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Abstract. In this paper, we introduce the notion of a new generalized type of rational
F-contraction mapping. Further, the concept is used to obtain fixed points in a complete
b-metric space. We also prove another unique fixed point theorem in the context of b-metric

space. Our results are verified with example.

1. INTRODUCTION

Wardowski [27] introduced the concept of F-contraction and generalized
the Banach fixed point theorem. For our discussion in this paper, we use the
following notations: R is the set of real numbers, R™ is the set of positive real
numbers, N is the set of natural numbers.
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2. PRELIMINARIES

Wardowski [27] defined the following:

Definition 2.1. ([27]) A self-mapping f in a metric space (€2, d) is said to be
an F-contraction if for all k,d € Q and d(fk, f6) > 0 implies

T+ F(d(fr, £5)) < Fd(k, ), (2.1)

where 7 > 0 and F € §. Here § is the family of all functions F : RT — R
satisfying:
(F1) F is increasing strictly;

(F2) EIE ay, = 0if and only if li_)m (o) = —o0 for each sequence {a,, } C
RY ;
(F3) for 0 < k < 1, lim o*F(a) =0.
a—07t

Many authors proved some interesting results and gave useful applications
for the F-contraction mappings [1, 13, 16, 28]. Wardowski also pointed out
that by considering different types of mappings in (2.1) variety of contrac-
tions can be obtained. He also remarked that from (F1) and (2.1), it can be
concluded that F-contraction mappings are contractive and hence continuous.
Further, if 71, F2 be such that the properties (F1)-(F3) in Definition 2.1 are
satisfied. If Fi(a) < Fa(a) for all @ > 0 and a mapping G = Fa — F is
decreasing then every JFi-contraction f is Fa-contraction.

The following theorem was proved by Wardowski.

Theorem 2.2. ([27]) If a self-mapping f is an F-contraction in a complete
metric space (2, d), then for every k € Q, the sequence {f"k}nen converges to
k* € Q where k* is the unique fized point of f.

Secelean [23] replaced (F2) of Definition 2.1 by either of the property given
as under:
(F2') inf F = —o0 or
(F2") a sequence {ay, tnen of positive real numbers exist such that
lim F(ay,) = —o0.

n—o0

Secelean [23] also proved the following:

Lemma 2.3. ([23]) Let F : RT — R be a increasing mapping and {cu, fnen be
a sequence in RT. Then the following conditions hold true.

(i) ILm Fl(ap) = —o0 implies le o, = 0;
(ii) inf F = —o0 and lim oy, = 0 implies lim F(ay,) = —o0.

n—oo n—oo
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Wardowski also pointed out that Banach contractions are F-contractions
and converse is not true.

F-contraction is introduced by Cosentino and Verto [7].

Definition 2.4. ([7]) Let (€2, d) be a complete metric space. A self-mapping
f is said to be a Hardy-Rogers type F-contraction if F € § and 7 > 0 satisfies

T+ F(d(fk, £5)) < F(61.d(r,8) + 02.d(s, fr)
+ 05.d(5, fud) + 04.d(k, f0) + 05.d(5, fx)) (2.2)

with d(fk, fd) > 0 for all k,d € Q, where 601,05, 03,04 and 05 are non-negative
numbers, 03 # 1 and 61 + 65 + 03 + 20, = 1.

Theorem 2.5. ([7]) Let (2,d) be a complete metric space. If a self-mapping
f is a Hardy-Rogers-type contraction and 03 # 1, then f has a fized point.
Further, f has a unique fixed point if 01 + 64 + 05 < 1.

In Definition 2.1, the condition (F3) was replaced by Piri and Kumam [14]
as under:

(F3') F is continuous on (0, +00).

They defined a family of functions § satisfying (F1), (F2') and (F3') and
proved the following:

Theorem 2.6. ([14]) Let f be a self- mapping in a complete metric space
(Q,d). Let F € § satisfy that
Vk,0 € Q, [d(fk, f6) >0 mplies T+ F(d(fk, fd)) < F(d(k,?J))],

where T > 0. Then f has a unique fized point k* € Q and the sequence
{f"K}nen converges to K* for each k € €.

