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Abstract. In this article, we prove that diskcyclic Co-semigroups exist on any infinite-
dimensional Banach space. We show that a Cyp-semigroup (7})¢>0 satisfies the diskcyclicity
criterion if and only if any of T}’s satisfies the diskcyclicity criterion for operators. Moreover,
we show that there are diskcyclic Co-semigroups that do not satisfy the diskcyclicity criterion.
Also, we state various criteria for diskcyclicity of Cp-semigroups based on dense sets and d-

dense orbits.

1. INTRODUCTION

Assume that X is a complex Banach space with infinite-dimensional. An
element x € X is called a hypercyclic vector for a boundea and linear operator
T on X if orb(T,x) = {T™x :n >0} is a dense set in X and it is called a
supercyclic vector for T if Corb(T,z) = {aT™z :n >0, € C} = X. Also, it
is named a diskcyclic vector for T if Dorb(T, z) = {aTmx : n > 0, € D} = X,
where D = {x € X : ||z|| < 1} is the closed unit disk.

By the above definitions, hypercyclic operators are diskcyclic and diskcyclic
operators are supercyclic. Hypercyclicity and supercyclicity are studied for
many years. We can see [10] and [6] to familiar more with these concepts.
Diskeyclicity is a new concept in dynamical systems that is introduced by
Jamil in [12]. As it proved in [4, Proposition 3.9] diskcyclic operators exists
only on complex Banach spaces with dim(X) = 1 or dim(X) = oo. The
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first diskcyclicity criterion is presented in [12] by Jamil. Authors in [4] stated
another diskcyclicity criterion that is equivalent to to diskcyclicity criterion
stated in [12] by Jamil. In [2], Abdulkareem and Jamil presented some other
criteria for diskcyclicity and proved that the new criteria and the criteria that
presented in [12] and [4] are equivalent.

In this paper, we use the following version of diskcyclicity criterion from [2,
Theorem 1.5].

Definition 1.1. Assume that 7' € B(X), where B(X) is the set of bounded
and linear operators on X. Consider that Xy and Y are dense subsets of X. If
increasing sequence {n;} of positive integers and a sequence {a,, } C D\ {0}
of positive real numbers and operators S, : Yo — X can be found such that:
(i) o, T™ 2 — 0 for any = € X,
(ii) %Snk (y) — 0 for any y € Yy,
n
(iii) T Sp,y — y for any y € Yo,

then we say that T satisfies in diskcyclicity criterion.

It is shown in [1, Proposition 2.5, Proposition 2.6] that if 7" satisfies the
diskcyclicity criterion, then T™ for any n € N and @52, 7T satisfies this criterion
on X and &7°, X, respectively. Especially, they are diskcyclic [1, Theorem 2.2].
One can also see [5] and [11] for the other attractive facts about diskcyclicity.

An interesting structure in dynamical systems is Cy-semigroup. By a Cp-
semigroup of operators on X, we mean a family {T}}:>0 of operators on X
such that Tp = I and

Tirs =TiTs and limgTsz = Tix,

for any s,t > 0 and for any z € X.

A Cp-semigroup {T}}+>0 on X is said hypercyclic if orb((Ty)i>0,x) = {Tix
t > 0} is dense in X for a vector x € X and it is called supercyclic if {aT;z :
a € C,t >0} is dense in X for a vector x € X [10]. It is proved in [8, Theorem
2.3] that hypercyclicity of {1} }+>0 implies that T} is hypercyclic for any ¢ > 0.
Moreover, some criteria for subspace-hypercyclic Cy-semigroups exists in [15].
Also, in [13] we can find criteria and various examples of supercyclic Cp-
semigroups. Remember that diskcyclic diskcyclic Cy-semigroups is defined in
[3] as follows.

Definition 1.2. A Cy-semigroup {7} }+>0 on X is called diskcyclic if
Dorb((Ty)e>0,x) = {aT"z :n > 0,a € D}

is dense in X for a vector z € X.



Diskeyclic Cp-semigroups and diskcyclicity criteria 113

By definition, hypercyclic Cyp-semigroups are diskcyclic and diskcyclic Cp-
semigroups are supercyclic. So, we can give the following example.

