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Abstract. In the present manuscript, we employ the concepts of ©-map and ®-map to
define a strong (6, ¢)s-contraction of a map f in a b-metric space (M, d,). Then we prove
and derive many fixed point theorems as well as we provide an example to support our main
result. Moreover, we utilize our results to obtain many results in the settings of metric and

G-metric spaces. Our results improve and modify many results in the literature.

1. INTRODUCTION

Let f be a self-map on a nonempty set M. ¢ € M is said to be a fixed point
of fif fo = If (M,d) is a metric space, f is called a contraction if there is
a real number w € [0,1) such that for all ¢,* € M we have

d(fe, fo*) < wd(e, ")

and f is called a Kannan contraction if there is r € [0, 3) such that for all
t,t* € M we have

d(fe, fo7) < rld(e, fo) +d(5, f)]
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The main result in the fixed point theory in distance spaces is the Banach
contraction principle [7] which asserts the existence and uniqueness of fixed
point for every contraction in a complete metric. The Banach contraction
theorem has been modified and generalized in many directions for example
see [1, 2,4, 8,9, 10, 11, 12, 13, 25, 26, 27, 28, 29, 30, 31].

Kannan [17] proved that every Kannan-type contraction has a unique fixed
point in a complete metric space. It is worth to mention that Kannan’s the-
orem is a significant result in analysis because it characterizes metric com-
pleteness. In the past decade Mustafa and Sims [23] introduced the concept
of G-metric spaces and studied some results in fixed point field. Then af-
ter, many researchers proved several results concerning fixed point through
G-metric spaces, for example see [3, 5, 15, 18, 19, 20, 21, 22].

2. PRELIMINARY

Definition 2.1. ([6]) A function dp : D x D — [0, +00) is said to be a b-metric
if there is s € [1,400) such that d; satisfying:
(d1) dp(er,02) =0 iff 11 =12,
(dg) Clb(Ll, L2) = db(LQ, Ll), Vi1, 19 € D,
(dg) Clb(Ll, Lg) < S[db(Ll, L3) + db(Lg, Lg)], Vi1,t9,t3 € D.
The pair (M, dp) is called a b-metric space.

Note that whenever s = 1, then (D,dp) is a metric space. Hence forth,
(D, dp) stands for a b-metric spaces with base s and (D, d) stands for a metric
space. If f is a self-mapping on D, and ¢y € D, then the sequence {¢,,}, where
tn = fin—1, for n € N is called the Picard sequence generated by f at ¢g. Also,
we refer by F'; the set of all fixed pints of f in D.

Definition 2.2. ([33]) Let O denotes the set of all continuous functions 6 :
(0, +00) — (1,+00) that meets the following conditions:

(1) 6 is nondecreasing,
(O2) for each sequence {v,} in (0,+00), lim 6(:p) =1iff lim ¢, = 0.

p—r—+00 p——+00
Definition 2.3. ([33]) Let ® denotes the set of all continuous functions ¢ :

[1,400) — [1,400) that meets the following conditions:

(®1) ¢ is nondecreasing,
(®g) for each ¢ > 1, lim ¢P(v) = 1.
p——+00

Remark 2.4. ([33]) If ¢ € @, then ¢(1) =1, and also ¢(¢) < ¢ for each ¢ > 1.

To facilitate our subsequent argument we call a function # as a ©-map if
f € © and a function ¢ as a -map if ¢ € P.
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3. FIXED POINT IN b-METRIC SETTING

Definition 3.1. Suppose f is a self-mapping on (M, dy). Then, f is said to be
a strong (6, ¢)s-contraction if there are a ©-map 6 and a ®-map ¢ such that
for all 11,10 € M

dp(fr1, fra) # 0= Osdy(fu1, fr2) < dOA(11,12), (3.1)
where
A(e1,12) =max{dy(t1,2), dp(t1, fr1), dp(t2, fr2),

zisdb(blv fLQ)v %db(b% fbl)v

1 (3.2)
%[db(bla fr2) +dp(t2, fr1) + dy(er, fr1)],

1

35 [dy(t1, fra) +dp(2, fr1) + dp(e2, fr2)]}-

Lemma 3.2. Suppose f is a strong (0, ¢)s-contraction on (M,dy). Then, for
the Picard sequence {v,} with start point 1o € M, if ty, # tny1 for each n € N,
then

lim d(tp,tny1) = 0. (3.3)

n—-+o0o

Proof. Let 1o € M be arbitrary and consider the Picard sequence {t,,} which
starts at ¢g. If ¢y # tpy1 for all m > 0, then, dy(tp, tny1) # 0. So, by (3.1), we
have