Piri and Kumam [14] showed the independence of (F3) and (F3’).
The next result was proved by Popescu and Gabrial [25] by generalizing the
results in [7, 27].

Theorem 2.7. ([25]) Let f be a self-mapping in a complete metric space
(Q,d). ForT >0, let k,0 € Q, d(fk, fd) > 0 implies
T+ F(d(fr, f6)) < F(01.d(k,0) + O2.d(k, fK) + 03.d(0, f5)
+ 04.d(k, f0) + 05.d(6, fK)),
where the mapping F : RT™ — R is increasing, 01, 02,03, 04,05 are non-negative
numbers, 04 < 1/2,03 < 1,01 +02+6035+20, =1, 0< 01 +04+ 65 < 1. Then

f has a unique fized point k* € Q and the sequence {f"k}nen converges to K*
for each k € Q.
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Bakhtin [3] introduced b-metric space and later it was widely used by Cz-
erwik [8].

Definition 2.8. ([3, 8]) Let Q # ¢ and d : Q x Q — [0, 4+00) be a mapping
satisfying:
(1) d(k,6) =0 if and only if k = § for all k,d € €;
(2) d(k,6) =d(d, k) for every k,6 € Q;
(3) d(k,9d) < s[d(k, ) + d(u,9)] for every k, 0, u € Q, where s > 1 is a real
number.
Then d is called a b-metric on Q and (£2,d) a b-metric space.

Definition 2.9. ([3, 8]) A sequence {ky} is in a b-metric space (2, d).
(1) {kn} is called convergent in (€2, d) if there exists a k € €2 such that for
every € > 0 there exists ng € N satisfying d(k,, k) < € for all n > nyg.
(2) {kn} is a Cauchy sequence in (2, d) if for all € > 0 there exists ng € N
satisfying d(kn, km) < € for all n,m > ny.
(3) (Q,d) is said to be complete, if every Cauchy sequence in €2 is conver-
gent.

There are various results on contractive mapping. Rational type of contrac-
tion is also one such generalisation of contractive mappings. Some results of
different types of contractive mappings can be seen in [2, 4, 5, 6, 9, 10, 11,
12, 15, 17, 18, 19, 20, 21, 22, 24, 26]. Here, we will prove some theorems on
rational F-contractive mappings in b-metric spaces.

Next lemma is useful for b-metric space.
Lemma 2.10. ([2]) Let (2,d) be a b-metric space. Let {kn,} and {6,} be
b-convergent to k € Q) and § € Q, respectively. Then we get

1
—d(k,9) < lim infd(ky, d,) < li_)m sup d(knp, On)

52 n—oc0
< s%d(k, 9).
Particularly, if k = 0, then li_>m d(Kn,0n) = 0. Also, for each p € Q, we get

1
1 i s < I
sd(/{,,u) ggolnf d(Kn, p) < nlgrl sup d(kn, ft)

n
< sd(k, ).
3. MAIN RESULTS

We prove the following result.

Theorem 3.1. Let (Q,d) be a complete b-metric space and s > 1. Let f :
Q — Q be a mapping and there exists T > 0 satisfying d(fk, f6) > 0 implies
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T+ F(d(fr, £8)) < f(@l.d(/f, 5) + 65 d(“l’ JJ: "d)(dfé{ %)

d(k, f6)d(0, fK) 0 d(fk, fo)d(k,d)
1+ d(x, 6) Y1 d(x, 0)

d(k, fo)d(k,d) 4o d(o, fm)d(m,é))
1+ d(k,0) 1+ d(k,0)

+03

+05

for all k,6 € Q, where the mapping F : R™ — R is increasing. 01, 02,03, 04,05, 0
are non-negative numbers with 01 + 02 4 03 + 04 + 2505 + 0 < 1. Then, f has

a unique fized point k* € Q and the sequence {f"Kk}nen converges to kK* for

every K € €.

