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Abstract. In this paper, we propose a viscosity iterative algorithm for approximating a
common solution of finite family of variational inequality problem and fixed point problem
for finite family of multi-valued type-one demicontractive mappings in real Hilbert spaces.
A strong convergence result of the aforementioned problems were proved and some conse-
quences of our result was also displayed. In addition, we discuss an application of our main
result to convex minimization problem. The result presented in this article complements

and extends many recent results in literature.

1. INTRODUCTION

Let C be a nonempty, closed and convex subset of a real Hilbert space
H. Let CB(C) and K (C) denote the family of nonempty, closed and bounded
subset and nonempty compact subset of C, respectively. The Hausdorff metric
on CB(C) is defined by

H(A, B) = max { supd(z, B),supd(y, A)} for A, B € CB(C),
€A yeB
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where d(z,C) = inf{||lx —y|| : y € C}.

Let T : C' — CB(C) be a multi-valued mapping. Then Pra = {u € Tx :
||z — u|| = d(xz,Tz)}. A point x € C is called a fixed point of T if z € Tz.
However, if Tz = {z}, then z is called a strict point of 7. We denote the
set of fixed points of T" by F(T'). A multi-valued mapping 7T is said to be
L-Lipschitzian if there exists L > 0 such that

H(Tx,Ty) < Lljz —y||, =,y € C. (1.1)
In (1.1), if L € (0,1), then T is called a contraction while 7" is called nonex-
pansive if L = 1.
A mapping T : C' — CB(C) is said to be
(i) of type-one, if
llu—v|| < H(Tz,Ty), Yz,y € C, uw € Prz, v € Pry,
(ii) A-hybrid (see [10]), if there exists A € R such that
(1+ NH(Tx, Ty)* < (1= N|je — y|> + d(y, Tx)?
+ M\d(z, Ty)?, Vz,y € C,
(iii) quasi-nonezpansive, if F(T) # () and
H(Tz,Ty) < ||z —yl|, Yz € C,y € F(T),
(iv) demicontractive-type in the sense of [24] if F(T') # ) and
H2(Tx, Ty) < ||z —y||* + kd*(x,Tz), x € C, y € F(T) and k € (0,1).

Remark 1.1. Clearly, every multi-valued quasi-nonexpansive mapping is a
multi-valued demicontractive-type mapping. However, the following example
shows that the converse of this statement is not always true.

Let C be a nonempty, closed and convex subset of a real Hilbert space H,
the variational inequality problem (VIP) is to find « € C such that

(A(z),y —z) >0, Vy € C, (1.2)

where A : C'— H is a nonlinear mapping. We denote by VI(C,A) the solution
set of (1.2).

Variational inequality theory introduced by Stampacchia and Fichera [19,

| independently, in early sixties in mechanics and potential theory respec-
tively provides the natural, unified and efficient framework for a general treat-
ment of a wide class of unrelated linear and nonlinear problems arising in
elasticity, economics, transportation, optimization, control theory and engi-
neering sciences (see [1, 5, 2, 3, 4, 10, 11, 20, 22, 28, 33, 34, 36, 37, 39]).
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The development of variational inequality theory can be viewed as the si-
multaneous pursuit of two different lines of research. The first aspect reveals
the fundamental facts on the qualitative behavior of solutions to important
classes of problems. On the other hand, it allows us to develop highly efficient
and powerful numerical methods to solve, for instance, obstacle, unilateral,
free and moving boundary value problems.

In 1985, Pang [38] showed that a variety of equilibrium models, for example,
the traffic equilibrium problem, the spatial equilibrium problem, the Nash
equilibrium problem and the general equilibrium programming problem can
be uniformly modelled as a VIP.

In 1976, Korpelevich [29] proposed the following extragradient method for
solving VIP (1.2), when A is monotone and Lipschitz continuous in the finite-
dimensional Euclidean space RV,

x1 = x € C chosen arbitrarily,
Yn = PC(xn - )\ASUn)7
Tnt+1 = PC(Q;n - >\Ayn)7

for each n € N under some suitable conditions, the sequence {z,} and {y,}
converge to the some point z € VI(C, A).

