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Abstract. The main object of the present paper is to investigate some interesting properties

of certain meromorphically multivalent functions associated with a linear operator Lp(a, c).

1. Introduction and preliminaries

Let
∑

p denote the class of meromorphically multivalent functions f(z) of
the form

f(z) = z−p +
∞∑

k=1

ak−pz
k−p (p ∈ N = {1, 2, 3, · · · }), (1.1)

which are analytic in the punctured unit disk

U∗ = {z : z ∈ C and 0 < |z| < 1} = U \ {0}.
For functions f ∈ ∑

p given by (1.1) and g ∈ ∑
p given by

g(z) = z−p +
∞∑

k=1

bk−pz
k−p (p ∈ N), (1.2)
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we define the Hadamard product (or convolution) of f and g by

(f ∗ g)(z) = z−p +
∞∑

k=1

ak−pbk−pz
k−p = (g ∗ f)(z). (1.3)

In terms of the Pochhammer symbol (or the shifted factorial) (λ)n given by

(λ)0 = 1 and (λ)n = λ(λ + 1) · · · (λ + n− 1) (n ∈ N), (1.4)

we now define the function φp(a, c; z) by

φp(a, c; z) = z−p +
∞∑

k=1

(a)k

(c)k
zk−p (1.5)

(z ∈ U∗; a ∈ R; c ∈ R \ Z−0 ; Z−0 = {0,−1,−2, · · · }).
Corresponding to the function φp(a, c; z), we introduce here a linear operator
Lp(a, c) which is defined by means of the following Hadamard product (or
convolution):

Lp(a, c)f(z) = φp(a, c; z) ∗ f(z) (f ∈ Σp). (1.6)

It is easily verified from the definitions (1.5) and (1.6) that

z(Lp(a, c)f(z))′ = aLp(a + 1, c)f(z)− (a + p)Lp(a, c)f(z). (1.7)

The definition (1.6) of the linear operator Lp(a, c) was first introduced and
investigated by Liu and Srivastava [3]. A linear operator Lp(a, c), analogous
to Lp(a, c) defined here, was considered earlier by Saitoh [7] on the space
of analytic and p-valent functions in U . We remark in passing that a much
more general convolution operator than the operator Lp(a, c) considered by
Saitoh [7], involving the generalized hypergeometric function in the defining
Hadamard product (or convolution), was introduced and studied recently by
Dziok and Srivastava [1,2].

Given two functions f(z) and g(z), which are analytic in U , we say that the
function g(z) is subordinate to f(z), if there exists a Schwarz function w(z)
with w(0) = 0 and |w(z)| < 1 (z ∈ U) such that g(z) = f(w(z)) (z ∈ U). In
particular, if f(z) is univalent in U , we have the following equivalence

g(z) ≺ f(z) (z ∈ U) ⇐⇒ g(0) = f(0) and g(U) ⊂ f(U).

Further, we define a function H(z) by

H(z) = (1− λ(a + p + 1))Lp(a, c)f(z) + λaLp(a + 1, c)f(z) (1.8)

for f ∈ ∑
p, λ > 0, a ∈ R and c ∈ R \ Z−0 .

We shall need the following lemmas.
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Lemma 1.1. ([4]) Let h(z) be convex univalent in U , h(0) = 1, and let g(z) =
1 + b1z + · · · be analytic in U . If

g(z) +
1
c
zg′(z) ≺ h(z),

then for c 6= 0 and Rec ≥ 0

g(z) ≺ c

zc

∫ z

0
tc−1h(t)dt.

Lemma 1.2. ([5,6]) Let a function p(z) = 1 + c1z + · · · be analytic in U and
p(z) 6= 0 (z ∈ U). If there exists a point z0 ∈ U such that

|argp(z)| < πγ/2 (|z| < |z0|) and |argp(z0)| = πγ/2 (0 < γ ≤ 1),

then we have z0p
′(z0)/p(z0) = ikγ, where

k ≥ 1
2
(a +

1
a
) ( where argp(z0) = πγ/2),

k ≤ −1
2
(a +

1
a
) ( where argp(z0) = −πγ/2),

and (p(z0))1/γ = ±ia (a > 0).