Proof. Consider an arbitrary point ko € 2, then sequence {ky}nen C §2 can
be constructed as

R1 = f’%Oa

Ko = K1 = fko,

and so on

kn = fn_1= f"ko, VN €N. (3.1)

Let d(kp, fkn) = 0, where n € NU {0}. Then we can conclude the proof. So
let

0 < d(kn, ftn) = d(fkn—1, frn), Vn € N. (3.2)

Let us use the notation d,, = d(kn, kn+1). Due to the monotone property
of F and assumption in the theorem for all n € N, we get

T+ F(dy)

=7+ F(d(kn, kn+1)) =T+ F(d(fhn-1, fEn))

d(kn—1, frn-1)d(Kn, frn)
1+ d(kn-1, kn)

d(ﬁn—la fﬁn)d(ﬁna fﬁn—l) y d(fﬁn—ly f’in)d(ﬁn—ly ﬁn)
1+ d(kn—1,kn) 4 1+ d(kn—1,kn)

d(ﬁn—la fﬁn)d(ﬁn—lu ’Qn) +0 d(ﬁna fﬁn—l)d(ﬁn—la Rn))
1+ d(kn-1,Kn) 6 1+ d(kn-1,kn)

< F(0rd(sn-1, ) + 02

+ 03

+ 05
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d(ﬁn—la "Qn)d(ﬂna /<'3n+1)
1+ d(Kn—1,kn)
d("ina ﬁn-{—l)d(ﬁn—h Hn)

- f(eld(nn_l, n) + O

d("fn—lv Kn—&-l)d(ﬁny /in)

+ 03 + 04

1+ d(kn-1,Kn) 1+ d(kn—1,kn)
d(ﬁn—lv "in—ﬁ-l)d(/’in—la/’in) d(’invﬁn)d(ﬁn—hﬁn)
0 )
G 1+ d(ﬁn—la Hn) % 1+ d(ﬁn—ly Kn) )

< Jr<91d(’£n—17 ’in) + 92d(/€nu Hn—‘,—l) +0+ 94d(’in7 K'n—i—l)
+ 95d("£n717 Hn+1) + 0)
< F (0101, 50) + 02k, 41) + Oacl (o, K1)

+ Os[d(rn_1, kin) + d(Fin, ﬁnﬂ)])
= F((01 + s05)d(kn—1, kn) + (02 4+ 04 + 505)d(Kn, Kny1))-
Thus
F(dn) < F(br+ 505)d(kn—1,kn) + (02 + 04 + s05)d(kn, kps1)) — T
< F((61 + sb5)dp—1 + (62 + 04 + s05)dy,)). (3.3)
From the property of F,
dp, < (01 + $05)dn—1 + (02 + 04 + s05)d,,
o
(1= 0y — 04— 505)dy, < (61 + 505)dp_1.
Since 01 + 05 + 03 4+ 04 + 2505 4+ 05 < 1, we have

91 + 895
1—0y— 04 —s05 " "
< dn—l-

dn

Thus, {d, }ren is a strictly decreasing sequence and hence lim d,, = d exists.
n—oo

Let d > 0. As F being increasing
lim f(k) =F(d+0).

k—d
In inequality (3.3), taking the limit n — +oo,
Fd+0)<F(d+0)—r,
which is a contradiction and hence

lim d, = 0. (3.4)

n—-+o0o
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In order to prove that {k, }nen is @ Cauchy sequence, if possible, let {k(n) }nen
and {l(n)}nen as sequences where k(n) > I(n) > n and ¢ > 0 with

d(Kiny, Kin)) > €, d(Kpm)—1, Kim)) < &, Vn €N (3.5)
By triangler inequality,
e < d(Kpmys Fimn)) < 8ld(Krmys Brm)—1) T d(Frm)—15 Kin))]
that is,