In 2012, Censor et al. [!4] introduced the general common solutions to
variational inequality problem (CSVIP), which consists of finding common
solutions to unrelated variational inequalities for finite number of sets. That

is, find z* € ﬁi]ilci such that for each i =1,2,--- , N,
(Aij(x*),x — 2%y >0, forallz € C;, i =1,2,--- | N, (1.3)
where A; : H — H is a nonlinear operator for each ¢ = 1,2,--- , N and Cj is

a nonempty, closed and convex subset of H. They proved a weak convergence
theorem for approximating a solution of (1.3) using the following algorithm

xg € H,
Thp1 = I (Po, (I — AAy)) ().

For more information on research output on variational inequality problem,
(see [1, 25, 46, 47] and the references contained in).

In 2017, Ming Tian and Bing-Nan Jiang [17] proposed an iterative method
for finding an element to solve a class of split variational inequality problems
under weaker conditions and get a weak convergence theorem, Let H; be
real Hilbert space. Let C be a nonempty closed convex subset of Hp. Let
A : Hi — Hs be a bounded linear operator such that A #£ 0,f : C — H;
be a monotone and k- Lipschitz continuous mapping and 7' : H, — Hs be a
nonexpansive mapping. Setting I' := {z € VI(C, f) : Az € Fix(T)}, assume
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that T’ # (0, Let the sequences {x,},{y,} and t, be generated by z; =z € C
and
yn = Po(xn — yA*(I —T)Ax,),

tn = Po(yn — M f(yn)),
Tm + 1) = PC(yn - )\nf(tn))

Recently, Chinedu Izuchukwu [25] introduced a new iterative algorithm for
approximating a common solution of certain class of multiplesets split varia-
tional inequality problems. Let H; and H» be real Hilbert spaces, and for each
i =1,2,---,N, let C; be a nonempty closed and convex subset of Hi. Let
A : Hi — Hs be a bounded linear operator such that A # 0. Let f; : Hy — H;
be an q;-inverse strongly monotone mapping and S : Ho — Hy be k—strictly
pseudo-contractive mapping. Assume that

N
I'={ze (VI f): Az € F(S) # 0}
i=1

and the sequence {z,} is generated for arbitrary x1,u € Hj by

Up = (1 - ﬂn)xn + Bnu7
Yn = Po(up — 1A (I — T)Auy),
Tn+1 = PCN(I — )\fN) O+-+0 PC1 (I — )\fl)yn, n Z 1.

Motivated by the aforementioned results, we introduced a viscosity iterative
method for approximating a common solution of finite families of variational
inequality problem and fixed point problem for finite family of multi-valued
demicontractive-type mappings in real Hilbert spaces. We prove a strong
convergence result to a common solution of the aforementioned problems and
state some consequences of our main results. We also give an application of
our main result. The result present in this paper extends and complements
many related results in literature.

Our contributions are as follows:

(i) We were able to dispense for each p € ', S;(p) = {p} for all i € N, see
[3]. The type-one condition employed in this paper is weaker than the
condition employed in [3].

(ii) By taking ¢ = u for some u € H, the algorithm (3.1) becomes the
Halpern-type algorithm.

(iii) We prove a strong convergence result without imposing a compactness
condition, see [3]. The strong convergence result proved in this article
is more desirable than the weak convergence result proved in [14, 17].
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2. PRELIMINARIES

We state some known and useful results which will be needed in the proof
of our main theorem. In the sequel, we denote strong and weak convergence
by ”—” and ”—" respectively.

Let C be a nonempty, closed and convex subset of a real Hilbert space H.
A mapping M : C — C is said to be

(i) monotone, if
<M[L'—My7l'—y> 207 vwayecv

(ii) a—inverse strongly monotone (ism), if there exists a constant a > 0
such that

(Mz — My,z —vy) > a|Mz — My|?* Y z,yeC,
(iii) firmly nonexpansive, if
(Mz — My, —y) > |Ma - My|*, V 2,y € C,
(iv) Lipschitz, if there exists a constant L > 0 such that
Mz — My| < Ll —yll, Vz,y € C.

