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Abstract. In this article, we shall prove a common fixed point theorem for two weakly
compatible self-maps P and 9 on a dislocated metric space (M, d") satisfying the following
&-weakly expansive condition:

d*(Pc,Pd) > d*(Qc, Qd) + £(AN(Q¢,Qd)), Ve, de M,
where
A(Qe, 9d) = max {d* (Qc, Qd), d* (Qc, Pe), d* (Qd, Pd),
d*(Qc, Pc) - d*(Qd, Pd) d*(Qc,Pc) - d*(Qd, Pd) }
1+ d*(Qc, Qd) ’ 1+ d*(Pc, Pd) '
Also, we have proved common fixed point theorems for the above mentioned weakly com-
patible self-maps along with E.A. property and (CLR) property. An illustrative example is

also provided to support our results.
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1. INTRODUCTION

In 1984, Wang et al. [10] introduced the concept of expansive mapping as
follows:

Definition 1.1. ([10]) Let P be a self-mapping of a metric space (M,d*).
Then P is said to be expansive if there exists a real number h > 1 such that
d*(Pc,Pd) > hd*(c,d) for all ¢,d € M.

In 2014, Kang et al. [6] introduced ¢-weakly expansive mappings as follows:

Definition 1.2. ([6]) Let P be a self-mapping of a metric space (M,d").
Then P is said to be ¢-weakly expansive if there exists a continuous mapping
¢ :[0,00) = [0,00) with ¢(0) = 0 and ¢(«) > « for all @ > 0 such that

d*(Pe, Pd) = d*(c,d) + $(d* (¢, d))
for all ¢,d € M.

Definition 1.3. Let P and 9 be two self- mappings of a metric space (M, d*).
Then P is said to be ¢-weakly expansive with respect to Q : M — M if there
exists a continuous mapping ¢ : [0,00) — [0,00) with ¢(0) = 0 and ¢(a) > «
for all @ > 0 such that

d*(Pec, Pd) > d*(Qc, Qd) + ¢(d*(Qc, Qd))
for all ¢,d € M.

In 2000, Hitzler and Seda [4] introduced the concept of dislocated metric
space (d*-metric space) as follows:

Definition 1.4. ([2, 4]) Let M be a nonempty set and let d* : M x M — [0, c0)
be a function and for all p,q,r € M, the following conditions are satisfied:
(1) d*(p,q) = d*(q,p);
(2) d*(p,q) =0, then p = g;
(3) d*(p,q) < d*(p,r) + d*(r,q).
Then d* is called dislocated metric (or simply d*-metric) on M and the pair
(M, d*) is called dislocated metric space.

In 1996, Jungck [5] introduced the concept of weakly compatible maps as
follows:

Definition 1.5. ([5]) Two self maps P and 9 defined on a metric space M
are said to be weakly compatible if they commute at their coincidence points.

In 2002, Aamri et al. [1] introduced the notion of E.A. property as follows:
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Definition 1.6. ([1, 7, 8]) Two self-mappings P and Q of a metric space
(M, d*) are said to satisfy E.A. property if there exists a sequence {c,} in M
such that

lim Pe, = lim Qe¢, =t
n—o0 n—oo

for some t in M.

In 2011, Sintunavarat et al. [9] introduced the notion of (CRLp) property
as follows:

Definition 1.7. ([9]) Two self-mappings P and Q of a metric space (M, d*)
are said to satisfy (CLRp) property if there exists a sequence {c,} in M such
that

lim Pe, = lim ¢, = Pc
n—o0 n—oo

for some ¢ in M.

2. MAIN RESULTS

Theorem 2.1. Let P and Q be two self-maps of a dislocate metric space
(M, d*) satisfying the followings:

QM C PM. (2.1)

There exists a continuous mapping & : [0,00) — [0,00) with £(0) = 0 and
&(a) > a for all a > 0 such that:

d*(Pc, Pd) > d*(Qc, Qd) + £(A(Qc, Qd)), Ve, de M, (2.2)
where
A(Qe, d) = max {d* (Qc,9d), d*(Qc, Pe), d*(2d, Pd),
d*(Qc, Pc) - d*(Qd, Pd) d*(Qc, Pc) - d*(Qd, Pd) }
1+ d*(Qc, Qd) ’ 1+ d*(Pc,Pd)

If P and Q are weakly compatible and PM or QM is complete, then P and
) have a unique common fized point.