Osdp(in, tnt1) = O0sdp(fin—1, fin)

3.4
< QSGA(Lnfla [/n)a ( )
where
A(Lnfh Ln) = maX{db(Lnfla Ln)7 db(Lnfla Ln)a db(l/na Ln+1)a
1 1
Zisdb([’nfla Ln+1); ?Sdb(bn, Ln)a
1
g[db(Ln—h Ln—i—l) + db(bn’ Ln) + db(Ln—lv Ln)]v
1
%[db(Ln—h tnt1) + dp(ns tn) + dp(tns tnr1)]}
1
= max{dy(tn—1,tn), dp(tn, tnt1), %db(bn—h lnt1)s

1
%[db(%—l? tng1) + dp(tn—1,tn)],
1

g[d(Ln_1, tnt1) + d(tn, tns1)]}
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Now, we have to discuss the following cases:
Case (1): If A(tp—1,tn) = dp(tn,tnt1), then we have

Osdy(tn, tnt1) < G0dy(tn, tnt1) < 0dy(tn, tnt1),

which is a contradiction.
Case (2): If A(tp—1,tn) = dp(tn—1,tn), then we have

QSdb(Lna Ln+1) < (bedb(Lnfla Ln) < edb(Lnfla Ln)-
So,
1
dp(tnytn+1) < gdb(Ln,l,Ln). (3.5)

Case (3): If A(tp—1,tn) = %Sdb(bn_l,Ln_i_l), then we have

1 1
Osdp(tn;tnt1) < ¢9%db(bn—l7 tnt1) < dib(bn—l, Lnt1)-

So,
1 1
sdp(tn, tny1) < ?Sdb(bnflaanrl) < i[db(bnq, tn) + dp(tn, tns1))
Thus,
1
db(bn, Ln_l,_l) < ﬁdb(lﬂn—17 Ln). (36)

Case (4): If A(tn—1,tn) = é[db(m_l, tn+1) + dp(tn—1,tn)], then we have

1
HSdb(Lna Ln+1) < Qbe%[db(bn—lv Ln-i—l) + db(Ln—la Ln)]

1
< eg[db(bn—h Ln-i-l) + db(Ln—h Ln)]

So, we obtain

sdp(tn, tnt1) < —[dp(tn—1,tn+1) + dp(tn—1, tn)]

S

< [s[dp(tn—15tn) + db(tns tnt1)] + dp(tn—1,tn)]-

|| =

Thus,

s+1
db(Ln, Ln+1) < mdb(bn_l, Ln). (37)

Case (5): If A(tn—1,tn) = 3= [do(tn—1, tnt1) + db(tn; tns1)], then we have

1
05db(bn7 Ln+1) S ¢9$[db<[/n—ly Ln—i—l) + db(bna Ln—l—l)]

1
< eg[db(én—la tnt1) + dp(tn, tny1)]
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So,

1

sdy(tn;s tnt1) < g[db(%—l, tn1) + dp(tn, tny1))
1
< %[S[db(%—lv tn) + dy(tns tng1)] + dp(tn, tng1)]-
Thus,
s
db(Ln, Ln+1) < mdb(bn_17 Ln). (38)

Hence, in all cases, we deduce that

db(Ln7 Ln—l—l) < db(Ln—lu Ln)y
and so (dp(tn,tn+1) : m € N) is a nonincreasing sequence in [0, +00). Thus,
there is r > 0 such that lim dy(tp, tpt1) = 7.
n—+00

We claim that » = 0. If  # 0, then by taking the limit as n — +oo in (3.4),
we get
2s+1 2s+1

35 3s
which is a contradiction. So, we have

lim  dp(tn,tny1) = 0. (3.9)

n—-+oo

Osr < ¢ max {r, T, 7“} = ¢Or < Or,

Now, we are in a position to introduce our main result.

Theorem 3.3. Suppose (M,dy) is complete and f is a self-mapping on M.
Suppose that 0 is a ©-map and ¢ is a P-map such that f is a strong (6, p)s-
contraction. Then, Fy has exactly an element.

Proof. Let 19 € M be arbitrary and let {¢,} be the Picard sequence generated
by f at ¢o. If there is some ng € N such that ¢,,, = ty+1, then ¢y, is the fixed
point of f. So, assume that for all n € N ¢, # t4+1. Therefore, by Lemma

3.2, we have ngrilm d(tn,tnt1) = 0.

