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Abstract. In this paper, we present a modified (improved) generalized M-iteration with
the inertial technique for three quasi-nonexpansive multivalued mappings in a real Hilbert
space. In addition, we obtain a weak convergence result under suitable conditions and the
strong convergence result is achieved using the hybrid projection method with our modified
generalized M-iteration. Finally, we apply our convergence results to certain optimization
problem, and present some numerical experiments to show the efficiency and applicability of
the proposed method in comparison with other improved iterative methods (modified SP-
iterative scheme) in the literature. The results obtained in this paper extend, generalize and

improve several results in this direction.

1. INTRODUCTION

A fixed point problem for a nonlinear mapping T : C' — C'is; find x € C
such that

Tr =x. (1.1)
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Fixed point theory has become an invaluable area of study in mathematics
as many problems in mathematical sciences, engineering, physics, economics,
game theory, etc can be transformed into a fixed point problem. It is well-
known that solving a fixed point problem analytically is very difficult or almost
impossible and thus the need to consider approximate solution for fixed point
problems arises. Over the years researchers have developed several iterative
schemes for solving fixed point problems for different operators but the re-
search is still on going in order to develop a faster and more efficient iterative
algorithms.

The Picard iterative process
Tpt1 = Ty, Vn €N, (1'2)

is one of the earliest iterative process used to approximate equation (1.1),
whenever T' is a contraction mapping. It has been established that the Picard
iterative process fails to approximate (1.1) in as much as 7' is a nonexpansive
mapping even when the existence of the fixed point is guaranteed or known.
The author in [10] showed that the class of nonexpansive self mappings on a
closed and bounded subset of a uniformly convex Banach space has a fixed
point. Thereafter, researchers in this area have developed different iterative
processes to approximate fixed points of nonexpansive mappings and a host
of other nonlinear mappings. One of the pressing and important concept
in this area of research is developing a faster, efficient and reliable iterative
algorithms for approximating fixed points of nonlinear mappings. The follow-
ing are some well-known iterative algorithm in literature for approximating
fixed points of nonlinear mappings. Among many others, are; Mann [22],
Ishikawa [17], Krasnosel’skii [21], Agarwal [1], Noor [27], Jungck AM [24] and
so on. There are numerous papers dealing with the approximation of fixed
points of nonexpansive mappings, asymptotically nonexpansive mappings, to-
tal asymptotically nonexpansive mappings in uniformly convex Banach spaces
and CAT(0) spaces (for example, see [3, 1] and the references therein).

In 2011, Phuengrattana and Suantai [29] introduced S P-iterative process,

as follows; Let C' be a convex subset of a normed space E and T : C' — C' be
any nonlinear mapping. For each xg € C, the sequence {z,} in C is defined

by
zn = (1 — ap)zy + Ty,
Yn = (1 - Bn)zn + BnT2n, (13)
Tpt1 = (1= ¥)Un + ¥ TYn, n > 1,

where {a,} is a sequence in [0, 1]. In 2017, Karakaya et al., in [20] introduce

new iteration process, as follows; Let C be a convex subset of a normed space
E and T : C' — C be any nonlinear mapping. For each xg € C, the sequence
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{zp} in C is defined by

Zn = Tl'n,
Yn = (1 — ap)zn + anT'zy, (1.4)
Tnt+1 = TYn, n>1,

where {a,,} is a sequence in [0, 1]. They proved that their iterative process
converges faster than all of Picard, Mann, Ishikawa, Noor, Abass et al., process
and some existing one in literature.

In 2018, Ullah et al., in [33] introduce new iteration process called M-
iteration process, as follows; Let C be a convex subset of a normed space
E and T : C' — C be any nonlinear mapping. For each xg € C, the sequence
{zn} in C' is defined by

zn = (1 — ap)xn + anTay,
Yn = T'zp, (1'5)
Tl = LYn, n2>1,

where {a,,} is a sequence in [0, 1]. They proved that their iterative process
converges faster than all of Picard, Mann, Ishikawa, Noor, Abass et al., SP,
CR, Normal-S process, the above listed iterative process and some existing
one in literature.

Remark 1.1. It was established in [I] that the iterative processes (1.4) and
(1.5) have the same rate of convergence.

In 2020, the authors in [13] introduced a generalized M-iteration in the
framework of hyperbolic spaces. We will give the corresponding definition of
generalized M-iteration as follows; Let C be a convex subset of a normed space
E and T : C'— C be any nonlinear mapping. For each xg € C, the sequence
{zp} in C is defined by

zn = (1 —ap)zy + Ty,
Yn = Bnzn + (1 - ﬁn)TZm (16)
T+l = YnYn + (1 - ’VH)Tyna n>1,

where {a, }, {Bn} and {7, } are sequences in [0, 1]. They established some fixed
point results in the framework of hyperbolic spaces. They also stated it clearly
that for 8, = 7, = 0, then iterative process (1.6) becomes (1.5). More so, they
claim the the generalized M-iteration converges faster than the M-iteration.
They gave a numerical example to justify this claim.