Proof. Let ¢y be an arbitrary point in M. From (2.1), we can define a sequence
{cn} such that

an = Pcn—i-la
since QM C PM. Define a sequence {d,} in M by
dp = ¢y = Pepy1. (2.3)

If d,, = d, 41 for some n in N, then there is nothing to prove. Now we assume
that d,, # d,,+1 for all n in N. We prove that

lim d*(dp,dns1) = 0. (2.4)

n—0o0
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Substituting, ¢ = ¢y, d = ¢,41 in (2.2) and using (2.3), we get
d* (Pcn7 Pcn+l) > d (ana an—‘rl) + f(/\(QCm an—i—l))u
d*(dn—ladn) Z d*(dmdn—o—l) +£(/\(dn;dn+1))a (25)
where
/\(dna dn—l—l) = /\(ana an—i—l)
— max {d* (6, Qens1), d*(Qcn, Pep),
d* (an,Pcn)d* (QCnJrl PCnJrl)
d* D mn 77) (L I : ?
( Cn+1, FC +1) 1 +d*(QCn,QCn+1)
d*(Qcp, Pen)d* (Qcpt1, Pent1) }
1+ d*(Pep, Penyt)
= max {d*(dna dnt1), d*(dn, dp—1), d*(dny1, dn),
d*<dn7 dn—l)d*(dn-i-l? dn) d* (dn7 dn—l) ) d*(d’ﬂ-‘rlv d'fl) }
1+ d*(dy,dnt1) ’ 1+ d*(dp—1,dn)
= max{d*(dn, dn—l—l)a d (dn—17 dn)}
If d*(dpy1,dn) < d*(dy,dp—1), then from (2.5), we have
d*(dnfly dn) > d*(dna dnJrl) + d*(dna dnfl)-

That is
d*(dp,dn+1) <0,

which is a contradiction. If d*(d,,d,—1) < d*(dp+1,dy), then from (2.5), we
have

d*(dn—la dn) > d*<dm dn—l—l) + f(d* (dm dn—H))- (2-6)
This implies that

d*(dp—1,dy) > d*(dp, dp+1)-

Hence the sequence {d*(d,,+1,dy)} is strictly decreasing and bounded below.
Thus, there exists r > 0, such that

lim d*(dy,dp+1) =1,

n—oo
letting n — oo in (2.6), we get
r>r+¢(r),
which is a contradiction, hence we have r = 0. Therefore,

i d*(dy, dpi1) = 0. (2.7)

Next, we prove that {d,} is a d*-Cauchy sequence. Suppose that {d,} is
not a d*-Cauchy sequence. Then there exists ¢ > 0, such that for k£ € N, there
are m(k),n(k) € N with m(k) > n(k) > k satisfying:
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(1) m(k) and n(k) are positive integers.

275

(3) m(k) is the smallest even number such that the condition (ii) holds,

that is, d*(dn(k)adm(k)fl) <e.
Therefore,
< A" (dp(k)> dm(r))
< d(dn@ys Dk 1) + 4 (dinr)-1)> dm(k))
< e+ d (dpm)-1, dm@))-
Letting £k — oo, we obtain
lim d*(dn(k), dm(k)) = €.

n—oo
Now, we have
€ d* (dp(k)=1> Am(k)=1)
A" (dn(k)—1: (k) —2) + & (d(m(k)—2)> Dm(k)—1)
€+ d* (dmr)—25 Ay —1)-
Letting k — oo, we obtain

im d*(dp(k)—15 diy—1) = €

k—o0

ININ A

Substituting ¢ = c,(r), d = ¢y in (2.2), we get

d* (Peniys Pemry) = d*(Qcniys Qemiy) + E(AQen k), Qemk)
d*(dn(k)—la dm(k)—l) > d*(dn(/ﬂ)v dm(k)) + g(A(dn(k% dm(k)))7

where
NMdn(k)s Amky) = MNQCn k) Qm(k))
= max{d*(Qcp k), Qemk)) & (Qcn(k), Pen(k))
d*(Qcmys Pem))
d*(Qcniys Peny) - & (Qcm k> Pemr))
1 + d*(Qcy k) Qcm(k ) ’
d*(Qcnkys Penry) - & (Qcmky> Pemr))
L+ d*(Pcprys Pemr))

);

(2.10)

