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Abstract. In this paper, we introduce new subclasses of analytic and bi-univalent functions
associated with the Mittag-Leffler-type Borel distribution by using the Legendre polynomi-
als. Furthermore, we find estimates on the first two Taylor-Maclaurin coefficients |a2| and
|as| for functions in these subclasses and obtain Fekete-Szegd problem for these subclasses.
We also state certain new subclasses of ¥ and initial coefficient estimates and Fekete-Szeg6

inequalities.

1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

Let A denote the class of analytic functions of the form

f(z):z—i-Zakzk, zeE:={zeC: |z <1}, (1.1)
k=2
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and S be the subclass of A which are univalent functions in E.

If & and § are analytic functions in E, we say that & s subordinate to §,
written & < §, if there exists a Schwarz function w, which is analytic in E,
with w(0) = 0, and, |w(z)| < 1 for all z € E, such that &(z) = F(w(z)), z € E.
Furthermore, if the function § is univalent in E, then we have the following
equivalence (see [6] and [24]):

6(2) <3(2) & &(0)=F(0) and G(E) C F(E).

1.1. Quantum calculus. Jackson in 1909-1910 [18, 19] developed quantum
calculus, popularly known as ¢g— calculus. Since then it has found applica-
tions in physics, quantum mechanics, analytic number theory, Sobolev spaces,
representation theory of groups, theta functions, gamma functions, operator
theory, and more recently in geometric function theory. For the definitions
and properties of g—calculus one may refer to [17, 20]. In fact, g—calculus
methodology is centered on the idea of deriving g—analogues results without
the use of limits. Let us first recall certain notations and definitions of the
q—calculus.

Definition 1.1. Let ¢ € (0,1). The g—derivative (or g—difference operator)
of a function f, defined on a subset 2 with 0 € Q of C, is given by

o=t 4o,

(Dgf)(2) =
f(0), z=0.

We note that lim,,1(Dyf)(z) = f'(2) if f is differentiable at z.

For the function f(z) = z¥, we observe that

1—q" .

1—gq

For a function f analytic in the open unit disc E := {z : |z] < 1}, we have

Dyf(z) =1+ Z[k]qakzk_l,
k=2

where

1—qk k—1 '
o= 2143 ¢, g =0 (1.2
j=1

1—gq

Clearly, for ¢ — 17, [k], — k. For the definitions and properties of g—derivative
and g—calculus, we may refer to [17, 18, 19, 20].
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1.2. Mittag-Lefller function and Borel distribution: The study of oper-
ators plays an important role in geometric function theory in complex analysis
and its related fields. Many derivative and integral operators can be written
in terms of convolution of certain analytic functions. It is observed that this
formalism brings an ease in further mathematical exploration and also helps
to better understand the geometric properties of such operators.

Let E,(2) and E, g (2) be the function defined by

oo Zk
E,(z) —kzzowm, (zeC,R(a)>0) (1.3)

and
k

Ea,ﬁ(z):r(lﬁﬁgr(azwy (@,BEC, R(a)>0, R(B)>0).

It can be written in other form:
k: 1

7+Z O A) (a,€C, R(a)>0, R(B)>0).

The function E,(z) was introduced by Mittag-Leffler [25] and is, therefore,
known as the Mittag-Leffler function. A more general function E, g general-
izing E,(z) was introduced by Wiman [30] and defined by

o0 Zk
Eop(z) = kz::o Tk T B’ (z,a,€C,R(a) >0, R(B)>0). (1.4)

Observe that the function E, g contains many well-known functions as its
special case, for example,

es—1 )
Eii(z) =€ Eis(2) = PR Eg 1 (2°) = coshz,
Bus () = cosz, Bua () = 2 By (-57) = 22,

1
2
E3(z) = % [ +2e72%" cos (égzlw)] :

We recall the error function €cf given by Abramowitz and Stegun[l, p.
297],

2o 2 (=),
Cef(2) : \f/ dt = ﬁ%n!@n—kl)zz +1
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the complement of the error function Etf,. defined by

(=1)" 2n+1
n!(2n + 1)

)

Cefe(z) :=1—€Cef(2) = 1——2

and the normalized form of the error function €t f denoted by EtF' (normalized
with the condition Etf’(0) = 1) is given by