Remark 1.2. (1) If ap = By, = vn = 3, then iterative processes (1.6) and
(1.3) are the same.
(2) If « = =+ =1, the SP iteration becomes the M-iteration.
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Question 1: It is natural to ask if one can construct an iterative scheme
that converges and approximates better than existing iterative schemes in the
literature.

Question 2: It is natural to ask if one can modify iterative process (1.6) and
obtain strong convergence for common fixed point of nonlinear mappings.

Question 3: It is natural to ask if one can modify iterative process (1.6) to
approximate certain optimization problem.

Over the years researchers have developed several iterative schemes for solv-
ing fixed point problems for different operators but the research is still on going
in order to develop a faster and more efficient iterative algorithms. In this re-
gard, the inertial extrapolation method has proven to be an effective way for
accelerating the rate of convergence of iterative algorithms. The technique
was introduced in 1964 and is based on a discrete version of a second order
dissipative dynamical system [26, 28]. The inertial type algorithms use its
two previous iterates to obtain its next iterate [5]. For details on the inertia
extrapolation see [0, 7, 8] and the references therein.

In 2001, Alvarez and Attouch [5] employed the inertial technique for max-
imal monotone operators by the proximal point algorithm. This scheme is
called the inertial proximal point algorithm, it is define as follows: For each
xo,x1 € C, the sequence {z,} in C' is defined by

1.7
Tn+1 = (I+ 5nB)_1yn7 n = ]-7 ( )

{yn =Tn+ en(zvn - 557171)7
where [ is the identity mapping. They also established that if {d,,} is nonde-
creasing and 6,, C [0,1) with

o0
> Onllwn — znal® < oo, (1.8)
n=1

the algorithm (1.7) converges weakly to a zero of B. In addition, condition (1.8)
holds for 6,, < 3. It is easy to see that in Algorithm (1.8) that >0° 0y, [lzy, —
Tpn_1]|? < oo needs to be computed in every iteration and this will definitely
affect the effectiveness of the scheme.

Motivated by the research in this direction, we introduce a modified gen-
eralized M-iterative scheme with the inertial technique for finding a common
fixed point of three quasi-nonexpansive multivalued mappings in the frame-
work of real Hilbert spaces. In addition, we obtain a weak convergence using
our proposed modified generalized M-iterative method, we adopt the hybrid
projection methods with the modified generalized M-iteration to obtain strong
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convergence results. Finally, we apply our convergence results to certain op-
timization problem, and present some numerical experiments to show the ef-
ficiency and applicability of the proposed method in comparison with other
existing methods (modified SP-iterative scheme) in the literature. The results
obtained in this paper extend, generalize and improve several results in this
direction.

2. PRELIMINARIES

In this section, we begin by recalling some known and useful results which
are needed in the sequel.

Let H be a real Hilbert space. The set of fixed point of a single valued
mapping T : C — C (resp. multivalued mapping 7" : C — CB(C)) will be
denoted by F(T), that is F(T) = {x € H : Tx = z} (resp. v € Tx). We
denote strong and weak convergence by ”—” and ”—", respectively.

Lemma 2.1. ([I5]) Let H be a real Hilbert space. Then for z,y € H and
an € [0,1],

1) (z,y) = 5Ul2l® + Iyl =z = yl?) = 5l +yl* = ll2lI* = [ly]*)-

)
(2) [low + (21 - Oé)y!2 = allz)* + (1 = ) [yl* — a(l — )|z — yl|*.
(3) Mz —ylI* < [lzll* +2(y, = —y).
(4) If {zn} is a sequence in H, such that x, — z*, then
limsup ||z, — y||* = limsup ||z, — 2*||* + limsup ||z* — y|| (2.1)
n—oo n—oo n—o0

A subset C' C H is said to be proximinal if for each x € H, there exists
y € C such that

|z —y|| = d(z,C) = inf{||x — z|| : 2 € C}.

Let CB(C), K(C) and P(C) denote the families of nonempty closed bounded,
compact and proximinal bounded subset of C, respectively. The Haudorff
metric on CB(C) is defined by

H(A, B) = max{supd(z, B),supd(y, A)}
€A yeB

for all A, B € CB(C), where d(z, B) = inf{||z — b||}.
A multivalued mapping 7' : C' — C'B(C)is said to be nonexpansive if

H(Tz,Ty) < |lz -yl
for all x,y € C. If the fixed point of 1" is nonempty and
H(Tz,Tp) < |z —p

forallz € C'and p € F(T), then T is said to be a quasi-nonexpansive mapping.
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Condition (A). Let H be a Hilbert space and C' be a subset of H. A
multivalued mapping 7' : C — CB(C) is said to satisfy Condition (A) if
|z — p|| = d(x, Tp) for all z € H and p € F(T).

Lemma 2.2. ([12]) Let H be a real Hilbert space. Let T : H — CB(H) be a
quasi-nonezxpansive mapping with F(T) # 0. Then, F(T) is closed, and if T
satisfies Condition (A), then F(T) is convex.