Remark 2.1. It is generally known that every a- ism mapping is é Lipschitz
continuous (see [9]).

If M is a multi-valued mapping, that is, M : H — 2¥_ then M is called
monotone, if

(x —y,u—wv) >0, Yo,y Huec M(x),ve M(y)
and M is maximal monotone, if the graph G(M) of M defined by
GM) ={(z,y) e Hx H:ye M(x)}

is not properly contained in the graph of any other monotone mapping. It is
generally known that M is maximal if and only if for (z,u) € H x H, (z —
y,u—v) > 0 for all (y,u) € G(M) implies u € M(x). A mapping T : C — C
is said to be averaged nonexpansive if for all z,y € C,T = (1 —3)I + S holds
for a nonexpansive operator S : C' — C and 8 € (0,1). The term ”averaged
mapping” was first developed by Baillon et al. [8]. Recall that a mapping T is
firmly nonexpansive if and only if T can be expressed as T = %(I + s), where
S is nonexpansive (see [35]). Thus, we make the following remark which can
be easily verified.

Remark 2.2. In a real Hilbert space, T is firmly nonexpansive if and only if
it is averaged with g = %
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The metric projection P¢ is a map defined on H onto C' which assign to
each x € H, the unique point in C, denoted by Pox such that

|z — Pox|| = inf{[lz -yl : y € C}-

It is well known that Pox is characterized by the inequality (z—P.x, z— Pox) <
0, for all z € C' and P¢ is a firmly non-expansive mapping. We also know that
if f is B-inverse strongly monotone mapping with A € (0,2/3), then Po(I —\f)
is averaged nonexpansive (see [11], Lemma 2.9). Hence, from Remark 2.2 we
obtain the following.

Remark 2.3. In a real Hilbert space, if f is S-inverse strongly monotone with
A € (0,28), then Po(I — Af) is firmly nonexpansive.

For more information on metric projections, (see [1, 21]) and the references
therein. Recall that the normal cone of C' at the point z € H is define as
{de H:(d,y—z2)<0yeC}, zeC,
Neoz =

0, otherwise.

Definition 2.4. Let H be a real Hilbert space and T': H — CB(H) a multi-
valued mapping. Then, T is said to be demiclosed at the origin if for any
sequence {z,} C H with z, — z*, and d(zy,T(z,)) — 0, we have z* € Tx*.

Lemma 2.5. ([15]) Let H be a real Hilbert space. Then for all x,y € H and
a € (0,1), we have
() 2(2,3) = [l + ol = 1z ~ pI12 = [} + 311 = 1el® = |2,
(i) llow + (1 — a)y|[" = afl2[|"+ (1 = a)lly||" = a(1 = a)llz = y|I%
(ifl) [l +yl[* < [}][* + 2y, 2 + y).

Lemma 2.6. ([18]) Let H be a real Hilbert space and x; € H, (1 <i < m)
and {a; 1™, C (0,1) such that Y ;" a; = 1, the following identity holds:

m m
2 2 2
1D sl =) il = Y asaylla —
i=1 i=1 ij=1, i#j
Lemma 2.7. ([12]) Let {a,} be a sequence of positive real numbers, {ay} be
a sequence of real numbers in (0,1) such that > o2 | ay, = oo and {d,} be a
sequence of real numbers. Suppose that
an+1 < (1 —ap)an + apd,, n>1.
If lim supy,_, o, dn,, < 0 for all subsequences {an, } of {an} satisfying the condi-
tion
likn_1>i£f{ank+1 —an,} >0,
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then lim a, = 0.
n—0o0

3. MAIN RESULTS

In this section, we propose a viscosity iterative algorithm for approximat-
ing a common solution of finite family of variational inequality problem and
fixed point problem for finite family of multi-valued type-one demicontractive
mappings in real Hilbert spaces. A strong convergence result of the aforemen-
tioned problems will be proved and some consequences of our result are also
displayed.

