequence {gz, }nen such that
9(Tnak) = T(Tpny Tnt1s ooy Tntk—1)- (4.3)
Now
grie1 = T(x1, 22, ..., k) = gxk,
9Tpro = T(x2, 23, ooy Ty1) = T(21, T2y ooy Tp) = GTp41-
Continuing this process, we can show
gr1 X gro < ... S gTn X ... (4.4)

Proceeding in the same way as in Theorem 3.1, we can prove that {gz, }nen
is a Cauchy sequence. Since X is complete, there exists x € X such that

lim g(z,) = z. (4.5)

n—0o0
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By using assumption (d) and (4.5), we have

lim g(g(zn)) = g(2). (4.6)
n—oo
Using (4.3) and commutativity of 7" and g, we get
9(97ntk) = 9(T(Tn, Tnt1, s Tngk-1))
= T(gxnvg$n+17 -~-7gxn+k71)- (47)

Now suppose that assumption (c¢) holds, i.e., T is continuous.
Using continuity of T, (4.5),(4.6) and (4.7), we get
g(z) = lim g(ganir)
n—o0
= T(g(xnvgxn-‘rlv"'7gxn+k71))
T(z,x,...,z).

Hence, x is a coincidence point of T" and g. Alternately, suppose that if {x,,}
is an increasing sequence with z,, — x, then z,, < z for all n. Since {gx;, }nen
is increasing, we have

gry, 2 x for allm € N. (4.8)
Using triangular inequality and (4.7), we get
d(gz,T(x,z,...,x)) < d(gz, g(92nsr)) + d(9(g2nik), T(z, 2, ..., 7))
= d(9, 9(9Tn+k))
+ d(T(9Zny GTnt1s -y 9Tnrk-1), T(z, 2, ..., T)),
which gives
d(gz, T(z,x,...,x))
< d(gz, 9(9xnik)) + d(T(9Zn, 9Tn+1y ooy 9Tnak—1), T(9Tn41, -y §Tnik—1,2))
+d(T(gZn+1y -y 9Tn+k—-1,2), T(gTn42, ey GTpik—1,2,T))

+ d(T(gxnsk—1,T, oy z), T(z, 2, ..., 2)).
Therefore, in view of (4.8) and assumption (f), we have
d(gz, T(z,x,...,))
< d(gz, 9(gznr)) + p(max{d(g(g2n), 9(92n11)); -+ d(9(92nir-1), 9(2))})
+ p(max{d(g(92n+1), 9(9n+2)); -+ d(9(92n1k-1), 9(2)), d(9(x), 9(2))})

+ p(max{d(g(g2nr-1),9(x)), d(g(x), g(2)), ..., d(g(x), g(x))})-
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Now, following the lines of the proof of Theorem 3.1, we can show that =
is a coincidence point of T" and g. The proof of existence of unique common
fixed point is similar to Theorem 3.1. 0

Corollary 4.3. Let (X,=) be a partially ordered set and suppose there is a
metric d on X such that (X,d) is a complete metric space. Let k be a positive
integer and the mapping T : X* — X be g-increasing. Suppose the following
conditions hold:

(a) T(X*) C g(X),

(b) T and g commuting pair,

(¢) T is continuous or if {x,} is an increasing sequence with x,, — x then

Ty = x for all n,
(d) g is continuous,
(e) there exist k elements x1,xa,...,xx € X such that

gr1 X gre X ... 2 gr) and grg X T(x1, 29, ..., k),
(f) there exists A € (0,1) such that

d(T(z1, 22, ..., x1), T(22, 23, ..oy Tpy1)) < A lfgfigk{d(gﬂfu griy1)}

for all x1,x9,...,xx11 € X with gr1 =X gr2 =X ... X gTk41.

Then T and g have a coincidence point.
If in addition to the above hypothesis we consider the following condition:

(9) On the diagonal AC XF,
d(T(u,u, ...;u), T(v,v,...,v)) < d(gu, gv)
holds for all u,v € X with g(u) # g(v),

then T and g have a unique common fixed point.

Proof. In Theorem 4.2, taking ¢(t) = At for all ¢t € [0,00) with A € (0,1) we
obtain Corollary 4.3. U

Remark 4.4. In Theorem 4.2, the contractive condition need not to hold on
the whole space. Therefore, Theorem 4.2 is more general than Theorem 3.1.

5. ILLUSTRATIVE EXAMPLES

Now we give examples to support our results.

Example 5.1. Consider X = [0,1] with usual metric d. Let T': X? — X
and ¢g: X — X be mappings given by
22 + 222

T(Sﬂl,xg) = 7

and g(z1) = 2.
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Then for any x1,z9,z3 € X, we have

24222 22+ 222
d(T(z1,22), T(x2,23)) = |= - 22 - -
_ x? n 222 13 2x§
|7 7 7 7
(22 —23) 2
- [ -y
1 2
< §|1‘% 93%|+§|$g a3 |
2 2
< §\$%*$5|+§|$3*$§
2
= ;[d(gxl,g@) + d(gx2, gx3)]
4
S ?max{d(gxl,gxg),d(g:rg,gazg)}.
Also,
3x2 312
d(T(x1,21),T(x2,22)) = it S
7 7
3
= 7 | xf - 37% ‘
< |af— a3 |
= d(9$1,9$2)-

Therefore, all the conditions of Theorem 3.1 are satisfied with ¢(t) = %t.
Hence, T' and g have unique common fixed point, that is,

7(0,0) = g(0) = 0.

Example 5.2. Let X = {0, 1,2} with usual metric d(z,y) =| x — y | for all
z,y € X. Then (X,d) is a complete metric space. Consider the partial order
on X:

r,yeX, x <Xy < z,y€{0,1} and z <y,

where < is usual order. Then X has the property: if {z,} is increasing
sequence, x, — x then z, < z for all n. Define T : X? — X as follows:

7(0,0)=T7(0,1)=T7(1,1)=T(1,0) =T7(2,2) =T7(0,2) =0,
T(2,1)=1, T(1,2) =T(2,0) =2,
and g : X — X as follows:
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Then, obviously, T' is g-increasing. Let ¢ : [0,00) — [0,00) be given by

o(t) = % for all t € [0,00). If y1,992,y3 € X with gy1 =< gy2 < gys, then

gy1 = gy2 = gy3 = 0 or gy1 = gy2 = gys = 1 or gy1 = gy2 = 0,g9ys = 1 or
gy1 = 0,9y2 = gys = 1. In all cases, we have d(T(y1,y2),T(y2,y3)) = 0, so

d(T(y1,y2), T(y2,y3)) < p(max{d(gy1, gy2), d(gy2, gy3)})-
Also, d(T(0,0), T(1,1)) = 0 < 2 = d(g(0), g(1)), d(T(1,1), T(2,2)) = 0 < 1 =
d(g(1),9(2)) and d(7(0,0),7(2,2)) = 0 < 1 = d(g(0),9(2)). Therefore, all
the conditions of Theorem 4.2 are satisfied. Applying Theorem 4.2, we can
conclude that T has a unique common fixed point which is 0. However,

d(T(1,1),T(1,2)) =2 > 1> ¢(1) = p(max{d(g(1), 9(1)), d(g(1),9(2))})
for every o€ ®. Hence, the contractive condition of Theorem 3.1 is not satisfied
by the mapping. Therefore, we cannot apply this example to Theorem 3.1.

Acknowledgments: The authors are grateful to the anonymous referees for
their valuable comments and suggestions which improve the paper.
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