Lemma 2.3. ([31]) Let X be a Banach space satisfying Opial’s condition
and let {x,} be a sequence in X. Let u,v € X be such that lim |z, — u,
n—oo

h_)m |zn, — v|| exist. If {zn,} and {z,,,} are subsequences of {x,} which
n—oo

converge weakly to u and v, respectively, then u = v.

Lemma 2.4. ([12]) Let C be a closed convex subset of a real Hilbert space H.
Let T : C — K(C) be a hybrid multivalued mapping. Let {x,} be a sequence

in C such that x, — z* and lim |z, — y,|| = 0 for some y, € Tx,. Then,
n—oo

x* e Tx*.

Lemma 2.5. ([12]) Let C be a closed convex subset of a real Hilbert space H.

]
Let T : C — K(C) be a hybrid multivalued mapping with F(T) # (0. Then
F(T) is closed.

Lemma 2.6. ([23]) Let C' be a nonempty closed convex subset of a real Hilbert
space H. For each x,y € H and b € R, the set

C={vel:|y—uv|?<|z—2|*+ (z,0) + b}
18 closed and convex.

Lemma 2.7. ([25]) Let C' be a nonempty closed convex subset of a real Hilbert
space H and Po : H — C be the metric projection from H onto C. Then

ly — Poz||* + ||lz — Pez||* < [|lz -y
forallx € H and y € C.

Lemma 2.8. ([5]) Let {an},{0n} and {B,} be sequences in [0,00) such that
apt1 < ap + ﬁn(an - anfl) + 0n
for alln € N, "2, 5§, < 0o and there exists a real number 3 with 0 < 8, < 8
for alln € N. Then the following hold:
(1) there exists a* € [0,00) such that limy, o0 an = a*,
(2) > nen(an —an—1) < oo, where [t} = max{t,0}.
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3. MAIN RESULTS

In this section, we prove a weak convergence theorem for a modified gen-
eralized M-iterative scheme with the inertial technique term for three quasi-
nonexpansive multivalued mappings. In addition, we establish strong conver-
gence result using the hybrid projection method with our modified generalized
M-iteration.

Assumption 3.1. Suppose that the following conditions hold:

(1) The set C is a nonempty, closed and convex subset of the real Hilbert
space H.

(2) P,Q,R : C — CB(C) are quasi-nonexpansive multivalued mappings
with F(P)NF(Q)NF(R)# 0 and I — Q,I — P,I — R are demiclosed
at zero.

(3) P,Q, R satisfy condition (A).

(4) 0 < liminf,, o o < limsup,,_,, a, < 1.

(5) 0 < liminf, ;o B, < limsup,_, fBn < 1.

(6) 0 < liminf, o0 vn < limsup,, . vn < 1.

Algorithm 3.2. Initialization: Given {a,},{5,}, {7} and {e,} C (0,1)
for all n € N. Let xg,z; € C be arbitrary give points.

Iterative step:
Step 1. Given the iterates x,_1 and x, for all n € N, choose 6, such that
0<80, <8,, where

min {0 67"}, if xp # X1

" lzn—zn—1ll

g, = : (3.1)

0, otherwise

where 6 > 0 and {¢,} is a positive sequence such that €, = o(a,) = H_I)n o —
n—oo ="
0.

Step 2. Set
Wy, = Ty + Op(Tn — Tp—1).
Then, compute

zZn € (1 — an)wy + ap Pw,y,

UYn € Brnzn + (1 - Bn)ana (3'2)
Tn+1 € YnYn + (1 - 'Yn)Rym n > 1.
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From step (3.1), it is easy to see that 1irn 9—"”9371 — op—1]| = 0. Indeed, we
have that 0, ||z, — x,—1]] < €, for all n € N Wh1ch together with lim <~ =0

n—oo &n

implies that

O,
lim — ||, — 2p_1]| < lim oo
n—00 Qi n—00 Qi

Theorem 3.3. Let {z,} be the sequence generated by Algorithm 3.2. Then,
under the Assumptions 3.1 and the Opial’s condition, {x,} converges weakly
to a common fized point of P, Q) and R.

Proof. Let p € F(P)NF(Q)NF(R), an, € Pwy, by, € Qzy, ¢,y € Ry, and using
Algorithm 3.2, we have

|lwn — pl| = |20 + On(Tn — 20-1) — p||
< %n = pll + Onl2n — n1]. (3.3)

Also, using Algorithm 3.2 and (3.3), we have

lzn = pll < (1 = an)llwn — pll + anllan — pl|

( )
= (1 = an)|lwn — pll + and(an, Pp)
( )
( )

< (1 = an)ljwn — p|| + anH (Pwy, Pp)

< (1 = ap)llwn — pl| + an|wn — pl|

= [lwn = p||

< [lzn = pll + Onllzn — 2p—1]|- (3-4)