Theorem 3.1. Let C be a nonempty, closed and convex subset of a real Hilbert
space H and {S;}*, : H — CB(H) be a finite family of multi-valued type-one
demicontractive type mappings with constant k; € (0,1) such that I — S; is
demiclosed at zero. Let f; - H — H for j = 1,2,--- N be an «j-inverse
strongly monotone mapping and g : H — H be a contractive mapping with
constant 6 € (0,1). Suppose that

m

N
Q= {(VFEINVIC 1;)} #0.

=1

For z1 € H, let the sequence {x,} be defined by

Wy = Yng(Tn) + (1 = V) Tn,
Up = Bn,[)wn + Z;il Bn,izzp n>1, (31)
Tnt1 = Po(I = Afn) o Po(I — Afn—1)o---0Pco(I = \f1)un,

for n € N, where 2!, € Ps.,,, Psyw, = {24 € Siwp, 1 |25 —wy|| = d(wp, S;wy)}
and X € (0,2a), o = min{eyj, j =1,2,---, N}, and the sequences {fn;i}re;
for alli >0 and {v,}°2, satisfy the following conditions:

(1) {ﬂn,()} € (ka 1); {/Bn,l} € (07 1) such that ZZZO 5n,i = ]—’ k<a < Bn,i <

b<1, i=1,2,...m, k:=sup{k;} <1;
i>1

(i) v, € (0,1), 711130107” =0 and Y 2 n = 0.

Then {xz,} converges strongly to an element in ).

Proof. Let z € Q, ®N = Po(I = Afn)oPo(I —Afn_1)o--- Po(I —\f1), where
@Y% = . Then from (3.1), Lemma 2.5 and Lemma 2.6, and the fact that S; is
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of type-one demicontractive-type mapping for each 7, we obtain that

lent1 —a*|* = [|Pe( = Afw) (@Y un) — 2|

< (10N up — 2|2

< [fun — 217

m
= ||Bnown + 3 Buizh — 2|1

i=1

m
= [|Bno(wn = 2) + Y _ Builzn — 2|1
i=1
m . m .
= Brollwn =2l + Y Buillzn — 2> = Y BuoBuillwn — 2|2
i=1 i=1

< Buollwn — 2||* + Z B H2(Siwn, Siz)

=1

m .
- Z/BN,OBn,inn - Z;LH2

i=1

m
< Buollwn = 2|2+ Y Bui[[lwn — 21> + kllwy — 23,||]
i=1

m .
=" BuoBullwn — 2412

i=1

= Hwn - ZH2 + (k - ﬁn,()) Zﬂn,z
i=1

< JJwn — 2| (3.2)

Wn _Z;Hz

This implies that

241 = 2l| < |lwn — 2]
= lm(g(@n) = 2) + (1 = ) (@n — 2)]|
< llg(en) = 2|1 + (1 = m)l|ln — 2|
< T (llg(@n) = 2l + llg(2) = 2[l) + (1 = ya)ll2n — 2|
< Yn (Ollzn = 2l + llg(2) = 2l1) + 1 = 7a)l |2 — 2]]
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lg(z) — =l
= 1=yl = O)llzn — 2| + (1 =)=
Smax{Hxn_Z Hg Z||}
By continuous taking this process, we obtain that
g -z
||9:n—z||§max{]|x1— || H}

for all n € N. Therefore, {z,} is bounded. Consequently, {u,} and {w,} are
bounded.