€ 1
5 < 3Bk Bign)) < dlRn), Ky —1) + d(Bk) -1, Fign))-

Taking the limit n — 400, we get

Z < %ngﬁloo d(Eg(n)s Ki(n)) < énllgrloo d(K(n)s Ki(n)) < €,
Z < ngrfoo inf 1d(/£k(n),/<al( ) < ngrfoo sup 1d(/€k(n),/€l( ) < ?,
which in turn implies
lim  d(kp(n), Kin)) = € (3.6)

n—-+00

Since d(Fp(n), Ki(n)) > € > 0, by property of F' we have

T+ Fd(kk(ny, Kin)) = 7+ F(d(fErm)-1 [Rim)-1))
]:(91d('€(n)—1, Ki(n)—1)
d(Kk(n)—15 fErm)—1)d(Kin) =15 fRim)-1)
L+ d(Kg(n)—15 Ki(n)—1)
d(Kr(n)—15 fE1m)—1) A Ki(n)—15 [ER(n)-1)
1+ d(Kg(n)—15 Ki(n)—1)
d(fﬁk(n)qv f”l(n)fl)d(’ik(n)flv Hl(n)fl)
L+ d(Fkm)—15 Ki(n)—1)
d(Kk(n)—15 fE1m)—1) A E(n) =15 Ki(n)—1)
L+ d(Kgn)—1, Ki(n)—1)
d(Ky(ny—15 fFrn)—1)d(Krm)—15 /ﬂ(n)—1)>
L+ d(Kg(n)—1, Ki(n)—1)

IN

+6

+03

+04

+06
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A(K(n) =15 Frm) ) d(Kin)—1, Ki(n))
L+ d(Kpn)—1> Ki(n)—1)
d(Kk(n)—15 Ki(n)) A(Ki(n) =15 Fi(n))
L+ d(Kp(n)—15 Ki(n)—1)
d(K(n)s Ki(n)) A(Er(n)—15 Ki(n)—1)
1+d(ffk(n) 15 Ki(n)—1)
d(ﬁk( —1, K n))d( (n)—1> n)fl)
L+ d(Kk(n)—1, Ki(n)—1)
d(Ki(n)—1 Fk(n))d(Kr, (n)17ﬁ1(n)1))
L+ d(Kpm)—15 Kin)—1

5’:<91d(f<ﬂk(n)—17 Ki(n)—1) T 02d(Km)—15 Fi(n)) + 03d(Kyn)—15 Ki(n))

F(eld(’%P(n)flv ’il(n)fl) + 02

+03

+04

+05

+0¢

+04d(Fr(n)s Ki(n)) + O5d(Frn)—15 Kin)) + O6d(Ki(n)—1, ﬁk(n)))

]:<918d(ffk(n)—1,fﬂ( ) + 015d(Ki(ny, Kin)—1) + O2d(Kpin)—15 Ki(n))
+035d(Ki(n)—1, Kin)) + 035d(Ki(n), Ki(n))
F04d(Kp(n), Kin)) + O55d(Kim)—1, Fi(n))

+055d(Ki(n), Kin)) + 065d(Kin)—15 Kim)) + O65d(Ki(n), F%(n)))
‘F<9152d(’€k(n)—17 Kien)) + 015°A(Kg () Figny) + 015d(Kigny s Kigny—1)

+92d("{k(n)—la Kk(n)) + 933d("€l(n)—17 /{l(n))
+035d(Ki(n)s Kk(n)) + 01d(Ki(n), Ki(n))
+058d(Kp(n)—15 Bi(n)) + 055d(Krn), Kin)) + O6sd(Kin)—1, Kin))

+065d(Ky(n), %k(n)))

.7:<(91S2 + 02 + 055)d(Kp(n) -1, Kk(n))