In addition, using Algorithm 3.2, (3.3) and (3.4), we have

1yn = pll < Bullzn —pll + (1 = Ba)llbn — pl|
= Bullzn — pll + (1 = Bn)d(bn, @p)
< Ballzn —pll + (1 = Bn) H(Qz2n, Qp)
< Bnllzn —pll + (1 = Bn)llzn — 1l
= llzn — pll
< [Jwn —pl|

< lzn —pll + Onllzn — zn-1]l. (3.5)
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Lastly, using Algorithm 3.2, (3.3),(3.4) and (3.5), we have

|Znt1 — 2l < Anllyn — pll + (1 = y0)llen — p||
= Ynllyn — pll + (1 = ym)d(cn, Rp)
< Yallyn — pll + (1 — vn) H(Ryn, Rp)
< Yallyn — 2l + (1 = v) lyn — pl|
= [lyn — pl
< |lzn = pl|
< |lwn = p||
< lzn = pll + Onllzn — 2] (3.6)

It follows from Lemma 2.8 that lim, , ||z, — p| exists and thus {z,} is
bounded. Further more, using Algorithm 3.2 and Lemma 2.1 (1), we have

[|wn,

—p|? =

|Zn + On (20

= ap-1) = p|®

= ||lzy _pH2 +20n (T — p, Ty — Tp_1) + 9121H$n - 5Un—1”2- (3.7)

In addition, using Algorithm 3.2 and Lemma 2.1 (2), we obtain that

[ES

Using Lemma 2.1 (2) and (3.8

Hyn

—p|?

= (1= an)|jwy
= (1 - an)lwn
< (1= an)l[wn
< (1 —an)l|wn
= |
<

—p|]?

- PH2 + anllan — pl| — an(l — ay)|lw, — an”2

— |12 4 and(an, Pp)? — an(1 — o) ||wn — an|?

— p||2 4+ anH(Pwy, Pp)? — an(1 — o) ||wn — an|?
- P||2 + apljw, — p||2 —an(l = ap)|lw, — anH2
|wn, p||2_an(1_0‘n)”wn_an”2

’xn P||2+29n<$n—p,$n—$n71>

+0n||fcn —:En,1||2 — an (1l — ay)||lw, —an||2. (3.8)

= Bullza — plI* +
= Bullza — pII* +
< Buallza — pII* +
< Buallza — pII* +

= Iz —plI* -

), we obtain

+ (1= Bu)llbn — plI*> = Bu(1 = Bn)llzn — ball?

+ (L= Bn)d(bn, Qp)* = Bu(1 = Bu)ll2n — bnl?
( ﬁn)H(anzQP)Q *Bn(l *5n)HZn *bn||2
+ (1= Bu)llzn = plI> = Bu(1 = Ba)ll2n — bull?
( ﬁn)”zn an2

1 —
1 —
< lan = plI* + 200 (2 — P, 20 — Tno1) + 02 l|l2n — 2p_a|?
— o (1 = an)|lwn — anl* = Ba(1 = Bn)llzn — bul*. (3.9)
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Furthermore, we have that
|Znr1 = pI* = Yllyn = plI* + (1 =) llen =PI = (1 = 3) 90 — call?
= Ynllyn — p”2 + (1 = vn)d(cn, Rp) = (1 =) llyn — Cn”2
< Yallyn = plI* + (1 = 90) H(Ryn, Bp)* = (1 = 1) llyn — cal®
< llyn =PI + (1 =) 90 = PI” = (L = 70)llyn — cal|?
= llyn = plI* =30 (L = 70) g0 — call?
< |lzn _pH2 + 200 (Tn — P, Tp — Tn—1) + QZH% - $n—1”2
— an(1 — ap)lwy — an”2 — Bn(1 = Bn)llzn — an2
— (1 =) llyn — enl®. (3.10)
This implies that
Yn(1 = Y0 |Yn — Cn”2 + Bn(1 = Bn)llzn — bn”2 + an (1l — ap)llw, — anH2

0.
< llzn = pl* = llznss = pII* + 2200 (20 = p, 20 = 20o1)
n
On

+ b |20 — Tp_1]|* — 0 as n — oo, (3.11)
Qp

using our assumptions and the fact that h_)m ||zn, — p|| exists, we obtain
n—oo
lim |lyn, — cu|| = lim ||z, — by]| = lim |Jw, — ay]| = 0. (3.12)
n—oo n—oo n—oo
Using (3.12), we have

lwp = zn|| = (|2 + Onlzn — 2p-1) — n|
0
= "ay||zn — Tn_1]| = 0 as n — oo, (3.13)
70
[2n — wnll = [[(1 — an)wn + anan — wn|
= ap||wy, — an|| = 0 as n — oo, (3.14)
|zn — Znl| = |20 — wnl| + |lwn — zn|| — 0 as n — oo, (3.15)

||yn - Zn” = ||ann =+ (1 - Bn)bn - Zn”
< b = zp|| + Brllzn — bn|] = 0 as n — oo (3.16)
and
1y — Znll = lyn — 20|l + |20 — Zn|| — 0 as n — oco. (3.17)

Since {z,} is bounded, there exists a subsequence {z,,} of {z,} such that
Ty, — x* for some z* € C. By using (3.13), we obtain that w,, — z* and
since I — P is demiclosed at 0 and using (3.12), we have that z* € Pz*. In
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addition, using (3.15), we obtain that z,, — z* and since I — @ is demiclosed
at 0 and using (3.12), we have that z* € Q™. Lastly, using (3.17), we obtain
that y,, — «* and since I — P is demiclosed at 0 and using (3.12), we have
that z* € Rx*. Thus, we have that

a* € F(P)NF(Q)N F(R).