= max {d*(dn(k)a dm(k)) d’ (dn(k) dn(kz)—l)? d’ (dm(k)a dm(k)—l)a

d* (dn(kys dngr)-1) * & (dm(k) Dn(k)—1)
L+ d* (dngey s Ao )
d* (dp (k) dn(iy—1) - @ (D) dm(k)—l)}
1 +d*(dn( k)— 17dm(k) ) '
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Taking limit as £ — oo, we have
€-€ €-€

Teite =6

kl;rglo N (k) dm(k)) = max{e, €, ¢,

Now, from (2.10), we get

€>e+¢(e),
which is a contradiction, since £(e) > 0. Which implies that {d,} is a d*-
Cauchy sequence in M. Now, since PM is complete, there exists a point p in
PM such that

lim d, = hm Pepi1=p= li_>m ey, (2.11)
n o0

n—oo
Since p € PM, we can find ¢ in M such that Pg =p
Now, we claim that Pq = Qgq, let if possible Pq # Qq.
Put ¢ = ¢p41, d = ¢ in (2.2), we have
d* (anv PQ) = d (Pcn+1a PQ)
> d"(Qcn1199q) + (A (Qent1,0))
= d*"(Pq,Qq) + £(NQcn+1,90)), (2.12)
where
/\(an+1a Qq max{ QCnH Qq (an+1a PCn+1)7 d* (Qq, PQ)a
d*(Qcpt1, Penta) - d*(Qq, Py)
1+ d*(Qcn+1,2q) ’
d* (an—i-la PCn—H) -d* (QQ7 PQ) }
1+ d*(Pcny1, Pq) '
Taking limit as n — oo, we have
lim A(Qens1,9q) = max {d(Pg, Qq), d" (Pq, Pa), d" (g, Pa),
d*(Pq, Pq) - d*(Qq,Pq) d*(Pq,Pq) - d*(Qq, Pq) }
1+ d*(Pq,Qq) ’ 1+ d*(Pq, Pq)
= max {d"(Qq, Pq),d"(Pg, Pq)}.
Now, there are two cases arise.

Case I: Let A(Qcpt1,9q) = d*(Pq,Qq).
From (2.12), we have

d*(Pq,Pq) > d*(Pq,Qq)+&(d"(Pq,Qq)),
d*(Pq,Pq) > d*(Pq,Qq)+ d*"(Pq,Qq) > 2d*(Pq,Qq).
But by triangular inequality, we have
d*(Pq, Pq) d*(Pq,Qq) + d*(Qq, Pq),
2d*(Pq,Qq),

VARV
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which is a contradiction.

Case II: Let A(Qcni1,Qq) = d*(Pq, Pq).
From (2.12), we have

d*(Pq,Pq) = d*(Pq,Qq)+&(d"(Pq, Py)),
d*(Pq,Pq) > d*(Pq,Qq)+d"(Pq,Pq).
This means that
d*(Pq,Qq) <0,
which is a contradiction. Hence, d*(Qq, Pq) = 0. Which implies that
Pq=12q =0p. (2.13)

Therefore, ¢ is a coincidence point of P and Q.
Now, we show that there exists a common fixed point of P and . Since P
and 9 are weakly compatible, by (2.13), we have

QPq="PRq and Qp = QPq = Pq = Pp.
Now, consider

d*(Pq, Pp)
d*(p,Qp)

d*(Qq, 2p) + £(A(Qq, Qp)),
d*(p, Qp) + £(A(Qq, Qp)), (2.14)

ARV

where

A(Qq, Qp) = max {d*(ﬂq, Qp),d*(Qq, Pq),d*(Qp, Pp),
d*(Qq,Pq) - d*(Qp, Pp) d*(Qq,Pq) - d*(Qp, Pp) }
1+ d*(Qq, Qp) ’ 1+ d*(Pq, Pp)
= max{d"(p, Qp), 0, d" (Qp, Qp), 0,0}
= max {d*(p,Qp),d"(Qp, Qp) }.

Now, also we have two cases:

Case I: Let A(Qq, Qp) = d*(p, Qp).
From (2.14), we have

d*(p,Qp) > d*(p,Qp)+&(d"(p,Qp)),
d*(p,Qp) > d*(p,Qp)+d*(p,Qp),
d*(p,Qp) > 2d°(p,Qp),

which is a contradiction.