+(015% + 035 + 04 + 055 + 068)d (K () Ki(n))
+(015 + O65)d(Ky(n)—1, Hl(n))>~

Taking the limit n — 400 we have

7+ Fle +0) < (e +0)

which is a contradiction and therefore, sequence {k, }nen is Cauchy. By com-
pleteness of Q there is some x* € ) such that {k, }nen is convergent to x*.
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If {k(n) }nen be a sequence with k)1 = fri@m) = fK%, then ngrfool{k(”)ﬂ =

k*. Thus frk* = k*. Assuming fx* # k* we have

d(Kn, frn)d(K*, fKY)
1+ d(kn, k*)
d(kn, fR*)A(K", frn) 4o d(frn, fR*)d(kn, K*)
1+ d(kn, k*) 4 1+ d(kp, K*)
d(kn, fE*)d(Kn, K¥) d(k*, frn)d(Kn, K*)
+ 0 )
1+ d(kn, K*) 1+ d(kn, k*)
d(Kn, Knt1)d(K*, fEY)
1+ d(kp, K*)
d(kn, fE*)A(K*, Knt1) Lo d(Knpt1, fR*)d(K, k")
1+ d(kn, k*) 4 1+ d(kn, K*)
d(kn, fE*)d(Kn, K*) d(K*, knt1)d(Kn, K¥)
+ 0 )
1+ d(kn, K*) 1+ d(kn, k")
d(Kn, K4+1)d(K*, fK*)
1+ d(kn, K*)
d(kn, fR*)d(K*, K41)
1+ d(kn, k*)
+ 04d(Fnt1, fE*) + O5d(kn, fE*) + 06d(K*, Kni1)).

T+fwg%jﬁﬁgf@ﬁmmﬁﬂﬂg

+ 03

+ 05

:f@mmmﬁmw2

+ 03

+ 05

gf@mmmmﬂw2

+ 03

By increasing property of F

d(Kn,y Knt1)d(K*, fEY)
1+ d(kn, k*)
d(Kn, fE*)d(K*, Knt1) .
1+ d(kn, K*)  Oad(kin1, 17
+ 05d(kn, fRY) + 0sd(K", Kpnt1)-

d(fbn, fEY) < 01d(kp, ) + 62

+ 03

Letting n tends to +oc0, we get

d(k*, fr") < 04d(K", fE") 4+ Os5d(K", fK")
< d(ﬁ*’f’{’*))

which is a contradiction and therefore, fk* = xk*. Let k* and ¢ be two distinct
fixed points of f in Q. Then, d(fr*, f6) = d(k*,d) > 0, we have
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T+ F(d(r",8)) = 7+ F(d(fr", 15))
K, FR7)d(6, £9)

< F(Qld(m*, 5) + 0,

1+ d(x",0)
Lo (ﬁ*,icc;)(c,i(é j;ﬁ ) “’4d(ff1‘22§f'§;’5>
e
<f@1wa@+%<ffzﬁgf®

d(k*, f6)d(é, f~)
1+d(k*,9)
+ Osd(K*, £6) + 06d(6, f&*))
= F(01d(K",0) 4 04d(K",5) + O05d(K", 5) + Osd(Kk",0))
= F((61 + 04 + 05 + 06)d(x",9))
< F(d(k",9)),
which is a contradiction and hence fixed point is unique. O

Note: Taking 8; =1 and 0y = 03 = 64 = 05 = 05 = 0 in Theorem 3.1, we
obtain Theorem of Wardowski [27] in b-metric space.

+ 05

+ 04d(f’i*7 f(S)

Theorem 3.2. Let f be a self-mapping in a complete b-metric space (2, d).
Let F € § satisfy

VK, 6€Q, [d(fr, f6) >0 implies T+ F(d(fk, f0)) < F(d(k,9))], (3.7)
where T > 0 and mapping F : RT — R satisfies (F2) and (F3"), where
(F3") F is continuous on (0,+00).

Then, f has a unique fized point k* € Q0 and the sequence {f"Kk}nen converges

to k* for each K € €.

