Nonlinear Functional Analysis and Applications

Vol. 26, No. 5 (2021), pp. 1105-1114

ISSN: 1229-1595(print), 2466-0973(online) “
cHF A

https://doi.org/10.22771 /nfaa.2021.26.05.18
http://nfaa.kyungnam.ac.kr/journal-nfaa
Copyright © 2021 Kyungnam University Press

KUPress

A FIXED POINT THEOREM FOR NON-SELF
G-CONTRACTIVE TYPE MAPPINGS IN CONE METRIC
SPACE ENDOWED WITH A GRAPH

R. Sumitra!, R. Aruna? and R. Hemavathy?

!Department of Mathematics
Queen Mary’s College, Chennai 600 004
Affiliated to University of Madras, India

e-mail: suhemaths@rediffmail.com

2Department of Mathematics
Dr. M.G.R. Educational and Research Institute, Chennai, India
e-mail: arunasriram1978@yahoo.com

3Department of Mathematics
Queen Mary’s College, Chennai 600 004
Affiliated to University of Madras, India

e-mail: hemaths@gmail.com

Abstract In this paper, we prove a fixed point theorem for G-contractive type non-self
mapping in cone metric space endowed with a graph. Our result generalizes many results in

the literature and provide a new pavement for solving nonlinear functional equations.

1. INTRODUCTION AND PRELIMINARIES

Continuity and convergence of functions have been dealt in many branches
of Mathematics. The study of metric space and its generalizations showed
a new way for many mathematicians to put this concept of continuity and
convergence in a more elaborative setting. Recently, Huang and Zhang [13]
defined the concept of cone metric space by replacing the set of real numbers by
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an ordered Banach space and established some fixed point theorems for map-
pings satisfying variety of contraction conditions along with much celebrated
Banach contraction mapping in the setting of cone metric space in which the
normality of cone is an essential ingredient. Several authors [5, 7, 8, 11] ana-
lyzed Kannan type non-self contraction mappings and Chatterjea type non-self
contractive mappings in Banach space endowed with graph. Also, Imdad and
Kumar [14] proved Rhoades-type Fixed point theorems for a pair of non-self
mappings for Banach space.

The aim of this paper is to prove a fixed point theorem for G-contractive
type non-self mapping in cone metric space endowed with a graph. Our result
generalizes many results in the literature.

Definition 1.1. ([13]) Let E be a real Banach space. A subset P of E is
called a cone if the following conditions are hold:

(a) P is closed, nonempty and P # {0};

(b) a,b e R, a,b>0, x,y € P implies ax + by € P;

(c) x € P and —z € P implies x = 0.

Definition 1.2. ([13]) Let P be a cone in Banach space E, define partial
ordering ‘<’ with respect to P by < y if and only if y —x € P. We
shall write x < y to indicate z < y but z # y, while x < y will stand for
y —x € Int P, where Int P denotes the interior of P. The cone P is called
normal if there is a number &£ > 0 such that for all z,y € F, 0 < z < y implies
l|z|| < E|ly||. The least positive number satisfying this inequality is called the
normal constant of P.

In the following, suppose F is a Banach space, P is a cone in E with
Int P # () and < is a partial ordering with respect to P.

Definition 1.3. ([13]) Let X be a nonempty set and E be a real Banach
space. Suppose that the mapping d : X x X — F satisfy:
(d1) 0 < d(zx,y) for all z,y € X and d(x,y) = 0 if and only if z = y;
(d2) d(z,y) = d(y,z) for all x,y € X;
(d3) d(z,y) < d(x,z)+d(z,y) for all z,y,z € X.
Then d is called a cone metric on X and (X, d) is called a cone metric space.
It is clear that the concept of a cone metric space is more general than that
of a metric space.

Example 1.4. ([13]) Let E = R?, P = {(z,y) € E such that : 2,5 > 0} C R?,
X =Rand d: X x X — E defined by d(z,y) = (|x —y|, a|x —y|) where o > 0
is a constant. Then (X, d) is a cone metric space.
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Definition 1.5. ([13]) Let (X,d) be a cone metric space. We say that the
sequence {x,} is
(1) a Cauchy sequence if, for every ¢ in E with 0 < ¢, there is an N such
that for all n,m > N, d(z, zy) < ¢
(2) a convergent sequence, if for every ¢ in E with 0 < ¢, there is an N
such that for all n > N, d(z,,z) < c for some fixed z in X.