Now, from (3.2) and Lemma 2.5, we obtain that

lzns1 = 2l* < fJun — 2|
oo

= |lwn — 2| + (k = Ba0) Y Buillwn — 21
i=1
m

= [|vng(@n) + (1 = yn)zn — z||2 (k — 5 (n),0 Zﬁn,znwn - Z7Z’L||2
=1

< (1_'7n) HCBn_ZH + 29 (@nt1 — 2,9(Tn) — 2)

+ (k - /Bn,O) Zﬂn,z”wn - Z;HQ

i=1
< (1= )lln = 2l1* + m(2{znt1 = 2, g(zn) = 2)). (3:3)
On substituting d,, = (n+1—2, g(zn) — 2) in view of Lemma 2.7, we need to

prove that limsup;,_,, dn, < 0 for every {||z,, — z||} of {||z, — 2||} satisfying
the condition

i {[|z = 2l = |z, —2[[} 2 0. (3.4)
—00

To show this, suppose that {||z,, — z||} is a subsequence of {||z,, — z||} such
that (3.4) holds. Then

. 2 2
hkrggolf (||xnk+1_z|| _||xnk_z|| )
= Jim ((howes = 2l = llom, = 2D lmpy = 11+ llem, = 1)

> 0.



158 M. A. Olona and O. K. Narain
Now, using (3.3), we have that
m
imsup (3 By (B~ W), — 2,
k—o0 i—1

< Tim sup ((1 )l — 2l = Nl — 21
k—oo

o gy — 2 glam, — z>>)

< lim sup (Hxnk —2|> - [ @nyy — ZH2>

k—o0

+ lim sup <'ynk(2<1‘nk+1 —2,9(xp,) — Z>>>

k—oo

.. 2 2

<0.
Using condition (i) and (ii) of (3.1), we obtain that
lim [|wy, — 2, || =0, i=1,2,--- m.
k—o0

Hence, we have that

lim d(wn,, Siwn,) = khjolo |[wn, — zflk” =0,i=1,2-,m.

k—o0

From (3.1), we obtain that
wny, = Zny || = Yy 19 (@ny) = 2 || = 0 as k= oo,

Also, from (3.1) and (3.6), we obtain that

m
||unk _wnkH < Zﬁmﬂ”zzk _wnkH —0 as k— oo

i=1
Using (3.7) and (3.8), we get that

lim ||up, — xp,|| = 0.
k—o0

(3.6)

(3.7)
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Applying the firmly nonexpansivity of Po(I — A\fn) (See Remark 2.3), we
obtain that
|21 = 2| = [|Pe(I = Afn) @Yy — 2|2
<A{xp+1— 2, N1y, — z)
1
2
— ||Tn+1 — ‘I)NlunHQ), (3.10)

which implies from (3.10) that

lim sup <|aunk+1 — @N’“—lunk|]2>

k—o0

(Hxnﬂ A2 4 18Ny — 22

< lim sup (|¢N’“1unk — ,2:||2 — ||93nk+1 — Z||2>
k—o0

< limsup (|unk AP~ fang, z!l2>

k—o0

< limsup (|unk — g |P + 2ltmg — g || [y — 212
k—oo

T lany = 21 = l[mg — er)

<t up (1, = 2+ 2, | [, 21

k—o0

+ lim sup <Hxnk — ZH2 —||Tnyy, — Z|2>
k—o0

A 2 2
=t (g, =2l =l oI
<0. (3.11)
Hence,

im ||z, , — @V u,, || = 0. (3.12)
k—o0

By a similar argument as in (3.11) and applying (3.8), we obtain that
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lim sup <H<I>N’“1unk — @N’“2unk\|2>

k—o0

< lim sup <||<I>N’“—2unk —2||? = oNk-1gy, — z|2>
k—o0

< lim sup <Hunk — zH2 — HtIDNk*lunk — z|]2>

k—o0

S limsup <||’U/n;c - Z||2 - ||.’L‘nk+1 - Z||2>
k—00

< limsup <||unk g2+ 2ty — ]| [l — 212
k—oo

T m, — 21 = l[mys — z\l2>

< limsup <||unk g2 4 2l — || 2 — z||2)
k—o0

+ lim sup <H33nk —2])? - [ Zny . — 2H2>

k—o0

o 2 2
=ty (e, = I - llo oI
<0. (3.13)
Hence,
lim ||@Ne-1q,, — ®Ne-2y, || =0. (3.14)
k—o00