Example 1.3. The translation Cy-semigroup on a weighted function space
Li(I) or Cp ,(I) is a hypercyclic Cop-semigroup, where p is an admissible weight
function and I = [—o00, 00] or I = (0,00)[14, p. 361]. So, it is diskcyclic. Recall
that p: I — R is called an admissible weight function on I when p(z) > 0 and
M > 1 and k € R exist such that p(x) < MeFp(t + x) for any ¢t > 0 and any
x € 1. Also,

LA(I,C) = {u: I — C: u is measurable and /I]u(t)|pp(t)dt < oo}

and

Co,p(I,C) ={u:1 — C:wu is continuous and lim;_,+p(t)u(t) = 0}.

It is interasting that if 2 < dim X < oo, then this space does not support
diskeyclic Cy-semigroups [3, Theorem 4.3]. Surprisingly, we show that infinite-
dimensional Banach spaces support diskcyclic Cp-semigroups.

Proposition 1.4. Diskcyclic Cy-semigroups exist on any separable and infinite-
dimensional Banach spaces.

Proof. By [7, Theorem 2.4], hypercyclic Cy-semigroups exist on such spaces.
Thus we can conclude that diskcyclic operators exist on them. O

So, like diskcyclic operators, diskcyclic Cy-semigroups only exist on Banach
spaces with dim X = 1 or dim X = oco. In the next theorem, we illustrate
that diskcyclicity of one operator of a Cpy-semigroup implies diskcyclicity of
the Cy-semigroup.

Theorem 1.5. Consider that {T;}i>0 is a Co-semigroup on X. If Ty, is
diskcyclic for some tog > 0, then {T;}+>0 is diskcyclic.

Proof. Assume that

{alfz:neNaeD} =X (1.1)

fXIr a vector x € X. Moreover, T? = Ty, by properties of a Cp-semigroup.
S0,

{aTw,x:neN;a e D} C{aTix:t > 0,a € D}. (1.2)

Now, by (1.1) and (1.2) we can conclude that x is a diskcyclic vector for
(T¢)e>0. O
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It is illustrated in Section 2 that if a Cp-semigroup (7});>o fulfills the
diskcyclicity criterion, then any 7T} satisfies the diskcyclicity criterion for op-
erators and vice versa. Moreover, we show there are diskcyclic Cy-semigroups
that do not satisfy the diskcyclicity criterion. Also, we prove various criteria
for the diskcyclicity of Cy-semigroups based on dense sets and d-dense orbits
in Section 3.

2. DISKCYCLICITY CRITERION FOR Co—SEMIGROUPS AND DISKCYCLICITY
CRITERION FOR OPERATORS

In this section, we investigate the effect of satisfying a Cp-semigroup in
diskcyclicity criterion to diskcyclicity of its operators. We begin by recalling
a fact stated in [3, Theorem 4.7].

Theorem 2.1. ([3]) A Cy-semigroup {T;}+>0 on X is diskcyclic if and only
if for any nonempty open sets U and V, there is some t > 0 and some o € D
with a # 0 such that «T,(U) NV # ¢.

A diskcyclicity criterion for a set of operators is defined in [3, Definition 3.21]
by authors. Now, we define a new diskcyclicity criterion for Cp-semigroups as
follows. The idea of the following criterion is from [3, Definition 3.21] and
from [16, Theorem 3.1].

Theorem 2.2. (Diskcyclicity criterion for Cy-semigroups) Assume that {T; }+>0
1s a Co-semigroup on X and assume that Xy and Yy is dense subsets of
X. Suppose that {t,} is an increasing sequence of positive real numbers and
{ag,} CDN\ {0}. If for any n, there is an operator Sy, : Yo — Yo such that:
(i) ay, Ty, x — 0 for any x € Xy,
(ii) ﬁStny — 0 for any y € Yy,

(iii) T3, Sty — y for any y € Yy,
then {Ti}e>0 is diskcyclic.