Proof. Let ko € € be an arbitrary point and let us construct sequence {xy, }nen C
Q as

= fko,
ko = fr1 = ko,
and so on
bn = fkn_1 = f"ko, Vn €N. (3.8)

Let d(fn, frn) = 0 where n € NU{0}. Then we can conclude the proof. So
let
0 < d(kn, fln) =d(fln-1, fEn), YN €N (3.9)
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We have
T+ Fd(ftin-1, ftn)) = F(d(ftn-1,kn)), VN €N, (3.10)
that is,

F(d(fﬁn—h f’in)) f(d(/in—h Hn) - T = f(d(fﬁn—% f/fn—l)) - T
./."(d(/in_g, /fn—l)) — 27 = ./_"(d(flin_g, flin_g)) — 27
f

(d(/in_3, /in_g)) —3r = ./_"(d(flin_4, flin_g)) — 37

INIA A

< F(d(ko, k1)) — nT.

Thus
li_)m F(d(kn, knt1)) = li_>m F(d(frn-1, frn)) = —00.
By (F2),
nll)r_ir_loo d(Kn, kn+1) = 0. (3.11)

For proving Cauchyness of {k, }nen if possible, let {k(n)}neny and {{(n)}nen
be sequences with k(n) > l(n) > n and € > 0 be such that

k(n) > 1U(n) > n, d(kgm), Kin)) = €, d((Kkn)—1, Kin)—1) < & Vn € N. (3.12)

Similar to Theorem 3.1, we have

ngr—ir-loo d(lik(n), /{l(n)) = HEIEOO d(”k(n)—lv ’{l(n)—l) =¢&. (3.13)
So,
T+ *F(d(f'%k(n)—la f’%l(n)—l)) < *F(d('%k(n)—lv ’Lil(n)—l))) Vn € N.
Thus

7+ F(d(Kr(n)s Ki(n))) < F(d(Krn)—1, Kiny-1)s ¥n € N.
Taking the limit n — +o0, we have
T+ F(e) < F(e)

being contradiction shows that {k,}nen is Cauchy. By completeness of €,
there is some k* € Q such that {k, },en is convergent.
Let {kn}nen be a sequence so that ki1 = frgm) = fr*. Then

lim k()41 = & Thus fr* = K" If fr* # k", then we have
n—oo

T+ F(d(knt1, fEY)) < F(d(kn, k")), Vn > N.
Taking the limit n — +oo, we get lirf F(d(knt1, fE")) = —oc0. So, by (F2),
n—-+00
we get ET d(Kn+1, fEY) = 0. Thus d(x*, fr*) = 0 which is a contradiction.
n o0

This shows that f has a fixed point k*. Uniqueness part is same as in Theorem
3.1. [l
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Example 3.3. Let Q = {P,Q, R,U,V} and define d : Q x Q — [0,4+00) by

d(t,t) =0, VE € O, (3.14)

d(t,u) = d(u,t), Vt,u € Q, (3.15)
d(P,Q) = d(P,R) = d(P,U) = d(Q, R) = d(Q,U) = 2, (3.16)
AP, V) = d(Q,V) = d(R,U) = 3, d(R,V) = d(U, V) = g (3.17)

For s =2, (Q,d) is a b-metric and complete.

Let us define a mapping f : Q@ — Q as fP =R, fQ =U, fR= fU =
fV =V. Let F: Rt — R and satisfies relation (3.7). As F(d(fP, fQ)) =
Fd(R,U)) = F(3), F(d(P,Q)) = F(2), F cannot be increasing and hence
(F1) does not hold.

Let F: Rt 5 R,

_%a te (Oa %7
Foy - e

=ALEll -y e (5,5],

t— 8, t € (5,00).

Then, F satisfy (F3”) and (F2).

Fort=P u=Rort=P,u=Uort=Q, u=Rort=0, u=U we
have F(d(ft, fu)) = F(2) = —% and F(d(t,u)) = F(2) = —% so we have 7 —
% < —% or 7 < %

Fort = P, u=Vort =Q, u=V weget F(d(ft, fu) = F(3) =
—2 and F(d(t,u)) = F(3) = —% sowe have 7—2 < —% or 7 < 1. Choosing
T= %, F satisfies conditions of Theorem 3.2.
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