Case II: Let A(Qq,Qp) = d*(Qp, Qp).
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From (2.14), we have

d*(p,Qp) > d*(p,Qp) +&£(d"(Qp,Qp)),
d*(p,Qp) > d*(p,Qp)+ d"(Qp,Qp),
d*(p,Qp) > d*(p,Qp),

which is again a contradiction. Hence Pp = Qp = p. This implies p is common
fixed point of P and Q.
For the uniqueness, let » and s be two common fixed points of P and £,

such that r # s. Then
d*(r,s) = d*(Pr,Ps)
d*(Qr,Qs) + £(d"(Qr, Qs))
= d'(r,s) +&(d"(r,5))
> d*(r,s) +d*(r, ),

which is a contradiction, hence r = s. This proves the uniqueness of the
common fixed point. Hence completes the proof of the theorem. O

v

Corollary 2.2. Let T' be self-map on a dislocated metric space (M,d*) satis-
fying the followings: There exists a continuous mapping & : [0,00) — [0, 00)
with £(0) = 0 and £(a) > « for all @ > 0 such that

d*(Te,Td) > d*(c,d) + £(A(c,d)), Ve,d € M,
where
A, d) = max {d*(c, d), d* (¢, Tc), d*(d, Td),
d*(e,Tc)-d*(d, Td) d*(c,Tc)-d*(d,Td) }
1+ d*(c,d) " 1+4d*(Te,Td)
If TM is complete, then T has a unique fized point.

Theorem 2.3. Let P and Q be self mappings of a dislocated metric space
(M, d*) satisfying (2.2) and the followings:

P and Q are weakly compatible, (2.15)

P and Q satisfy the E.A. property. (2.16)

If either PM or QM is a complete subspace of M, then P and Q have a
unique common fized point in M.

Proof. Since P and £ satisfy the E.A. property, there exists a sequence {c,}
in M such that

lim Pe¢, = lim Qc¢, =c¢ for some c&€ M. (2.17)
n—oo n—oo
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Now, suppose that PM is complete subspace of M. Then, there exists z in
M such that ¢ = Pz. Subsequently, we have

lim Pe, = lim Qe¢, = c = P=z.
n—oo n—oo

Now, we show that Pz = Qz.
From (2.2), we have

d*(Pcp, Pz) > d*(Qcpn, Qz) + (AN (Qcn, Q2)).
Letting limit n — oo, we have
d*(Pz,Pz) > d*(Pz,Qz) + lim, o€ (AN (Qcp, Qz)), (2.18)
where
Tim A(9e,,92) = lim max {(d*(an,Qz),d*(ﬂcn,Pcn), d*(Qz, Pz),
d*(Qcp, Pey) - d*(Qz, Pz) d*(Qcp, Pey) - d*(Qz,Pz)}
14 d*(Qcp, Qz) ’ 14 d*(Pecy, Pz)
— max {d*(Pz, 92),d* (P2, Pz),d*(Qz, P2),
d*(Pz,Pz)-d*(Qz,Pz) d*(Pz,Pz)-d"(Qz,Pz) }
1+ d*(Pz,Qz) ’ 1+ d*(Pz,Pz)
= max{d*(Pz,Qz),d* (Pz,Pz)}.
Now two cases arise:
Case I: Let lim,, o0 A(Qcyp, Qz) = d*(Pz,Qxz).
Then from (2.18), we have
d*(Pz,Pz) d*(Pz,Qz) + £(d*(Pz,Qz)),
d*(Pz,Pz) d*(Pz,Qz) + d*(Pz,Qz),
d*(Pz,Pz) > 2d*(Pz,Qz).
But by triangular inequality, we have
d*(Pz,Pz) < d*(Pz,Qz)+d"(Qz Pz),
d*(Pz,Pz) < 2d"(Pz,Qz),
which is a contradiction.

Case II: Let A(Pz,Qz) = d*(Pz,Pz).
Then from (2.18), we have

d*(Pz,Pz)
d*(Pz,Pz)
which implies that

>
>

d*(Pz,Qz) + £(d*(Pz,Pz)),

>
> d*(Pz,Qz) + d*(Pz,Pz),

d*(Pz,Qz) <0,



280 J. K. Kim, M. Kumar, Preeti, Poonam and W. H. Lim

which is a contradiction. This implies
d*(Pz,Qz) =00r Pz = Qz.
Since P and 9 are weakly compatible, QPz = PLQz implies that,
PPz =Pz =QPZ = Q9.