In this paper, we shall derive several interesting properties of H(z) defined
by (1.8).

2. Main results

Theorem 2.1. Let f ∈ ∑
p and let H(z) be defined by (1.8). If

H(j)(z)
(−1)jz−p−j

≺ (1− λ− λp)(p)j
1 + Az

1 + Bz
, (2.1)

then
(Lp(a, c)f(z))(j)

(−1)jz−p−j
≺ (1− λ− λp)(p)j

λ

∫ 1

0
u(1−λ−λp)/λ−1

(
1 + Auz

1 + Buz

)
du, (2.2)

where j ≥ 0,λ > 0,|B| ≤ 1 and A 6= B.

Proof. From (1.7) and (1.8), we have

H(j)(z) = (1− λ(a + p + 1))(Lp(a, c)f(z))(j) + λa(Lp(a + 1, c)f(z))(j)

= (1− λ + λj)(Lp(a, c)f(z))(j) + λz(Lp(a, c)f(z))(j+1). (2.3)

Putting

g(z) =
1

(p)j
· (Lp(a, c)f(z))(j)

(−1)jz−p−j
(2.4)
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for f ∈ ∑
p, we see that g(z) = 1 + b1z + · · · is analytic in U . Note that

H(j)(z)
(−1)jz−p−j

= (1− λ− λp)(p)j

(
g(z) +

λ

1− λ− λp)
zg′(z)

)
. (2.5)

Then by (2.1), we obtain

g(z) +
λ

1− λ− λp
zg′(z) ≺ 1 + Az

1 + Bz
.

Since h(z) = (1 + Az)/(1 + Bz) is convex univalent in U , an application of
Lemma 1 yields

g(z) ≺ 1− λ− λp

λ
z−(1−λ−λp)/λ

∫ z

0
t(1−λ−λp)/λ−1

(
1 + At

1 + Bt

)
dt.

This proves (2.2). ¤

Theorem 2.2. Let f ∈ ∑
p and let H(z) be defined by (1.8). If

(Lp(a, c)f(z))(j)

(−1)jz−p−j
≺ (p)j

1 + (1− 2α)z
1− z

(z ∈ U), (2.6)

then
H(j)(z)

(−1)jz−p−j
≺ (1− λ− λp)(p)j

1 + (1− 2α)z
1− z

(|z| < ρ), (2.7)

where j ≥ 0,0 ≤ α < 1, 0 < λ < 1/(p + 1) and

ρ =

[
1 +

(
λ

1− λ− λp

)2
]1/2

− λ

1− λ− λp
. (2.8)

The bound ρ ∈ (0, 1) is best possible.

Proof. Put

ϕ(z) = (1− β)
z

1− z
+ β

z

(1− z)2
(z ∈ U),

where β = λ/(1− λ− λp) > 0 for 0 < λ < 1/(p + 1). We now show that

Re

{
ϕ(ρz)

ρz

}
>

1
2

(z ∈ U), (2.9)

where ρ = (1 + β2)1/2 − β and 0 < ρ < 1.
Let 1/(1− z) = Reiθ and |z| = r < 1. In view of

cosθ =
1 + R2(1− r)

2R
, R ≥ 1

1 + r
,



Meromorphically multivalent functions 139

we have

2Re

{
ϕ(z)

z
− 1

2

}
= 2(1− β)Rcosθ + 2βR2cos2θ − 1

= R4β(1− r2)2 + R2((1− β)(1− r2)− 2βr2)
≥ R2(β(1− r)2 + (1− β)(1− r2)− 2βr2)
= R2(1− 2βr − r2) > 0

for |z| = r < ρ, which gives (2.9). Thus the function ϕ has the integral
representation