Now, we show that {¢,,} is a Cauchy sequence. Suppose {¢,,} is not a Cauchy
sequence, there is € > 0 and two subsequences {ip, } and {i,, } of {¢,} such
that ny is chosen as the smallest index corresponding to my for which

dp(tnystmy) > €, k < my < ng. (3.10)

This implies that
db(bnk—la Lmk) < €. (3.11)

Now, by the triangle inequality and (3.11), we get

db(lfnk—h Lmk—l) < S[db(bnk—la [/mk) + db(Lmk7 Lmk—1>] < 3[6 + db(L’rnkv Lmk—l)]-
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By taking the limit superior as k — 400 and using Lemma 3.2, we get

lim sup d(tn,—1, tm,—1) < se€.
k——+oo

Also,
db(Lmk—labnk) [db(Lmk—laLmk) +db(bmk75nk)]
[d(tmp—1, tmy,) + S[db(tmy s tng—1) + db(tng—1, tny,)]]

< 8[dp(bmg—15 tmy,) + s[e + dp(tny—1, tny)]]-

<s
<s

By taking the limit superior as k — 400 and using Lemma 3.2, we get

lim sup dp(tmy—1, tny,) < s2e.
k—4o00

Now, standing on the above argument by substituting ¢; = ¢, —1 and o =
tmy—1 10 (3.1) we get
Ose < Osdp(in,, tm,)
= Osdp(fing—1, ftmp—1) (3.12)
< PO (tny—1, tmg—1),

where
A(Lnk—h Lmk—l) - max{db(l/nk—17 Lmk—1)7 db(Lnk—lu Lnk)7 db(Lmk—la Lmk)u
1 1
%db(bnk—la Lmk)7 %db(bmk—h L?’Lk)a
1
g[db(l’nk—lv [’mk) + db(Lmk_17 [‘nk) + db(Lnk—lv Lnk)]7
1
g[db(bnk—h [’mk) + db([’mk_l’ [‘nk) + db([’mk_17 [‘mk)]}
< max{db(bnk—la Lmk—l), db(bnk—la Lnk)a db(’/mk—ly Lmk)v
e 1
?S’ ?Sdb(bmk—la Lnk)a
1
%[E + db(l’mk*17 Lnk) + db(l’nk*17 l’nk)]v
1
%[E + db(bmkfl, Lnk) + db(Lmkflv Lmk)]}

(3.13)

Hence, we have

‘ e se e(s®+1) e(s*+1)
llggilolc{) (Lnk 15 lmy, 1) > max {867 7957 27 3s ’ 3s >

By taking the limit superior as k — 400 in (3.12) , we get
fse < plhse < BOse,
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which is a contradiction. Therefore {¢,} is a Cauchy sequence so there is
' € M such that lim dp(tp,t) = 0.
n—~+0o00

Now, we will show that fi/ = /. To see this, we assume that fi/ # /. Now,
by (3.1) we have
Osdy(tni1, f') = 0sd(fin, fi')

< GOA (), (3.14)

where

A(in,t") = max{dy(in, "), dp(tn, tns1), dp (4, f1),

1 1

%db(hu f[’/)7 %db(bl, L?’L-i—l)?
B
38

1
g[db(bna fL,) + db(bla Ln+1) + db(bla fL,)]}
< max{d(tn, ), dp(tn,tns1), dp(t, f1),

1 1
§[db(bm V) + dy (¢ fU)], ?Sdb(bl, lnt1),

[dp(tns f') 4+ dp (Vs tng1) + db(ns tng1)],

[sldp(tn, ") + dp (¢, f1)] + dp(d tni1) + db(tn, )],

[s[dp(tn, ¢) + dp (¢, fO] 4 dp (Vs tngr) + dp (4, fU)]}
(3.15)

1
3s
1
3s

By using Lemma 3.2, we get

lim  A(ep, )

n—+o00

1 1 1
< max {07 0, db(L,7 fL,)v de(bla fL,)v 0, gdb(blv fL,)a 8;; db(L/a fL/)}
= db(L,a fL,)'

Thus, by taking the limit as n — 400 in (3.14), we get
Osdy(V, f1') < 0dy (4, fo') < 0dp(, f1),

which is a contradiction. Hence ¢/ = f/'.
Now, assume that there is «/ € M such that f.”/ = /". If // # ", then by
(3.1) we get
Osdy(d, ") = Osdy (1, f1")