Furthermore, suppose that {z,} converges weakly to some y* and let {xy;}
be a subsequence of {z,, } converging weakly to some y* € F(P)NF(Q)NF(R).
Now, suppose that x* # y*, then by Opial’s condition and Lemma 2.3, we
obtain

lim ||z, — 2" = lim |z, — "
n—00 k—o00
< lim ||zn, —y"|
k—o0
— M _ ok
= lim [z, — ¢
T r—
j—o0
< lim ||z, — |
Jj—00
= lim ||z, — x|
n—o0
This is a contradiction. So z* = y*. Hence, {x,} converges weakly to a
common fixed point of P,Q, and R. O

In what follows, we present an algorithm for the strong convergence of our
modified iteration.

Assumption 3.4. Suppose that the following conditions hold:

(1) The set C' is a nonempty, closed and convex subset of a real Hilbert
space H.

(2) P,Q,R : C — CB(C) a quasi-nonexpansive multivalued mappings

with F(P)NF(Q)NF(R) # 0 and I —Q,I — P,I — R are demiclosed

at 0.

P, Q, R satisfy condition (A).

0 < liminf, e an < limsup,, ., an < 1.

0 < liminf, o Bn < limsup,, .o Brn < 1.

0 < liminf, oo vn < limsup,,_ . Yn < 1.

Algorithm 3.5. Initialization: Given {a,},{5n}, {7} and {e,} C (0,1)
for all n € N. Let zg, 1 € C, be arbitrary and C = (4.

Iterative step:
Step 1. Given the iterates x,_1 and x, for all n € N, choose #,, such that
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0 <6, < 0,, where

min {Q,W}, if Tn 75 Tn—1,
6, = (3.18)

a, otherwise,

where 6 > 0 and {¢,} is a positive sequence such that €, = o(a,) = H_)m fn =
n—oo ="
0.

Step 2. Set
Wy, = Ty + Op(Tn — Tp—1).

Then, compute

zn € (1 — an)wy, + ay Pwy,
Yn € Bnzn + (1 = Br)Qzn,
In € YnYn + (1 — n)Ryn, (3.19)
Cnt1 = {2 € Cn: llgn — 2I° < llon — 2[I* + 262 |20 — zp1|?
— 20 (xp — 2,Tp—1 — Tn)}

Tnt1 = Pe, 1, Vn > 1

Theorem 3.6. Let {x,} be the sequence generated by Algorithm 3.5. Then,
under the Assumptions 3.4, {x,} converges strongly to a common fized point

of P,Q, and R.

Proof. For clarity, we divide our proofs into 4 steps.

Step 1. We will establish that {z,} is well defined.
Let a,, € Pwy, b, € Qzy, and ¢, € Ry,. Since P, Q and R satisfy condition (A),
using Lemma 2.2, we obtain that F'(P)NF(Q)NF(R) is closed and convex. In
addition, using usual routine, it is easy to show that C), is closed and convex.
More so, using the definition of C),;+; and Lemma 2.6, we obtain that C), 1 is
also closed and convex. Thus, C,, is closed and convex for all n € N.

Now, for all p € F(P)N F(Q)N F(R), we have that

|y, — p||2 = ||z + On(2p — Tp1) — p||2

<z — pH2 + 29,%”.7}” — xn,ll\Q — 20, {xp — D, Tp—1 — Tp). (3.20)
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More so, using (3.20), we have

Iz — Pl = (1 — an)lJwy — pl|* + anllan — pll — an(l — an)|Jw, — an|?
< (1= ap)|lwn — p|* + and(an, Pp)?
< (1= an)|[wy — p|| + an H(Pw,, Pp)?
( )

< (1= ag)|wn = pl* + an|w, = p|®
= [lwn = pl|?

20 — plI? + 202|120 — 2n_1]|* — 200 (20 — D, Tp_1 — ). (3.21)
Again, using (3.21), we obtain

lyn = pII* = Bullzn = pII* + (1 = Ba)llbn = pII* = Ba(L = Ba)llz0 — ball?

< Ballzn = plI* + (1 = Bn)d(bn, Qp)°
+ (1= 5n)
+ (1= 5n)

< Bullzn — plI* + (1 = Bn) H(Qzn, Qp)*

< Bullzn — plI* + (1 = Bn) |20 — plI?

= [lza — plI?