Remark 1.6. ([13]) If ¢ € IntP, 0 < a, and a, — 0, then there exists an ng
such that for all n > ng, we have a,, < c.

Remark 1.7. ([13]) If 0 < d(zp, z) < by, and b,, — 0, then d(z,, ) < ¢ where
{zn} is a sequence and x is a given point in the cone metric space X.

Remark 1.8. ([13]) If 0 < u < ¢ for each ¢ € int P, then u = 0.

Definition 1.9. ([15]) Let A denote the diagonal of the Cartesian product
X x X. Let G = (V(G), E(G)) be simple directed graph, where V(G) is the
set of vertices coincides with X and E(G) is the set of its edges containing all
loops, that is, A C E(G). G~! is called the converse graph of G, defined as

E(G™YH ={(y,z) € X x X : (x,y) € BE(G)}.

If x and y are vertices in the graph G, then a path from x to y of length N
is a sequence {z;}Y , of N + 1 vertices of G such that

xo=x,zy =y and {x;_1,7;} € E(G),i=1,2,...,N.

A Graph is called connected if there is at least a path between any two
vertices.

Definition 1.10. ([15]) If G = {V(G), E(G)} isagraph and H C V(G). Then
the graph {H, E(H)} with E(H) = E(G)N(H x H) is known as the subgraph
of G determined by H. It is mentioned as Gg. G is called a symmetric graph
by uniting G and G, that is, E(G) = E(G)U E(G™1).

Definition 1.11. ([15]) A mapping 7" : X — X is said to be well defined on
a metric space endowed with a graph G if it has the following property:

(x,y) € E(G) = (Tx,Ty) € E(G). (1.1)

Definition 1.12. ([15]) A well defined non-self mapping 7' : K — X on a
metric space endowed with a graph G is said to be

(i) a G-contraction if there is a constant o € (0,1) such that d(Tz, Ty) <
ad(z,y) for all z,y € E(Gg),
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(ii) a G-contractive type (or generalized G-contractive) mapping, if the
following inequality holds:

d(Tz,Ty) <amax {;d(az, y),d(Tx,z),d(Ty,y), ;[d(Ta:, y) + d(Ty, :E)]}
(1.2)

forall z,y € E(Gg),and 0 < a < 1, ¢ > 1+ 2a.

The following important concept used in [9] is needed in the sequel:

Definition 1.13. ([9]) Let X be a Banach space, K be a nonempty closed
subset of X and T': K — X be a non-self mapping. Let x € K and Tz ¢ K.
Let y € 0K be the corresponding element such that y = (1 — Nz + ATz (0 <
A < 1) which in turn express the fact that d(z,Tz) = d(z,y) + d(y,Tz),
y € OK. If for any such element z, we have

d(y,Ty) < d(z,Tx) (1.3)

for all corresponding y € Y, then we say that 7" has property (M).

Definition 1.14. ([5]) Let (X, d, G) be a Banach space endowed with a simple,
directed and weakly connected graph G is said to hold the property (L), if for
any sequence {z,}>°, C X with z,, = z as n — oo and (zp,2n+1) € E(G)
for all n € N, there exists a subsequence {xy, }°° ; satisfying

(zk,,z) € E(G), Yn € N, (1.4)

2. Main result

Theorem 2.1. Let (X,d,G) be a cone metric space endowed with a simple,
directed and weakly connected graph G with property (L). Also, let K be a
nonempty closed subset of X such that (z,y) € E(Gg) where G is the sub
graph of G confined by the nonempty subset K. Suppose that T : K — X
is a G-contractive type mapping having property (M). If Kp = {x € 0K :
(x,Tz) € E(G)} # 0 and T satisfies Rothe’s boundary condition