< GOA( 1), (3.16)
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where
Ay = max { dp (7)), dp (V1) dp (L7507,
i ron i "nor
2sdb(L 5 b )7 28db(L y U )7
1
g[db([’,’ LH) + db(l'ﬂa L/) + db(l'lv Ll)]? (317)
1
%[db(blabﬂ) + db(LllaL,) + db(L”,LN)] }
= dy(/,1").
Thus,
Osdy(d, ") < d0dp(d,0") < Ody (0",
which is a contradiction and so ¢/ = (. this completes the proof. O

4. CONSEQUENCE RESULTS IN METRIC AND G-METRIC SPACES

4.1. Fixed point in metric setting.

Definition 4.1. Suppose f is a self-mapping on (M, d). Then, f is said to be
a strong (6, ¢)-contraction if there exist a ©-map 6 and a ®-map ¢ such that
for all 11,10 € M

d(fbl,sz) 75 0 = Qd(le, ng) < ¢9A(L1, Lg), (4.1)

where
1 1
A1, t2) = max{d(c1, t2),d(¢1, fr1),d(t2, fLa), id(bla fi2), id(b27 fu),

%[d(u, Fi2) + d(ia, f11) + d(ir, f11)], (4.2)

1

g[d(bh fr2) +d(e2, frr) + d(e2, fi2)l}-
A consequence result of Theorem 3.3 in the setting of metric spaces is the

following theorem.

Theorem 4.2. Suppose (M,d) is complete and f is a self mapping on (M, d).
Suppose that 0 is a ©-map and ¢ is a P-map such that f is a strong (0, ¢)-
contraction. Then, Fy has exactly one element.

Now, we give an example to illustrate Theorem 4.2.

Example 4.3. Let M = {0,1,2,---}and k € (0,1). Let d : M xM — [0,400)
be defined by d(t1,t2) = |t1 — ta], 0 : (0,+00) — (1,400), ¢ : [1,400) —
[1,+00) by 0(¢) = ¢, ¢(v) = (¥ respectively, and f: M — M
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by
0, ne{0,1,2},
() = o
1, n>3.
Then
(1) (M,d) is a complete metric space,
(2) ¢ is a ®-map and 0 is a ©-map,
(3) f is neither Banach contraction nor Kannan contraction,
(4) f is a strong (6, ¢)-contraction.

Proof. We show (3) and (4).
(3) Note that if 17 = 2 and 12 = 3, then d(fi1, fra) =1 = d(i1,t2). Also, if
t1 = 0 and 12 = 3, then
1
d(fu, fr2) =1= §[d(L17 fu) +d(e2, fi2)].

Hence, f is neither Banach contraction nor Kannan contraction.
(4) Since d(ft1, ft2) # 0, then d(fu1, fro) = 1. So, if 1 € {0,1,2}, then it
must be that 5 > 3.

Now, d(t1,t2) = ta—t1, d(u1, fu1) = 1, d(ea, fr2) = 1a—1, d(u1, fr2) = [t1—1]
and d(u2, ft1) = t1. Therefore,

A(Ll, L2)

2 727 3 ’ 3

If v = 0, then A(e1,t2) = 19 > 3.

If vy = 1, then A(e1,t9) =10 —1> 2.

If v = 2, then A(t1,t9) =10 —1> 2.

Thus, in each case we have 0d(fi1, fia) < ¢pOA(1,t2). Therefore, all hypothesis
of Theorem 4.2 and the unique fixed point for f is 0. O

{ |L1—1‘ 19 L2+L1—|—|L1—1’ 2L2—1—|—|L1—1}
=max-< Ly — L1, — 1,11, — .

Now, we introduce some results based on Theorem 4.2.

Corollary 4.4. Suppose (M,d) is complete and f is a self-mapping on M
such that for all 11,19 € M

d(fur, fr2) #0 = d(fur, fra) <k A(eg,e2), (4.3)
where k € (0,1). Then Fy has exactly one element.

Proof. Define 6 : (0, +00) — (1,+00) by 6(¢) = e*, and ¢ : [1, +00) — [1, +00)
by ¢(¢) = (*. Then

d(fe1, fra) <k A(ur,e2) if and only if e¥fufi2) < b Altez) — (pAlas2)yk,
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So, we have
0d(fu1, fra) < o0k A(11,12).
Hence the result follows from Theorem 4.2 O

Corollary 4.5. Suppose (M,d) is complete and f is a self-mapping on M.
Suppose that 0 is O-map and ¢ is ®-map such that for all 11,10 € M, we have

d(fbl, fL2) 7& 0 = Hd(le, fL2) < (9¢d(L1, LQ). (44)

Then Fy has exactly one element.