Continuing in the same manner, we obtain that

lim ||®NF-2y,, — @M=y, || = = lim [|®%u,, — P u,,||
—00 k—o0
= lim ||®"u,, —u,, || =0.  (3.15)
k—o0

From (3.12), (3.14) and (3.15), we conclude that
lim ||®7u,, — & tu,, || =0, j=1,2,---,N. (3.16)
k—o00

By Remark 2.1, we have that f; is Lipschitz continuous for each j = 1,2,--- | N.
Thus,

lim ||fj® up, — f;®7 tupn, || =0, j=1,2,---,N. (3.17)
k—o0
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Also,
||xnk+1 - unkH < ”(I)Nunk - (I)N_lunkH + H(I)N_lunk - @N—2unk’|
+o ([ @ un, — I, (3.18)
which implies from (3.16) that
klggo Hxnk-u - unkH =0. (3'19)
By applying (3.9) and (3.19), we have that
klggo ||xnk+1 - xnk” = 0. (3.20)

Since {xy, } is bounded, there exists a subsequence {zy, } of {zn,} such
that {z,,, } converges weakly to p. By (3.7) and (3.9), we have that there exist
subsequences {wy, } of {wn, } and {uy,, } of {u,,} that converges weakly to p
respectively. Thus, by the demi-closedness of S; at zero and (3.6), we obtain
that p € F'(S;) for each i =1,2,--- ,m.

We next show that p € ﬁé-V:lVI(C, fi)-

Let
Byo— fi(v) + Ncv, Voved,
o, Yv¢C.
Then, B; is maximal monotone for each j =1,2,---,N. Let (v,w) € G(B;j).

Then we have
w € Bjv = fj(v) + Ncw.
Hence
w — fj(v) € New.
For ®J Up,, € C, we obtain
(v — Dy, ,w— fjv) >0, j=1,2,--- ,N. (3.21)
From @junkt = Po(I - )\fj)qﬂ_lunkt, we have
(0= DTup, , Pup, — (D g, — AP U, )) 20, j=1,2,--- N,

which implies that

Uy, g1 -
+ fj®' " un,,) > 0, for each j =1,2,---, N.
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From (3.21), we have
(v — @junkt,w)
> (v — @junkt,fjv)
i TP
>\ t
@junkt — @j_lunkt >
A
=(v— @junkt,sz - fjcbj*lunkt) + (v — @junkt,fjfbjunkt — qu)j*lunkt)
@junkt — @j_lunkt >
A
> (v — Q)junkt,fj@junkt — fj@jflunk)
@junkt — (Iﬂ'*lunkt
A
By applying (3.16), (3.17) and (3.19) on (3.22), we obtain that

> (v— @junkt,fjv) — (v — @junkt,

: -
=(v— @]unkt,sz — f;®7 Uny,, —

—(v— @junkt,

— (v —®uy,,, ). (3.22)

(v—p,w) >0.

Now, we conclude that since Bj,j = 1,2,---, N is maximal monotone,
thus p € Bj_l(O), which implies that 0 € Bj(p). Hence p € N2, VI(C, f;).
Therefore, we conclude that p € Q.

We next show that lim supy,_, o (Zn, , —2, g(Zn, ) —2) < 0. Indeed, let {zy, }
be a sequence such that {z,, } converges weakly to p and

liﬁsip<x"k+l = 2,9(@ny) = 2) = im (@ny, 11— 2,9(Tny,) = 2)-

Using (3.20), we obtain that

1i]£iS£p<xnk+l —z,9(an,) — 2) = tlggo<xnkt+1 - Z’g(xnkt) — z)

<{p—24p) —2)
<0. (3.23)
On substituting (3.23) in (3.3) and applying Lemma 2.7, we obtain that {z, }
converges strongly to p. This completes the proof. Il

Corollary 3.2. Let C be a nonempty, closed and convez subset of a real Hilbert
space H and {S;}", : H — CB(H) be a finite family of multi-valued type-
one demicontractive-type mappings with constant k; € (0,1) such that I — S,
1s demiclosed at zero. Let f : H — H be an a-inverse strongly monotone
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mapping and g : H — H be a contractive mapping with constant 0 € (0,1).
Suppose that