Now, we claim that Qz is the common fixed point of P and Q.
From (2.2), we have

d*(Pz, PPz)
d*(Qz,00Q2)

d*(Qz,99z) + £(A(Q2,2092)),

>
> d"(Qz,Q9092) + {(AN(Qz,009z%)), (2.19)

where
A(Qz,00z) = max{(d*(Qz,Q09%),d" (Qz,Pz),d" (QQz, PQz),
d*(Qz,Pz) - d*(QQz,PQz) d*(Qz,Pz)-d*(QQz,PAz)
1+ d*(Qz,09z%) ’ 1+ d*(Pz,PQxz)
= max{d"(Qz,092),0,0,0,0}.

This implies that

}

AQ2,007) = d*(Qz,Q9>).

Now, from (2.19), we have

d*(Qz,00z) > d*(Qz,9092) + (A (Q2,29%)),
d*(Qz,Q09z2) > d*(Qz,9092) + £(d"(Q2,Q2092)),
d*(Q2,Q2092) > d'(Qz,992) + d*(Qz,2092),
d*(Qz,Q9z) > 2d"(Qz,Q99z),

it implies that
Nz =00z = Pz.

Hence Q2 is common fixed point of P and Q.
For the uniqueness, let r and s be two common fixed points of P and Q.
Then, from (2.2), we get

d*(Pr,Ps) > d*(Qr,Qs) + £(A(Qr, Qs)), (2.20)
where
A(Qr,Qs) = max {d*(DT,Ds), d*(Qr,Pr),d*(Qs, Ps),

d*(Qr,Pr)-d*(Qs,Ps) d*(Qr,Pr)-d*(Qs,Ps)
1+d*(Qr,Qs) ) 1+d*(Pr,Ps)

= & (Qr,Qs)
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d*(Pr,Ps) > d*(Qr,Qs) + £(A(Qr, Qs)),
d*(Pr,Ps) > d*(Qr,Qs) + d*(Qr,Qs)),
d*(Pr,Ps) > 2d*(Qr, Qs),
d*(r,s) > 2d*(r,s),
which is a contradiction. This implies that » = s. This proves the uniqueness
of common fixed point. This completes the proof. O

Theorem 2.4. Let (M,d*) be a dislocated metric space, let P and Q be self
maps on M satisfying (2.2), (2.15). If P and Q satisfy (CLRp) property, then
P and Q have a unique common fixed point in M.

Proof. Since P and Q satisfy the (CLRp) property, there exists a sequence
{¢n} in M such that

lim Pec, = lim Qc, = Pec,
n—oo n—oo

for some ¢ € M. First we prove that Pc = Qc. Let Pc # Qc. Then from
(2.2), we have

d*(Pep, Pe) > d* (Qcp, Qc) + E(NQen, Qc)), (2.21)
where
A(Qcp, Qc) = max § (d*(Qcy, Qc), d*(Qcp, Pey), d* (Qc, Pe),
d*(Qcp, Peyp) - d*(Qe, Pe) d*(Qcp, Pey,) - d*(Qe, Pe) }
1+ d*(Qcp, Qc) ’ 1+ d*(Pey, Pc) ’
Taking limit as n — oo, we have
Tim_A(Qe,, Qc) = max {(d*(Pc, Qc), d*(Pe, Pe), d* (e, Pe),
d*(Pc,Pc) - d*(Qc, Pc) d*(Pe,Pe) - d*(Qc, ’Pc)}
1+ d*(Pec,Qc) ’ 1+ d*(Pc,Pc)
= max{d*(Pc,Qc),d"(Pc, Pc)}.
Now, two cases arise:

Case I: Let lim,, o0 A (Qcp,Qc) = d*(Pc, Qc).
From (2.21), we get

d*(Pc,Pc) > d*(Pc,Qc)+ &(A(Pc,Qc)),
d*(Pe,Pc) > d*(Pc,Qc)+&(d*(Pe,Qc)),
d*(Pc,Pc) > d*(Pc,Qc)+ d*(Pc,Qc),
d*(Pe,Pc) > 2d*(Pc,Qc),
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but by triangular inequality, we have
d*(Pe, Pc) < 2d*(Pe,Qc),

which is a contradiction.
Case II: Let lim,, o0 A (Qcp, Qc) = d*(Pe, Pc).
From (2.21), we get
d*(Pe,Pe) d*(Pec,Qc) + £&(A(Pe, Pc)),
d*(Pe, Pc) d*(Pc,Qc) + £(d* (Pc, Pc)),
d*(Pc, Pc) d*(Pec,Qc) + d*(Pc, Pc),
d*(Pe,Pc) < 0,

VoIV

this is possible only when d*(Pc,Qc) = 0. Hence Pc = Qc.
Now, let d = Pc = Qc. Since PQc = QPc, implies that,

Pd =PQc =QPc = Qd.