Corollary 4.6. Suppose (M,d) is complete and f is a self-mapping on M
such that for all 11,10 € M

d(le, fLQ) 75 0 = d(fbl,fLQ) < k d(bl,bz), (45)
where k € (0,1). Then Fy has exactly one element.

Corollary 4.7. Suppose (M,d) is complete and f is a self-mapping on M.
Assume that there exists A € (0,1) such that for all 11,12 € M

d(fu, fi2) #0 = d(fu, fro) < Amax{d(t1, fu1),d(t2, fi2)}. (4.6)

Then Fy has exactly one element.

Corollary 4.8. Suppose (M,d) is complete and f is a self-mapping on M.
Assume that there exists o € (0, %) such that for all 11,19 € M

d(le, fLQ) 75 0 = d(fbl, sz) < a[d(Ll, fL1) + d(LQ, sz)]. (47)

Then Fy has exactly one element.

4.2. Fixed point in G-metric setting.

Definition 4.9. ([23]) Let M be a nonempty set and let dg : M x M x M —
[0,400) be a function satisfying:

(G1) dg(t1,t2,t3) =0 if 11 =19 =13,

(G2) dg(t1,t1,¢) >0 for all ¢, € M with ¢ # (,

(G3) dg(e1,t1,¢) < dg(u1,¢,¢) for all v1,(,¢ € M with ( #g,

(G4) dg(e1,¢,s) = da(p{t1,¢,s}), where p{t1,(,s} is the all possible per-

mutations of ¢1,(, s (symmetry),
(G5) dg(t1,¢,5) < dg(t1,a,a) + G(a,(,s) for all ¢1,(,s,a € M.

Then the function dg is called a generalized metric, or a G-metric on M,
and the pair (M, dg) is called a G-metric space.
From now on, (M, dq) stands for a G-metric space.
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Definition 4.10. ([23]) Let {¢,,} be a sequence on (M, dg). Then we say that
{tn} is G-convergent to / € M if lin’}i_ da (!, tn, tm) = 0, that is, for any
m——+0o0

)

€ > 0, there exists k € N such that dg(//, tn, tm) <€, for all n,m > k.

Proposition 4.11. ([23]) The followings are equivalent in (M, dg):
(1) {en} is G-convergent to ' € M.
(2) da(tnytn,t') =0 asn — 4o0.
(3) dg(tn,t/,t') =0 asn — +o0.

Definition 4.12. ([23]) A sequence {¢,} in (M, dq) is said to be G-Cauchy if
a given € > 0, there is & € N such that dg(in, tm, ) < e for all n,m,l > k.

Proposition 4.13. ([23]) The following are equivalent in (M,dq):
(1) The sequence {tn} is G-Cauchy.
(2) For everye > 0, there is k € N such that dg(in, tm, tm) < €, Yn,m > k.

Definition 4.14. ([23]) A G-metric space (M, dg) is said to be G-complete
or complete G-metric if every G-Cauchy sequence in (M, dg) is G-convergent
in (M,dg).

The following theorem is a relation between G-metric spaces and metric
spaces.

Theorem 4.15. ([16]) Suppose there is (M,dg) and a function d : M x
M — [0,+00) is defined by d(i1,t2) = max{dg(t1,t2,t2),dc(t2,t1,t1)}. Also,
suppose (i) is a sequence in M. Then

(1) (M,d) is a metric space;

(2) {tn} is G-convergent to ' € M if and only if {t,} is convergent to /

in (M,d);
(3) {tn} is G-Cauchy if and only if {tn} is Cauchy in (M,d);
(4) (M,dg) is G-complete if and only if (M,d) is complete.

Jleli and Samet [16] remarks in their clever paper that some fixed point
theorems in the setting of G-metric spaces can be deduced from proven results
in metric spaces in a smart way. In this section, we utilize our results to get
a consequence results in the concept of G-metric spaces using the method of
Jleli and Samet.

Definition 4.16. ([32]) Suppose there is (M, dg). A mapping f: M — M is
said to be a generalized (6, ¢)-contraction if there exist § € © and ¢ € ® such
that for any ¢1, 9,13 € M,

d(;(fl,l, fLQ, fL3) 7& 0 = Hd(;(fl,l, fLQ, fL3) < ¢9N(L1, L2, L3>, (4.8)
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where
N(e1,02,t3)
= max{dg(t1,2,t3),dg(t1, fr1, fu1),da(ea, fra, fi2),
1 1 1
idG(Lh fua, fr2), §dG(L27 fus, fr3), idG(L?n fu, fu), (4.9)
1

3[dG(L17 fra, fr2) +dg(2, fu3, f3) +da(es, fu, fu1)]}-

We are in a position to give new proofs of the following two theorems in
[20, 32] by using the technique of Jleli and Samet together with our results.