< JJwn — pl® (3.22)

< |lzn *p||2 + 2031”3% - $n71||2 — 20n(zn — P, Tp—1 — Tn).
Lastly, using (3.22), we have that

lgn = plI> = Ynllyn — DI + (1 = )llen = plI* = Y (L = ¥0)[[gn — cnll?
= Yullyn = plI* + (1 = 0 )d(cn, Rp)?
< Ynllyn = plI” + (1 = v0) H(Ryn, Rp)?
< Anllyn = ol + (1 =) lyn — plI?
= |lyn —pII?
< l@n — plI> + 262|120 — Tp_1]|? — 200 (zn — p, Tpo1 — ). (3.23)
Thus, using (3.23), we have that p € C), for all n € N. It follows that
F(P)NF(Q)NF(R) C Cy,

for all n € N as such C), # 0. Hence, {z,,} is well defined.

Step 2. We will establish that {z,} is a Cauchy sequence in C' and that
x—z*€C asn— o0.
Since x,, € Pc, 1, Cry1 € Cp, and 41 € Oy, we have

[2n = 21| < [[#ng1 — 2] (3.24)
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for all n € N. In addition, since F(P) N F(Q) N F(R) C C,, we have that
[2n — 21| < [z — 2] (3.25)

foralln € Nand z € F(P)NF(Q)NF(R). It follows from (3.24) and (3.25) that

{||zn, — x1]|} is bounded and nondecreasing. Hence, we obtain that lim |z, —
n—o0

x1|| exists. More so, for m > n and by the definition of C,,, we have that
xm € Po,, 21 € Cp, C Cy. Using Lemma 2.7, we have that

1z = 2mll* + 2w — 21]® < ll2m — 21|, (3.26)
It follows from (3.26) that lim ||z, — x| = 0, since lim ||z, — x| exists.
n— 00 n—o0

As such, we have that {z,} is a Cauchy sequence in C, hence z,, — z* € C as
n — oo.

Step 3. We will establish that

lim |y, — cu|| = lim ||z, — by|| = lim ||w, — a,| = 0.
n—00 n—00 n—oo
From Step 2, it is easy to see that le |Zn+1 — xn|| = 0. Since z,41 € Ch,
n o
using the fact that lim ||z,+1 — x| = 0, we have that
n—oo
lgn — Znll = llgn — Tny1 + Toy1 — 2|

< lgn = Znsall + |21 — zall

< \/”xn - -rn+1H2+29onn - xn—1”2_29n<xn — Tn+1,Tn—-1 — xn>
+ ||Zns1 — znl| = 0 as n — oo. (3.27)

Since R satisfies condition (A) and using (3.8) and (3.9), we have that
lgn = 21> = yallyn =PI + (L = 30 )llen = pI* =3 (L = ) llyn — eall?
< lyn = 2l = (1 = 3)llyn — eall?
< Hxn _pH2 + 20n<$n — Tn—1,Wn — p) - (1 - an)anHwn - anH2
— Bn(1 = Bn)llzn — bull = (1 —v0)) lyn — CnH27 (3.28)
it implies
(1 — an)an|lw, — an||2 + Bn(1 = Bn)llzn = bull + (1 — ) lyn — Cn”2
0
< ||$n _pH2 - HQn _pH2 + 2alan<xn — Tn—1,Wn _p>' (329)
n
Using (3.27) and our assumption, we have that
lim ||y, — ¢yl = lim ||z, — by
n—oo n—oo

= nlgrolo lwpn, — anl| = 0. (3.30)
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Using (3.30), we have

[wn = @nl| = |20 + Op (20 — Tn—1) — 20|
0
= —ap||zn — Tp_1]| = 0 as n — oo, (3.31)
Qnp
[2n — wnll = [[(1 — an)wn + anan — wy ||
= ap||lw, — an|| = 0 as n — oo, (3.32)
lzn — zn|l = ||2n — wnl| + ||wn — 2] = 0 as n — o, (3.33)

[yn — 2nll = |Bnzn + (1 = Br)brn — 2nll
< |br, = zn|| + Bullzn — bull = 0 as n — oo (3.34)

and
lyn — zoll = lyn — 2nll + [|2n — 20| = 0 as n — oo. (3.35)

We have established that z,, — 2* € C, it follows from (3.31), we obtain that
wy, — = and since I — P is demiclosed at 0 and using (3.30), we have that
x* € Px*. In addition, using similar approach, we obtain that z* € F(Q) and
z* € F(R). Thus, we have that

a* € F(P)NF(Q)N F(R).

Step 4. Finally, we have to show that 2* € Pp(p)nrQ)nrr)Z1-
It follows from (3.25), we have that

[ = 21|l < [z = 2]

for all z € F(P)NF(Q)NF(R). Thus, by the definition of projection operator
(Pc) we have that

2" = Pp(p)nF(Q)nF(R)Z1-
Thus, the proof is complete. O

4. APPLICATION AND NUMERICAL EXAMPLES

In this section, we present an application and a numerical example in finite
dimensional Hilbert spaces and compare our proposed Algorithm 3.2 and Algo-
rithm 3.5 with modified NOOR and modified SP-iteration (see that appendix
for these algorithms).
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4.1. Application to Common Inclusion Problem. In this section, we ap-
ply our results to common inclusion problem.