Now, we claim that Qd = d.
From (2.2), we have

d*(Qd,d) = d*(Pd,Pc) > d*(Qc,Qd) + (A (Qc, Qd)), (2.22)
where

A e, 9d) = max {d* (Qc, Qd), d*(Qc, Pe), d*(Qd, Pd),
d*(Qec, Pe) - d*(Qd, Pd) d*(Qc, Pe) - d*(Qd, Pd) }
1+d(Qc,0d) ° 1+d(Pc,Pd)
— max{d*(d, Qd),0,0,0,0},
— d*(Qd, d).

From (2.22), we have

I(Qd,d) > d*(d,Qd) + £(d*(d, Qd)),

d*(Qd,d) > d*(d,Qd)+ d*(d,Qd),
d*(Qd,d) > 2d*(d,Qd),

this is possible only when Qd = d. Hence Pd = Qd = d. So, d is the common

fixed point of P and Q.

For the uniqueness, let r, s be two common fixed points of P and 9. From
(2.2), we get

d*(Pr,Ps) > d*(Qr,Qs) + £(A(Qr, Qs)), (2.23)
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where
A(Qr, Qs) = max{d"(Qr,Qs),d" (Qr, Pr),d"(Qs, Ps),
d*(Qr, Pr) - d*(Qs,Ps) d*(Qr,Pr)-d*(Qs,Ps)
1+ d*(Qr,Qs) ’ 1+ d*(Pr,Ps)

}
=d*(r,s).
From (2.23), we have
d*(Pr,Ps) > d*(Qr,Qs) + E(A(Qr, Qs)),
d*(r,s) > 2d*(r,s),

which is a contradiction, this implies that » = s. This proves the uniqueness
of common fixed point. This completes the proof. O

Example 2.5. Let M = [0, 2] be equipped with the dislocated metric space
and d*(c,d) = max {|c|,|d|} for all ¢,d € M. Define P,Q : M — M by

0 ifec=0
Pc=<.
{ %, otherwise

and

g, otherwise.

Dcz{o, ifc=0

Then we have QM = [0,2] C [0, 3] = PM.
Let {c,} be a sequence in M such that {c,} = 1 for each n. Also, let
€ :10,00) — [0,00) be defined by:

(o) = {;, ift >0

0, otherwise.

Clearly P(0) = Q(0) = 0 and PQ(0) = QP(0) = 0, this shows that P and Q
are weakly compatible. And let ¢,d € M.

Now, we have to check the inequality of Theorem 2.1 for the following cases:
Case (I): Let c=0 and d = 0.

d*(Pc,Pd) =0,
d*(Qc,Qd) = 0and A (Qc,Qd) = 0.
Also,
£(A(Qc,Qd)) =0,

hence

d*(Pe, Pd) = d*(Qc, Qd) + £(A(Qc, Qd)).
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Case (IT): Let ¢ # 0 and d = 0.
. — & (%0) = maxt 2 o1 = €
d*(Pec,Pd) = d(3,0)—max{3,0}— 3
* — S0 = Con="
d*(Qc,Qd) = d (3,0) max{3,0} 3
where
A(Qe, d) = max {(d* (Qc,Qd), d*(Qc, Pe), d* (Qd, Pd),

d*(Qc, Pc) - d*(Qd, Pd) d*(Qc, Pc) - d*(Qd, Pd) }
1 4 d*(Qc, Qd) ’ 1+ d*(Pc,Pd)

= ma {a*(5,0), (. 2C) d*(0,0),
d*(c 20) d*(O 0) d*(c 25) d*(o 0)}

1+d*( 0) 7 14d*(%,0)
= € 0,0,0
max{3 3 }
_ 2
=3

Also, £(A(Qc, Qd)) = (%) = &, clearly
d*(Pc,Pd) > d*(Qc, Qd) + £(A(Qc, Qd)).