Proof. By hypothesis, Xy and Yy are dense in X. Thus, if U and V are open
sets, then xg € U N Xg and yg € V NY)y can be chosen. Therefore, there exists
€ > 0 such that

B(xg,e) CU and B(yg,e) C V.
Now, by conditions (i), (ii) and (iii),

1
oy, Ty, xo — 0, a—Stnyo —0 and T3,S5:,90 — Yo- (2.1)
tn

If we consider z, = xg + fstnyo, then by (2.1), z, — ¢ and

o, Ty, 2n = o, Tt 20 + Ty, St, 0 — Yo- (2.2)
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Thus, by (2.2), N can be found large enough such that for any n > N,
Therefore, {7} }+>0 is a diskcyclic by Theorem 2.1. O

It is proved in [13] that satisfying {7} }+>0 in supercyclicity criterion is equiv-
alent to satisfying 7} in supercyclicity criterion for any ¢ > 0 [13]. In the next
theorem, we prove that the diskcyclicity criterion for {7}};>0 is equivalent to
the diskcyclicity of each of T;.

Theorem 2.3. For a Cy-semigroup {T; }1>0 on X, {T}; }1>0 satisfies the diskcy-
clicity criterion if and only if T; satisfies the diskcyclicity criterion for any
t>0.

Proof. Obviously, if T; for any ¢t > 0 satisfies the conditions of the diskcyclicity
criterion, then {7} };>¢ satisfies the diskcyclicity criterion (one can see the proof
of Theorem 3 in [13].

Now, let {T}}:>0 fulfills the conditions of diskcyclicity criterion. So, dense
sets Xo and Y) of X, an increasing sequence {t;} of positive numbers and
{ot,} €D\ {0} can be chosen so that for any x € X and y € Yp:

1

o, Ty, o —0,—S,y—=0 and T3, S,y —y.
Oétk

Let p > 0. Accordingly, ti, = ngp+my for any k € N where ng > 1 is a natural

number and my, € [0,p). By [10, p. 182],

supeop 175l < oo.
Now, let t € [0,p]. For any x € X,
limy, 00, Ty pTpr = limy o0t Ty ptrmy Tp—my @
= limg 000ty Tp—my, Thyptrm,, T
= limy o0t Tp—my It ¢ = 0.
Hence,
limy_yoo0ts, (Tp)" = 0, for any = € T),(Xo). (2.3)
But X is dense in X and T}, is continuous. So, T},(Xy) is a dense subset of
X. If we consider S;k = Ty, St,., then for any y € Yp,
isgky = L S0y = T (= S0) — 0. (2.4)
Oty Qg gy,

Also,
Tnkpstky = Tnkamk Stky = Ttk Stky =Y.
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But Ty, , = 1'*. Hence,
T)*S,, y =y, for any y € Yp. (2.5)

So by (2.3), (2.4), and (2.5), T}, satisfies the conditions of diskcyclicity criterion

for operators with respect to {a, }, {tx}, {S’;k}, and dense subsets T),(Xo) and
Yy of X. 0

Now the following question arises:

Question: Does any diskcyclic Cy-semigroup satisfy the diskcyclicity crite-
rion?

The answer is negative. It is established in [4, Example 3.8] that if we con-
sider T' = 21, then T is diskcyclic on C but T does not satisfy the diskcyclicity
criterion. Let {7} }+>0 be a Cy-semigroup such that T3, = T for some ¢y > 0.
Then {7} }+>0 is diskcyclic by Theorem 1.5, since T, is diskcyclic. But {7} }+>0
does not satisfy the diskcyclicity criterion. Since if this occurs, then all T}’s
must be satisfied the diskcyclicity criterion. Especially, T}, must be satisfied
the diskeyclicity criterion. But it is impossible since as mentioned above, T,
is not satisfied the diskcyclicity criterion.

3. SOME CRITERIA FOR DISKCYCLICITY OF Cy-SEMIGROUPS

Let 0 < d < co. We say that x € X has a d-dense orbit under T' € B(X) if
for any y € X, there is n > 0 such that ||T"z — y|| < d. Feldman proved that
operators with d-dense orbits are supercyclic [9, Proposition 2.5]. Note that
as it is mentioned in [9], d-dense orbits are not necessarily dense. Similarly,
we can define d-dense orbit for Cy-semigroups as follows.

Definition 3.1. We say a vector x € X has a d-dense orbit under Cjp-
semigroup {7} }¢>¢ if for any y € X there is ¢t > 0 such that ||Tyz — y|| < d.

We prove that having d-dense orbits leads to the diskcyclicity as follows.