The common inclusion problem is one of the interesting problems in this
area of research. This problem has received great attention over the years
due to its fruitful applications in almost all areas of sciences. In particular,
it is applied to some problems in image processing, machine learning, signal
processing and linear inverse problem. The inclusion problem is defined as
find x € H such that

0 € Az + Bz, (4.1)

where A : H — H is an a-inverse strongly monotone operator and B : H —
2" {5 a maximal monotone operator. It is well known that the resolvent
Jf(] — AA) is nonexpansive if A € (0,2«). As such our algorithms take the
form:

Assumption 4.1. Suppose that the following conditions hold:

(1) The set C' is a nonempty, closed and convex subset of a real Hilbert
space H.

(2) Let A; : H — H is an a-inverse strongly monotone operator and
B; : H — 2" is a maximal monotone operator, where i = 1,2, 3.

(3) The solution set Q = {N3_, (A4; + B;)~1(0)} # 0.

(4) 0 < liminf,, o oy < limsup,,_, a, < 1.

(5) 0 < liminf, ;o B, < limsup,_, Bn < 1.

(6) 0 < liminf, o0 vn < limsup,, . vn < 1.

Algorithm 4.2. Initialization: Given {o,},{fn}, {7} and {e,} C (0,1)
for all n € N. Let zg,x1 € C, be arbitrary and C = (.

Iterative step:
Step 1. g}iven the iterates z,_1 and =z, for all n € N, choose 6,, such that
0<6, <0, where

min {9 67"}, if &y # xp_1,

_ ' Nzn—2n—1]|
O, = (4.2)
0, otherwise,
where 6 > 0 and {¢,} is a positive sequence such that €, = o(ay,) = nh_{rgo o=
0.
Step 2. Set

Wy, = Tp, + Op(Tp — Tp—1).
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Then, compute
zn = (1 — ap)w, + aanl(I — A1) wy,
Yn = Bnzn + (1= Bo) I (I — AAz)2n,
G = Yo + (1= 1) 22 (I — AA3)yn, (4.3)
Crt1 = {2 € Gyt [lgn — 2|1 < llzn — 2|1 + 2603 |27 — 2na |
— 20, (xp — 2,2p—1 — Tn) }

Tny1 = Pe, 21, Vn>1

Theorem 4.3. Let {x,} be the sequence generated by Algorithm 4.2. Then,
under the Assumptions 4.1, {x,} converges strongly to a point in Q.

5. APPENDIX
Modified SP-Iterative Scheme

Assumption 5.1. Suppose that the following conditions hold:

(1) The set C' is a nonempty, closed and convex subset of a real Hilbert
space H.

(2) Th,T5,T5 : C — CB(C) a quasi-nonexpansive multivalued mappings
with F(Th)NF(T2)NF(T3) # 0 and I =Ty, —Ty, [ — T3 are demiclosed
at 0.

(3) T1,T>»,Ts satisfy condition (A).

(4) 0 < liminf,, ;o o < limsup,,_, o a, < 1.

(5) 0 < liminf, ;o B, < limsup,_, fBn < 1.

(6) 0 < liminf, o0 vn < limsup,, . vn < 1.

Algorithm 5.2. Initialization: Given {ay},{5,}, {7} and {e,} C (0,1)
for all n € N. Let zg,z; € C be arbitrary.

Iterative step:
Step 1. Given the iterates x,—1 and x, for all n € N, choose ¢, such that
0<80, <8,, where

min {0 67"}, if xp # T

-~ ’ ||$n_33n71“
0, = , (5.1)
0, otherwise
where 6 > 0 and {¢,} is a positive sequence such that €, = o(a,) = h_)m fo =
n—oo "
0.
Step 2. Set

Wy, = Tp, + Op(Tp — Tp—1).
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Then, compute
zZn € (1 — an)wy, + apThwy,
Yn € (1= Bn)zn + BnTozn, (5.2)
Tnt1 € (1= m)yn + WT3yn, n > 1.

Assumption 5.3. Suppose that the following conditions hold:

(1) The set C is a nonempty, closed and convex subset of a real Hilbert
space H.

(2) Th,T5,T5 : C — CB(C) a quasi-nonexpansive multivalued mappings
with F(Th)NF(T2)NF(T3) # 0 and I =Ty, —Ty, [ — T3 are demiclosed
at 0.

(3) T1,T>»,Ts satisfy condition (A).

(4) 0 < liminf, o0 oy, < limsup,,_, o an < 1.

(5) 0 < liminf, o B, < limsup,_, fBn < 1.

(6) 0 < liminf, o0 vn < limsup,, . vn < 1.

Algorithm 5.4. Initialization: Given {a,},{fn}, {1} and {e,} C (0,1)
for alln € N. Let xg, 21 € C, be arbitrary and C = C.