Case (III): Let ¢ =0 and d # 0.
d*(Pc, Pd) = d*(0, %) = max {0, ¥} = %,
d*(Qc,Qd) = d*(0, %) = max{0, 4} = ¢,

where
A(Qe, Qd) = max {(d* (Qc, Qd), d*(Qc, Pe), d*(Qd, Pd),
d*(Qe, Pe) - d*(Qd, Pd) d*(Qe, Pe) - d*(Qd, Pd) }
1+d(Qc,9d) ' 1+d(Pc,Pd)
Lod . d 2d
:max{(d (0,5).d°(0,0),d"(5, 5.
1+d*( f) T 14440, %)

d d
= max{ 0, —,0,0}

_ 2
_
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Also, £(AN(Qec,Qd)) = 2(%) = &, clearly
d*(Pec,Pd) > d*(Qc, Qd) + £(A\(Qc, Qd)).

Case (IV): Let ¢ # 0 and d # 0.
Now, we discuss three subcases:
Case (i): If ¢ > d:

&(PePd) = @' (3. 3) = max (5.4} = 3.
(@0, 2) = &*(5. 9) = max{5. 4} = 5

where

A(Qe, 2d) = max { (d (e, Qd), d* (e, Pe), d"(Qd, Pd)

d*(Qc, Pe) - d*(Qd, Pd) d*(Qe, Pe) - d*(Qd, Pd) }
1+ d*(Qc,Qd) = 1+d*(Pc, Pd)

:max{<d*(c d) a5 2 (55,

A a5 %) d (g, ;1>}
) 1+ae(®, %

Also, £(AN(Qc, Qd)) = (%) = &, clearly
d*(Pc,Pd) > d*(Qc, Qd) + £(A\(Qc, Qd)).
Case (ii): If ¢ < d:

d*(Pe, Pd) = d* (2, 20) = max {2, 2} = 2
d*(Qe, Qd) = d*(§, §) = max{§, §} = §,
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where
A(Qe, d) = max {(d* (Qc,Qd), d* (Qc, Pe), d* (Qd, Pd),
d*(Qe, Pe) - d*(Qd, Pd) d*(Qe, Pe) - d*(Qd, Pd) }
1+ d*(Qed) ' 1+ d(PePd)
e dooc 2 . d 2
= max { (d"(5. 5, 4" (5. 5). (5. 3,
(VR CS IR C TR CR i)

L+d(5.4)  ~ 1+d (3. %)

3’3

Also, £(A(Qc, Qd)) = (%) = {5, clearly
d*(Pe, Pd) > d*(Qc, Qd) + E(A(Qe, Qd)).
Case (iii): If c=d # 0:
d*(Pc,Pd) = d* (%, %) = maz{%, ¥} = %,
d*(Qec, Qd) = d*(£, ) = maz{s,§} = &,
where
A e, 9d) = max {(d* (Qc, Qd), d* (Qe, Pe), d*(Qd, Pd),

d*(Qe, Pe) - d*(Qd, Pd) d*(Qc, Pe) - d*(Qd, Pd) }
1+d*(Qc,Qd) ' 1+ d*(Pc,Pd)

c c c 2, ,,c 2
= max { (d"(5, ). 4" (5. 5 A" (5, 5,

(5 %) d(5. %
) 1+d*(%,%

|
—_
I8
*
/\
wlo
s
0
N—
Q‘
*
—
wlo
S—
|
N—
H,_/

Also, £(A(Qc, Qd)) = £(¥) = ., clearly
d*(Pec, Pd) > d*(Qc,Qd) + £(A(Qc, Qd)).
Hence the inequality of Theorem 2.1 holds for all the cases.
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Now,

1
lim Pe, = lim — = lim ¢, = lim — =0,
n—00 n—o0 3N n—00 n—o0 3N

where 0 € M. This implies P and £Q satisfies E.A. property. Also, we have

2 1
lim Pc, = lim — = lim Q¢, = lim = 0="P(0),

n—00 n—o00 3N n—00 n—o0 3N

where 0 € M. This implies P and Q satisfies (CLR) property. Hence all the
properties of Theorems 2.1, 2.3 and 2.4 are satisfied. Here 0 is the common
fixed point of P and Q.

(1]
2]
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