Theorem 4.17. Let (M,dg) be complete and let f : M — M be a generalized
(6, ¢)-contraction. Then Fy has ezactly one element ' such that the sequence
(f™) converges to ' for every 1 € M.

Proof. By letting 15 = 13 in (4.9), we get

N(Lla L2, LQ)
= max{dg(t1,2,t2),dc(t1, fu1, fu1), da(i2, fra, fi2),
1 1 1
EdG(Lla fL27 fLQ)a §dG(LQ7 be fL1)7 idG(L% fLQa fLZ)v (410)

é[dc(u, fua, fra) +dag(ea, fra, fra) +da(e2, fua, fu1)]}.

Also, by exchanging ¢1 and (o, we get

N([’valabl)
= max{dg(t2, 1, 1), dg (L2, fi2, f2),da(u1, fu1, fu1),
da(n, fia, f12), 5da (12, fu, fun), gda(u, fua, fu), (4.11)

%[da(u, fua, fr2) +da(en, fu, fu) +da(ee, fu, fu)l}

Define d : M x M — [0,400) by d(t1,t2) = max{dg(t1,t2,t2),dc(t2,t1,t1)}.
Then we have

0d(fi1, fra) = Omax{dg(fi1, fra, ft2),dc(fie, fu1, ft1)}
= max{0dg(fi1, fro, fr2),0dc(fra, fu1, fu1)}
< ¢ max{N(i1,t2,t2), N(t2,t1,t1)}
< POA(11,12).

(4.12)

Hence, f is a strong (6, ¢)-contraction and so the result follows from Theorem
4.2 and Theorem 4.15. U
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Theorem 4.18. Let (M,dg) be complete and let f : M — M be a self-
mapping which satisfies the following condition for all 11,10 € M.

dG(lea fL2a fLQ)
< maX{adG(Ll, L2, [/2)) b[dG(Ll) fL17 fl/l) + QdG([/Q) fL27 fI/Q)]a (413)
blda (e, fro, fro) +da(ea, fu, fu) +da(e, fro, fro)l},

where 0 <a<1and 0<b< % Then Fy has exactly one element.

Proof. From condition (4.13), we have
da(fu, fra, fi2)
S max{adg(bl, L2, L2)7 b[dG(Lh fbl, fbl) + QdG(['27 f[’27 fb2)]7 (414)
blda (i1, fua, fr2) + dg(ea, fua, fur) + da(ee, fra, fi2)]}.
If £ = max{a, 3b}, then
dG(leu fL27 fLQ)
< kmax{dg(t1,t2,2),
1
3

By the same argument, we have
da(fue, fu, fu)

< kEmax{dg(t2,1,t1),

1
3
[da(e1, fro, fr2) +da(ee, fu, fu) +da(ee, fro, fr2)]}-

[da (e, fua, fun) + 2dg(ea, fra, fi2)], (4.15)

%[dc(m,f%sz) + 2dG (e, fur, fu)], (4.16)

é[dG(Lb fua, fr2) +dg(e2, fu, fu) +da(er, fu, fu)]}-

Define d : M x M — [0,400) by d(t1,t2) = max{dg(i1,t2,t2),dc(t2,t1,1)}.
Then we have

d(f['h fLQ)

= max{dg(fi1, fro, fr2),da(fra, ft1, ft1)}

S kmaX{dG(Ll, L2, L2)7 %[dG(Ll, fL17 ft'l) + 2dG(L2) f['27 fLQ)]u
1
3

dg(ta, 1, 1),

lde:(u1, Fio, fua) + de(ua, for, f11) + dg iz, fia, f12)], (4.17)

1
3
é[dG(él, fua, fro) +dg(ea, fur, fr1) +da(u, fu, fu)l}

[dG (v, fr2, f2) + 2d(u1, fu, fu)l,
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< kmax{d(c1,2), %[d(bl,fbl) + 2d(to, fra)], é[d(@, fra) +2d(ey, fr1)l,

Lo, o) + iz Fr) + ez )

%[dm, fu) +d(ea, fr1) +d(n, f12)]}

< kA(11,02).

Hence, the result follows from Corollary 4.4 and Theorem 4.15. g
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