Iterative step:
Step 1. _Given the iterates x,_1 and x, for all n € N, choose 0, such that
0<6,<8b,, where

. n .
min {67 I }7 if Tn # Tn-1,

0, = (5.3)
0, otherwise,

where 0 > 0 and {e,} is a positive sequence such that €, = o(ay,) = Tllggo &=

0.

Step 2. Set

Wy, = Ty, + Op(Ty — Tp—1).
Then, compute
zn € (1 — an)wy + apThwy,
Yn € (1 = Bn)zn + BnTozn,
an € (1 = n)yn + mT5Yn, (5.4)
Gt = {2 € o g = 21 < llan — 2112 + 2621, — s
— 20 (xp — 2,Tp—1 — Tn) }

Tny1 = Pe, 21, Vn > 1
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5.1. Numerical Example.

Example 5.5. Define a mapping P, Q, R : [0,1] — [0, 1] as

[0, 2]if x < 0.5, (5.5)
{1} if 2 > 0.5, '
[0, 2] if 2 < 0.5,
= 5.6
@ {{1} if x> 0.5, (5.6)
and
R — [0, {5] if = < 0.5, (5.7)
{1} if = > 0.5.

Then it is easy to see that P, and R are quasi-nonexpansive and satisfies
condition (A), and F(P) N F(Q) N F(R) = {0,1}. We choose the following

1 An+2 1 2
parameter 8 = 0.01,¢, = Tz Qn = 52]:2,,8” = 5’;14,% = 545- We make

different choices of the initial values zo and x1 as follows:
Ex /. 4a: g =0.5,21 = 0.3;

Ex 4. 4b: 29 = 0.9,21 = 0.4;

Ex . 4c: xg =0.75,21 = 0.12;

Er 4.4d: zg = 0.29, 27 = 0.49.

TABLE 1. Numerical results.

Alg. 3.2 Alg 5.2
Ex 4.4a CPU time | 0.0012 0.0016
(sec)
No of Iter. | 10 15
Ex 4.4b CPU time | 0.0013 0.0019
(sec)
No of Iter. | 11 20
Ex 4.4c CPU time | 0.0011 0.0012
(sec)
No of Iter. | 9 18
Ex 4.4d CPU time | 0.0011 0.0012
(sec)
No of Iter. | 10 16




78 F. Akutsah, O. K. Narain and J. K. Kim
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Ficure 1. Example 5.5, Top Left: Case I; Top Right: Case
II; Bottom Left: Case III; Bottom Right: Case IV.

Example 5.6. Let H = R, C = [3,6]® and C; = {z = (z1,72,73) € R? :
V(x1—6)2 + (z2 — 6)2 + (23 — 6)2 < 3}. We defined P,Q, R : R — CB(R?)
as :

(67676)) if xr1 € Cl

Px =
{v = (w1, 92, y3)

€C:\/(y1 =6+ (y2— 6)2+ (y3 — 6) < [}, otherwise
(5.8)
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(6,6,6), if 11 € Cy
Qz =
{ly=1(6,y,6) € C:y € [(va+ 6)(%) + 9,6]}, otherwise
(5.9)
and
(6,6,6), if 21 € O}
Rz =

{y=1(6,6,y) € C:y € [(zv2— 6)(%) + x9,6]}, otherwise
(5.10)

Choose 6 = 0.001, o), = n%q,en = ﬁ,ﬁn = %,Bn = n%% It is easy to

verify that all hypothesis of Theorem 3.6 and Theorem 3.3 are satisfied and
F(P)NF(Q)NF(R) = (6,6,6) # (. We use different choices of zg,z; and
test the convergence of our algorithm with ||z,.1 — ]| < 1077 as stopping

criterion. We choose the following parameter § = 0.01,¢, = m,an =

dnt2 5 = il = 2" We make different choices of the initial values zg

Bnt2’ P = Bntd Tn = 3nts
and x1 as follows:

Ezx J.5a: xy = (4.1,4.7,5), 21 = (4.893,5.77,5).

Ex .5b: 0 = (4.98,4.3,4), 11 = (4.33,4.42,4.42).
B .5¢: w0 = (4.2,4.3,4.2), 71 = (5.3,5.2,5.42).
B 4.5d: x = (4.59,5.23,4.890), 21 = (5.98,5,5.24).

TABLE 2. Numerical results.

Alg. 3.5 Alg 54
Ex 4.4a CPU time | 0.0035 0.0040
(sec)
No of Iter. | 23 25
Ex 4.4b CPU time | 0.0048 0.0056
(sec)
No of Iter. | 21 27
Ex 4.4c CPU time | 0.0045 0.0060
(sec)
No of Iter. | 20 26
Ex 4.4d CPU time | 0.0045 0.0062
(sec)
No of Iter. | 21 29
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Ficure 2. Example 5.6, Top Left: Case I; Top Right: Case
II; Bottom Left: Case III; Bottom Right: Case IV.
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