-1
CtF(z) := F(‘Etf —z—i-z 2n— 1) 2"

It is of interest to note that by fixing « = 1/2 and 5 =1 we get
Ei, (2) =€ - Etfo(—2),
27

that is

The Mittag-Leffler function arises naturally in the solution of fractional
order differential and integral equations, and especially in the investigations of
fractional generalization of kinetic equation, random walks, Lévy flights, super-
diffusive transport and in the study of complex systems. Several properties of
Mittag-Leffler function and generalized Mittag-Leffler function can be found
e.g. in [2, 3, 14, 15, 16, 21]. Observe that Mittag-LefHler function E, g(z)
does not belong to the family .A. Thus, it is natural to consider the following
normalization of Mittag-Leffler functions as below:

Eap(2) = 2I'(8)Eq _Z+Z - 1 +5)zk (1.5)

it holds for complex parameters «, 8 and z € C.

In this paper, we shall restrict our attention to the case of real-valued
o, and z € E.

A discrete random variable x is said to hgve a Borel disjrgbution if it takes
the values 1,2, 3, ... with the probabilities -, 2)‘62! 2 s> -+, respectively,
where X is called the parameter.

Very recently, Wanas and Khuttar [29] introduced the Borel distribution
(BD) whose probability mass function is

(PN e
-

) p:172a3a"'



Bi-univalent functions related with Mittag-Leffler-type Borel distribution 335

Wanas and Khuttar introduced a series M(\; z) whose coefficients are proba-
bilities of the Borel distribution (BD)

)]k 2 e~ A(k—1)

z+z — Fo0<A<1).  (16)

In [26], the authors defined the Mittag-Leffler-type Borel distribution as fol-
lows:

(M)
Eop(Ap) T (ap+B)’
where E,5(2) = > iy F(#iﬁ), (, € C, R(a) >0, R(S) > 0). Thus by

using(1.5) and (1.6) and by convolution operator, we define the Mittag-Leffler-
type Borel distribution series as below:

DAk — 1>]k—2 e~ AMk=1)
_1 lEaﬁ(A(k—l))F(a(k—1)+5)

P\ o, Bip) =

p:071727"'7

F0<A<1).

B\ o, B)(z _z+2

Further, by the convolution operator we define

M 5f(2) = B(A, 04,5)( )*f(Z)

_ — DA (k= 1] D
”Z _1 uEaﬁ )\(k—l))F(a(k—l)+B)akzk

= z—l—ZTkakzk, (1.7)

where a, € C; R(a) >0, R(8) >0, 0<A<1and
A (k=D A (k— 1) 2 k-1

Te= (k—1)EagA(k— )T (a(k—1)+4) (1.8)

Thus we have
LN SO (k= D] 2 e A D -
( aﬁf - ]; ag(/\(k—l))f‘(a(k:—l)—i—ﬂ)akz .
(1.9)

1.3. Legendre polynomials: Legendre polynomials, which are exceptional
cases of Legendre functions, are familiarized in 1784 by the French mathe-
matician Legendre (1752-1833). Legendre functions are a vital and important
in problems including spherical coordinates. As well, the Legendre polynomi-
als, Py(z), (Jz| < 1), are designated via the following generating function(see
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[13, 10, 22])

G(z,2) = (1.10)

VI— 21z 1 22 Z
Legendre polynomials are the everywhere regular solutions of Legendrae dif-
ferential equation that we can write as follows:

d2

1—a2%)—

(1—2%)-

where m = k(k+1) and k =0,1,2,--- . Taking x = 1 in (1.10) and by using

geometric series, we see that Py(1) = 1, so that the Legendre polynomials are

normalized.Thus Let G(z, z) denote the class of analytic functions on A which
are normalized by the conditions G(z,0) = 0 and G'(x,0) = 1.

d
Pi(x) — 23:%Pk(x) +mPy(z) =0,

Definition 1.2. Let Py(x) is Legendre polynomials of the first kind of order

k=0,1,2,..., the recurrence formula is
2k+1 k
P, = P — P 1.11
(o) = 2o P(e) = P (@) (111)
with

Py(x)=1 and Pi(x)=u=.