T(9K) C K, (2.1)

then

(a) Fiz(T) # 0, and
(b) Picard iteration {x, = T"xo}2, converges to w € Fix(T), for all
xg € K.
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Proof. If T(K) C K, then T is actually a self mapping of the closed set K
and the conclusion follows by Rhoades fixed point theorem [22] with X = K.
Therefore, in the following, we consider only the case T'(K) is not a subset of
K. Choose xy € Kp, which in turn imply that (zg,Txo) € E(Gg) and by
repeated performance of (1.1),

(T"zo, T ao) € E(G), ¥Vn € N. (2.2)

Denote y,, := T"xq for all n € N. By (2.2), it follows that T'zo € K. Denote
x1:=y1 = Txg. Now, if Tx1 € K, set x9 :=yg = Tx1. If Txy is not in K, we
can choose an element 5 on the segment [z, Tx;] which also belong to K,
that is

29 = (1= Nz + ATz; (0< A< 1). (2.3)

Continuing in this way, we form two sequences {z,} and {y,}.
() {zn} ={yn} =Txp_1, if Tzy_; isin K,
(i) zn =1 = Nxp_1+ XTzp_1 € OK(0 <A< 1),if Tz is not in K.

Next, denote

P={z, e{xn} axp=yr =Trr_1}, (2.4)
Q= {xx € {xn}:xr #Tap_1}. (2.5)

Note that {z,} C K for all n € N and that if z;, € @, then both z;_; and
xp4+1 belong to the set P. By (2.2), we cannot have two consecutive terms of
{z,} in the set P.

Continuing this, we get three cases, to prove {z,} is Cauchy.

Case (1): Let z,,x,41 € P. In this case, , = y, = Txp,—1 € K and
Tntl = Ynt1 = Lz, € K. But z,_1 need not be equal to y,_1.

Since {x,} C K for all n € N, by (2.3), (xn,zn+1) € E(Gk) and so by
contraction condition (2.1),

d(fvm Tny1) = d(Yn, Z/n—i-l) = d(Txn—hT%@)

d n—Lisn
(x21x)7 d(T:L'n717 xnfl)a d(T:L‘TLv :L'n)a

d(Tznfla xn) + d(TmﬂJ xnfl) }
q

< amax{

d(Tn—-1,%n A(Yn, Tn A(Yn41, Tn—
:Oémax{W,d(yn,wnq),d(ynﬂ,xn), (y z )+q(y +1,% 1)}

(2.6)
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Since there are infinitely many n values, we obtain

d(xn—h xn+1)

d(l‘n, xn+1) <a q

1
S Oég[d((ﬂfn_h xn) + d(.’En, J/‘n-i-l)]u

that is,

<1 - Z) d<$n7xn+1) < %d<xn—17$n)-

Hence, we have
Q@

d(l'nv :L'nJrl) < q_iad(xnfla xn)-

Case (2): Let z, € P, zp4+1 € Q. Then, x,, = y, = Txp—1 € K and
Tn+l 7 Ynt1 = Txy € K. Then x,, € 0K and

d(xn, Tnt1) + d(@py1, Txy) = d(zp, Txy).
Since d(xp+1,Txy) # 0,
d(Tp, Tpt1) = d(@p, Txy) — d(pp1, Ty) < d(zy, Txy). (2.7)

Now by a similar argument as in Case 1, (zp,z, — 1) € E(Gk) and hence
by contraction condition (2.1),

d(Yn, yn—i-l) = d(zy, Try) = d(Txy 1, Ty)
d n—1» n
< amax {@2137)’ d(Txnfla -'L‘nfl)a d(T$na l’n),

d(TZUnfla l'n) + d(Tl‘n, -’Enfl) }
q

d(Tn_1,Tn d(Ynt1, Tn—
L), )l ), DL,

From the above, we conclude that

= amax { (2.8)

d(xp, Tzy) < éd(xp—1,y), where § = max {g,a, @ } =«
q—

and hence by (2.8), we have
d(xpt1, Txy) < d(xp, Txy) < ad(xp—1,xy,).
Case (3): Let z, € Q, 11 € P. Then x, # yp = TTp—1, Tnt1 = Ynt1 =
Tx, and
d(xp—1,2n) + d(xn, Tryp—1) = d(@n_1,TTH_1). (2.9)
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By property (M),
d(xn, Tpt1) = d(@n, Txy) < d(Tp—1,Txn—1) < d(Txp_2,TTH_1). (2.10)
By (2.3) (yn—1,Yn) € E(G) and by using contraction condition (2.1), we get

d(Txn—Qa Txn—l)

d n—z)n—
(x22x1)a d(Txn—2, Tp—2), d(TTp-1,Tn-1),

d(Txnf% xnfl) + d(Txnfla xan) }
q

< ozmax{

d(Tap—1, Tn—2) } _ (2.11)