Theorem 3.2. Suppose that {T}}+>0 is a Co-semigroup on X. If x € X has
a d-dense orbit under {T;}+>0, then it is a diskcyclic Co-semigroup.

Proof. Let y € X and let € > 0. So, there is n > 1 such that % < e. If we
consider « = %, then o € D\ {0}. Also, by hypothesis, there is ¢t > 0 such
that ||Tyz — ny| < d. Hence, ||1Tiz — y|| < ¢ and therefore [|aTyz — y|| < e.
This shows x is a diskcyclic vector for {T}}>0. O

The idea of the next criterion is from [9, Theorem 3.1].
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Theorem 3.3. Let {T}}1>0 be a Co-semigroup on X. Let Xo and Yy be dense
subsets of X. Assume that there is a sequence {at,} C D\ {0} and there is
an increasing sequence of positive real numbers {t,} so that

(i) o, Ty, x — 0 for any = € X,
(i) for any y € Yy there is (x4,) C X such that x, — 0 and oy, Ty, x4, —
Y.
Then {Ti}i>0 is a diskcyclic Co-semigroup.
Proof. Let U and V be open subsets of X. By hypothesis, X and Yy are

dense in X. Thus zg € U N Xy and yg € V NY) can be chosen such that for
some € > 0,

B(zg,e) CU and B(yo,e) C V.
A natural number N; can be found such that for any n > Ny,

&g g 9
o, Tiyzoll < 5o, | < 5 and g, To, 20, —woll < 5. (31)

But z¢ + x¢, — zo. So, a natural number Na can be found such that
xo+x, € U for any n > Na. (3.2)
On the other hand, by (3.1),
e, Tt (w0 + 2t,) — yol| < [low, Tt 2ol + llow, Te, e, — yoll

g 13
-+ = . 3.3
<gtg<e (3.3)

Thus if we consider N := max{Ny, Nz}, then by (3.2) and (3.3) for any n > N,
ro+ x4, €U and oy, Ty, (xo + 24,) € V.

Hence oy, T3, (U) NV # ¢ for any n > N. Theorem 2.1 implies {T}}+>0 is
diskcyclic. O

Feldman in his criterion for hypercyclicity [9, Theorem 3.2], used limit in-
fimum and limit supremum instead of limit. Now, we extend his idea to
diskcyclicity with using the concept of d-dense orbits.

Theorem 3.4. Let {Ti}i>0 be a Cy-semigroup on X. Let Y and Z be dense
subsets of X. Suppose that d > 0 and {t,} is an increasing sequence of positive
real numbers. Let Sy, : Z — X for any n can be found such that
(i) limsup, [Tt yl| < d for anyy €Y,
(ii) ||St. 2|l = 0 for any z € Z,
(iii) liminf,||T}, Stz — 2| < d for any z € Z.
Then {T}}+>0 is a diskcyclic Cy-semigroup.
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Proof. We prove that for any open set U and any x € X, there is some ¢ > 0
such that 73(U) N B(z,3d) # ¢. Let U be an open set and V' = B(x,d), where
x € X is arbitrary. By hypothesis, there is yp € UNY and 29 € VN Z and
there is € > 0 such that B(yo,e) C U. Therefore, we can find N; € N such
that for any n > Ny,
€ € €

ITt.y0ll <d+ 5, S, 20ll < 5 and [T, Sp,20 — 20l <d = 5. (3.4)
If we consider z, = yo + St, 20, then z,, — yo. Thus, there is N3 € N such that
zn € B(yo,e) C U for any n > Na. Also, by (3.4),

| T3, (2n) — 20|l = || T4, y0 + Tt,, St, 20 — 20|
<\ T, yoll + ITt,St, 20 — 20|

5 €
d+—-+d—=-=2d. .
<d+ 5 + 5 (3.5)
Hence, by (3.5),

1T, (20) — 2| < |T, (20) — 20| + [[20 — 2|
<2d+d=3d.

Therefore, Ty, (U)NB(x, 3d) is nonempty for large enough n. Now, by Theorem
3.2, {T})>0 is diskcyclic. O

Remark 3.5. It is remarkable that if Co-semigroup {Ti}i>0 on X satisfies
the criteria presented in this section, then {Ti @ Tt }+>0 satisfies them on space
X ® X and hence {T; & T} }4>0 is diskeyclic.
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