The Koebe one quarter theorem (see [9]) proves that the image of E under
every univalent function f € S contains a disk of radius i. Therefore, every
function f € S has an inverse f~! satisfied

) =2 (z€E)

and
st =w (Jul<n(in()=]).
where
fFHw) = w — agw® + (2&% — a3) w — (5&% — bagaz + a) w4 (1.12)

A function f € A is said to be bi-univalent in E if both f(z) and f~!(z)
are univalent in E. Let ¥ denote the class of bi-univalent functions in E given
by (1.1). For instance, the functions z, %, —log(l — z) and log 1= are
members of Y. However, the Koebe function is not a member of Y. For a
brief history and interesting examples in the class ¥ (see [4]). Brannan and
Taha [5] (see also [7, 8, 11, 12, 28]) introduced certain subclasses of the bi-
univalent functions class 3 similar to the familiar subclasses S* () and K (5)
of starlike and convex functions of order 8 (0 < 8 < 1), respectively (see [4]).

Thus, following Brannan and Taha [5] a function f € A is said to be in the
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class S5 (B) of strongly bi-starlike functions of order 5 (0 < 5 < 1) if each of
the following conditions is satisfied:

2 (2)\| _ Br ,
feX and arg<f(z))‘<2(0<ﬂ§1,z€ﬂ§) (1.13)
and /
mgti$v <%Em<ﬂghweE% (1.14)

where g is the extension of f~! to E is given by (1.12). The classes S5, (3) and
Ks (B) of bi-starlike functions of order 5 and bi-convex functions of order (3
(0 < B <1), corresponding to the function classes S* () and K (/3) , were also
introduced analogously. For each of the function classes S5 (8) and Ky (5),
they found non-sharp estimates on the first two Taylor-Maclaurin coefficients
laz| and |ag| (for details, see [5] and [28]).

The object of the present paper is to introduce new classes of the function
class ¥ involving the g—analogue of convolution based upon the Legendre
polynomials previous defined as in Definition 1.3, and find estimates on the
coefficients |az|, and |as| for functions in these new subclasses of the function
class ¥ and obtain Fekete-Szegé problem for these subclasses. Further by
specializing the parameters 7,y we define new subclasses of ¥ (and not studied
so far in the literature) based on Mittag-Leffler functions associated with Borel
distribution and state the coefficient estimate as corollaries in the last section.

Definition 1.3. Let 7 # 0 be a complex number and f(z) given by (1.1), and
f(z) € ”qu’)‘ (n,7, @, 8, x) if the following conditions are satisfied:

1 (77 Dy (Dg (M2 1(2))) +7Dg (MR 51(2)) +1 -

1+ — —1| <G(z,z2
0 Dy (M2 (=) )
(1.15)
and
wDy ( Dy ./\/lg w D, Mg w 1-—
" Y ( ( ,w(0)+7 ( ,w(ﬁ+— L <G, w)
" D, <Mg759(w)>
(1.16)

withy >0, a,8€C, R(a) >0, R(5) >0, 0<A<1;0<qg<1; neCr=
C\ {0}, where the function g = f~! is given by (1.12).

By specializing the parameters 7, v we define the following subclasses which
are new not studied so far in the literature based on Mittag-Leffler functions
associated with Borel distribution.
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Remark 1.4. (i) As ¢ — 17, we obtain that lim HqE’)‘ (n,v,, B,2) =:
q—1-

7 (0,7, a, B,z), where Z (1,7, a, B, ) represents the functions f € ¥ that
satisfy the following conditions

T i (Mé‘ﬂf(z)>// +7 (Mé,gf(Z))l t1on

n (Mgﬁf(z))/

—1| <G(z,2) (1.17)

Y (Mé,gg(w))ﬂ +v (Mé,gg(w)>/ +1—v

7 (Méﬁg(w)>/

1| < G(z,w). (1.18)

(ii) Fixing v = 1, we obtain that qu’/\ (n, 1,0, B, ) =: quZ”\ (n,a, B, ), where
ICqZ’)‘ (n,a, B, z) represents the functions f € ¥ that satisfy the following con-
ditions

(o)
1\ Dy (M)

< G(z,2) (1.19)

and

1 (wDy (Dy (M) p9(w)))
1+ =
" Dy (Mé,gg(w))