= amax {d(xn_l, Tp—2), d(Tp, Tn_1),
q

Hence we have

d(Txn—ly wn—Q) < d<T$n—l7 xn—l) + d(xn—la xn—2)
q B q
< d(Txnf% T"Enfl) + d(xnfla $n72)
J— q .

Therefore, we have

d(Txn—% T$n—1)

d T n— 7T n— d n—1,4n—
Samax{d(xn1,;pn2)’d(xn’$n1), (Trn—2,Twy1) +d(Tn-1,2 2)}.

q
(2.12)

Here also we have three cases,

(i) d(Tzp—2,Txp—1

d( < ad(Tp-1,Tp-2),
( ) (Tl'n_Q,T.%'n 1

d(

(

(6% (x’mxn 1)
a Txn 27Txn 1)+d(xn 1,Ln— 2)

( ) T:Un—ZyTxn 1
d(Txp—2,Trn1

and so,

I/\ INIA

)
)
) :
) (xn 1, Tn— 2)

Using (2.11), the above cases 1mply

d(xnaanrl) < ABTM

where B, € {d(zn—2,2n-1), d(zn-1,2n)} and A := 5.
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n—1
For n > 1, d(xp, Tpy1) < A2 Ba, B2 € {d(xo,21),d(x1,22)}.
Using triangle inequality, for n > m, we have
d(xru xm) S d(.%‘n, xn—l) + d(xn—lv xn—2) +---+ d(mm—i-l; xm)
< ()\nTil_F)\nTiQ_;_..._F)\mTil)ﬂQ
m—1
< VA
1—VA
By Remarks 1.6 and 1.7, we have d(xy,, ) < k. Therefore {z,} is a Cauchy
sequence in K. Since K is complete, there is some point w € K such that

x, — w. There exists a subsequence {z,, } such that x,, = y,, = Txn,,
and so T'x,, _, — w.

Bo — 0 as m — oo.

Next we prove that Tw = w.
d(Tw,w)
<dTw, Tz, ,)+dTz,, ,,w)

d(Zn,,
(:1:7”2_111))7 d(Tanm71 ) xnm71)7 d(T'LU’ ’LU),

d(Tzy,, ,,w)+d(Tw,z,,, )
q

< amax{

} +d(Txy, ,,w).

Using z,, = Yn,, = I'Tp,, , = w, as m — oo, we get, the following cases,

(1) d(Tw,w) < oXmm1 gy, w) < ak +k =k,
(2) d(Tw,w) < ad(Txn,, | Tn,, )+ dTxy, ,,w)
< ao(d(Txn,, ,,w)+dw,zy,, ,)+dTzy,, ,,w)
= a% + 72(05:_1) (a + 1) =k,
(3) d(Tw,w) < ad(Tw,x) + d(Txy,,_,,w) implies
d(Tw,w) < 2=d(Tzy,,_,,w) < (1 — a)k =k,
(4)

d(Tzy,, ,,w)+dTw,z,, )

q

- ad(Txnm71,w) + d(il;w, w) + d('w7 xnmfl) + d(Tﬂfnm,1 , w)

«
S q— ad(T-iUnmflvw) + Hd(w7xnm—l)

o k « k e
q—« QqQLa q—« Qﬁ

d(Tw,w) < «

+d(Txy, ,,w)

(0}

<
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Thus in all the above cases, d(Tw,w) < k for each k € int P. Using Remark

1.8,

we get d(Tw,w) = 0 implies Tw = w. Hence, w is the fixed point of T

This completes the proof. O
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