Q:={[FS)[VIC, f)} #0.
i=1
For x1 € H, let the sequence {x,} be defined by

Wp = 7n9<37n) + (1 - ’Yn)xna

Up = Bn,Own + 2111 Bn,izfm n>1, (3'24)

Tnt1 = Po(I — Af)up, n €N,
where 28, € Ps.p,y Psuw, = {28 € Siwy : ||24 — wal|| = d(wn, Siw,)} and
{an}, {Bni}, A € (0,2a), and the sequences {Bn;}5>, for all i > 0 and
{22 satisfy the following conditions:

(i) {Bno} € (k,1), {Bni} € (0,1) such that > "4 Bni = 1, k < a <
Bni<b<l i=1,2..m, k:=sup{k;} <1;
i>1

(ii) v, € (0,1), nlLr{:oyn =0 and Y 7 Y = 0.

Then {x,} converges strongly to an element in ).

Corollary 3.3. Let C be a nonempty, closed and convex subset of a real Hilbert
space H and {S;}1*, : H — CB(H) be a finite family of multi-valued quasi-
nonexpansive mappings. Let f : H — H be an a-inverse strongly monotone
mapping and g : H — H be a contractive mapping with constant 8 € (0,1).
Suppose that

Q:={[FS)[VIC, f)} #0.
i=1
For x1 € H, let the sequence {x,} be defined by

Wn = ’Yng(xn) + (1 - ’Yn)xnv
Up = ﬂn,()wn + E:ll Bn,iz}zw n = 17 (325)
Tntl = PC(I_ )‘f)una ne Nv

where zt, € Siun, A € (0,2a), and the sequences {8y}, for all i > 0 and
{ VW }52, satisfy the following conditions:

(i) {Bno} € (0,1), {Bni} € (0,1) such that > " Bni = 1;

(il) v, € (0,1), nan;ovn =0 and Y 2y = 0.

Then {x,} converges strongly to an element in ).
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4. APPLICATION TO CONVEX MINIMIZATION PROBLEM

Let F': C — R be a convex and differentiable function. We know that if
VF is i—Lipschitz continuous, then it is a-inverse strongly monotone, where
W F' is the gradient of F'. Moreover,

p = argmingecF(z) <& peVI(C,vF). (4.1)

Suppose the solution set of (4.1) is I'. Then the setting f; = 7Fj for each
j=1,2,--- /N in (3.1), we obtain the following result.

Theorem 4.1. Let C be a nonempty, closed and convex subset of a real Hilbert
space H and {S;}", : H — CB(H) be a finite family of multi-valued type-one
demicontractive-type mappings with constant k; € (0,1) such that I — S; is
demiclosed at zero. Let F; : H — R for j = 1,2,--- | N be an aj-inverse
strongly monotone mapping and g : H — H be a contractive mapping with
constant 0 € (0,1). Suppose that

m

N
Q:={(FS)[VIC VF)} #0.

i=1 j=1

For z1 € H, let the sequence {x,} be defined by

Wy = ’Vng(xn) + (1 - ’Yn)ﬁnv
m 7
Un = ﬁn,()wn + Zi:l Bn,izna n = 17
Tp1 = Po(I-A7 Fx)o Po(I-A<7 Fn-1) 00 Pc(I=A</ F1)up,
(4.2)

for all n € N, where z!, € Ps,u,, Psuw, = {28 € Sjwn @ ||2L — wy|| =

d(wy, Sjw,)} and X € (0,20), o = min{ey, j = 1,2,--- N}, and the se-
quences {Bni}o>y for all i > 0 and {v,}52, satisfy the following conditions:

(i) {Bno} € (k,1), {Bni} € (0,1) such that > "o Bni = 1, k < a <
Bni <b<1l, i=12,..,m, k:=sup{k;} <1;
i>1

(ii) v, € (0,1), nan;ovn =0 and Y 7 Y = 0.

Then {xz,} converges strongly to an element in ).
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