(iii) Taking v = 1 and n = 1, we obtain that qu”\ (1,1,a, 8,2) =: quE’/\ (o, B, ),
where ICqE’)‘ (a, B, z) represents the functions f € ¥ that satisfy the following
conditions

< G(z,w). (1.20)

1+ * D (Dq (Méﬁf(2)>> < G(x,2) (1.21)
Dy (M) 4f(2))
and
N (2 (Mas9)) < G(x,w). (1.22)

D, (Méyﬁg(w»

iv) Assuming ¢ — 1~ and v = n = 1, we obtain that lim HIA 1,1,a,8,x) =:
K q—1— z

K (o, B, x), where K3 (cv, 8, ) represents the functions f € ¥ that satisfy the
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following conditions

1+ 1 (MAﬁf Z)>H

n
(Mas1)
Lt [ at)
7 (Mg\z,ﬁg(w))
(v) Putting n = (1 — 6) cosfe=™ (6] < 3; 0 <5 < 1), we obtain that
%%/\ ((1 - 6) COS He_i9777 Oé,ﬁ,.ﬁ) = R%’)\ (57 0)73 «, 5>$) ;

where qu”\ (0,0,v,a, B, ) represents the functions f € ¥ that satisfy the fol-
lowing conditions

< G(z,2) (1.23)

and
1

— | <G(z,w). (1.24)

o (77 (MAr@) +7 (MY 1) 417

(Mg,gf(z)),
< (G(z,2) — 1) (1 — 6) cos b (1.25)
and
(o () 2 () 11
(Méﬁg(w))/
< (G(x,w) —1) (1 —6)cos@. (1.26)

2. COEFFICIENT BOUNDS FOR THE FUNCTION CLASS HqE’A (n,7v,a, B, )

We recall the following lemma to prove our main results:

o0

Lemma 2.1. ([27, p.172]) If w(z) = 3 prz* is a Schwarz function for z € E,
k=1

then

ol <1, |prl <1—|pf% k> 1. (2.1)

Unless otherwise mentioned, we shall assume in the reminder of this paper
that v > 0, o, 8 € C, R(a) >0, R(B) >0, 0 <A< 1, 0<g<1;ne
C* and = € R, the powers are understood as principle values.
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Theorem 2.2. Let f be given by (1.1) belongs to the class H%”\ (n,7v,a, B,x).
Then

[l z|vz

|lag|<
oG+ a0 e+ @t [ B a1 0+ 0213

and

| || N In|? 2
Y2+q) 1) (g +¢*) s (1+¢)2(2y—1)>12

where Yy, k € {2,3}, are given by (1.8).

laz| <
(

Proof. Since f € ’qu”\ (n,7, @, B, x), there exist two analytic functions r and s
in E with 7(0) = s(0) =0, and |r(2)| < 1, [s(w)| < 1 for all z,w € E given by

r(z) = Zrkzk and s(w) = Z spw”.
k=1 k=1

From Lemma 2.1 we have
Irel <1 and |sg| <1, ke N (2.2)

In view of (1.15) and (1.16), we get

72 Dy (Dg (MR 5£(2))) + 9D (MR 5f(2)) +1 -7
Dy <M3\¢”8f(z))

—1=n(G(z,r(z) - 1)

(2.3)
and

ywD, (Dq (Mg\éﬁg(w)» +vD, <M37ﬁg(w)> +1—v -
Dy (Mé\u,ﬁg(w))

1=n(G(a, s(w)) —1).

(2.4)

Since
72 Dy (Dy (M 51(2))) +7Dg (MR () +1 -7

Dy (Mg,ﬁf(z))
=(1+4q) 2y —1) Toazz
+[(v2+q) = 1) (1 +q+¢?) Tsaz — (2y — 1) (1 +q)*Y3a3] 22+ -+,

-1
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ywDyg (Dq (Mgﬁg(w)» + Dy (Mgﬁg(w)) +1—x
Dy (Mé\[,gg(w))
= —(1 + q) (2’)/ — 1) Yoaow
+ [(v(2+q) = (1 + ¢+ ¢*)T3(2a3) — as)
— (27 =11+ ¢)°Y3a3] w® + -

-1

and
Ui (g(x, T(Z)) — 1) = 77P1($)7’12 + (Pl(:[;)r2 + PQ(JI)T%) an +ee,

n(G(z, s(w)) — 1) = nPi(x)s1w + (Pi(x)s2 + Po(x)s]) nw? + ... ..