ϕ(ρz)
ρz

=
∫

|x|=1

dµ(x)
1− xz

(z ∈ U), (2.10)

where µ(x) is a probability measure on |x| = 1.
Now putting

g(z) =
1

(p)j

(Lp(a, c)f(z))
(j)

(−1)jz−p−j
,

we see that g(z) = 1 + b1z + · · · is analytic in U and it follows from (2.6) that

Reg(z) > α (0 ≤ α < 1; z ∈ U). (2.11)

Since we can write

g(z) + βzg′(z) =
(

ϕ(z)
z

)
∗ g(z),

it follows from (2.10) and (2.11) that

Re{g(ρz) + βρzg′(ρz)} = Re

{(
ϕ(ρz)

ρz

)
∗ g(z)

}

= Re

{∫

|x|=1
g(xz)dµ(x)

}
> α (z ∈ U). (2.12)

Thus, from (2.5) in the proof of Theorem 1 and (2.12), we conclude that (2.7)
holds.

To show that the bound ρ is sharp we take f ∈ ∑
p defined by

1
(p)j

(Lp(a, c)f(z))
(j)

(−1)jz−p−j
= α + (1− α)

1 + z

1− z
.

Noting that

1
(p)j(1− λ− λp)

H(j)(z)
(−1)jz−p−j

= α + (1− α)
1 + z

1− z
+ β(1− α)z

(
1 + z

1− z

)′

= α + (1− α)
1 + 2βz − z2

(1− z)2
= α
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for z = ρeiπ, the proof is completed. ¤
Theorem 2.3. Let f ∈ ∑

p and let H(z) be defined by (1.8). If
∣∣∣∣∣arg

(
H(j)(z)

(−1)jz−p−j

)∣∣∣∣∣ <
π

2
γ (z ∈ U), (2.13)

then ∣∣∣∣∣arg

(
(Lp(a, c)f(z))

(j)

(−1)jz−p−j

)∣∣∣∣∣ <
π

2
γ (z ∈ U), (2.14)

where 0 < γ ≤ 1,j ≥ 0 and 0 < λ < 1/(p + 1).

Proof. Let

g(z) =
1

(p)j

(Lp(a, c)f(z))
(j)

(−1)jz−p−j

for f ∈ ∑
p. Then g(z) = 1 + b1z + · · · is analytic in U . Suppose that there

exists a point z0 ∈ U such that

|argg(z)| < π

2
γ (|z| < |z0|) and |argg(z0)| = π

2
γ.

Then, By Lemma 2, we can write that z0g
′(z0)/g(z0) = ikγ and (g(z0))1/γ =

±ia (a > 0).
Therefore, if argg(z0) = πγ/2, then by (2.5)

H(j)(z0)

(−1)jz−p−j
0

= (1− λ− λp)(p)jg(z0)
(

1 +
λ

1− λ− λp

z0g
′(z0)

g(z0)

)

= (1− λ− λp)(p)ja
γeiπγ/2

(
1 +

λ

1− λ− λp
· ikγ

)
.

This implies that

arg

(
H(j)(z0)

(−1)jz−p−j
0

)
=

π

2
γ + arg

(
1 +

kλγi

1− λ− λp

)

=
π

2
γ + tan−1

(
kλγ

1− λ− λp

)

≥ π

2
γ ( where k ≥ 1

2
(a +

1
a
) ≥ 1),

which contradicts the condition (2.13).
Similarly, if argg(z0) = −πγ/2, then we obtain that

arg

(
H(j)(z0)

(−1)jz−p−j
0

)
≤ −π

2
γ,
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which also contradicts the condition (2.13).
Thus, the function g(z) has to satisfy |argg(z)| < πγ/2 (z ∈ U).
This show that ∣∣∣∣∣arg

(
(Lp(a, c)f(z))

(j)

(−1)jz−p−j

)∣∣∣∣∣ <
π

2
γ (z ∈ U).

The proof is now complete. ¤
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