Next, equating the corresponding coefficients of z and w in (2.3) and (2.4),
we get

(14 4q) (2y — 1) Yaaz = nPi(2)r1, (2.5)

(y(24¢q) — 1) (1 +q+¢*) Tzaz — (27 — 1) (1 + ¢)*Y3a3
= nPy(z)ry + nPa(z)r}, (2.6)

—(1+4q) 2y — 1) Toa2 = nPi(z)s1 (2.7)
and
(v2+a) = 1) (1 +q+¢*) T3 (205 — az) — (27 — 1) (1 + ¢)°T3a3
= NPy (x)ss + NPy (x)s], (2.8)
From (2.6) and (2.7), we have
L = —S]. (2.9)
By squaring (2.6) and (2.7), then adding the new relations we get
2(1+¢)% (27 — 1) a3Y3 = ?P2(x) (r} + 53) . (2.10)
If we add (2.5) and (2.8) we obtain
2[(V2+q) —1) (1+g¢+¢) T3 — (27— 1) (1 +¢)*T3] a3
= nPi(x) (rz2 + s2) + nPa(x) (1T + 57) .
We can rewrite (2.10) as

o, 2 2014922y - 1)?

™ + S1 = 772P12(:L') (Z%T%
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From above equation, we get
2[(v(2+9) = 1) (1 +q+¢*) nPE(2)Ts
— [nPE(z) + (27 = 1) Po(@)] (27 = 1) (1 +q)* T3] a3
=0’ PP (x) (r2 + 52),
it follows that

o2 = n?P3(z)(r2+s2) (2.11)
2 7 2[(v(2+9)— 1) (1+q+a2)nPE () Ts— (nPE(z)+(2y—1) P2 (x) ) (27— 1) (14+¢)2 T3] '

Then taking the absolute value to the above equation and from (1.11) and
(2.2), we obtain

lag| < [nllz|vz ’
\/ |1+ -1)(1+a+a2)ne?Ya— [nPF(2)+ 2251 (302-1)] (2y-1) (1+0)2 T3

which gives the bound for |az| as we asserted in our theorem.
To find the bound for |a3|. Using (2.5) from (2.8), we have

2(v24q) —1) (1+q+¢*) Ys(as — aj)

=1 [Pi(x) (r2 — s2) + Pa() (17 — 57)] - (2.12)
Form (2.9), (2.10) and (2.12), we obtain
az = nhi(@) (r2 = 52) + P (1 + 1) . (2.13)

272+ q) — 1) (1+q+¢*)Ts  2(1+4q)2(2y—1)* 12
Using (1.11) and (2.2), we get

Inl |2 e
(V2+a) -1 (1+a+e)Ts  (1+¢)2(2y—1)>12

laz| <
O

3. FEKETE-SZEGO PROBLEM FOR THE FUNCTION CLASS 7—["2”\ (n,7v,a, B,x)

Theorem 3.1. Let f be given by (1.1) and if f € ’H%’A (n,7v,a, B, x), then

|as — pa3| < [nllz| (M + N|+|M — NJ), (3.1)
where
M o= (1—p)nz?
(2v—1) )
2| (4(2+a)—1) (1+a+a?)na2 Ta— a2+ Z1 (352 -1) | (29—1)(149)2T3]
1

T 20@tg Dltgrd)Ts (3:2)

w € C, and YTy, k € {2,3}, are given by (1.8).
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Proof. Let f € 7-[%’/\ (n,7,a, B,x). As in the proof of Theorem 2.2, from (2.9)
and (2.12), we have

2 nP1(z) (ry — s2)
as — ag = , 3.3
PRI R00 ) - D0t @) Ty 33
and multiplying (2.11) by (1 — p) we get
(1~ p)a3
— (1_#)7721313(1')(7’24‘52) (3 4)
2[(v(2+9)=1) (1+q+42)n Py (2) Y3~ [nPE (2)+(2y—1) Pa(2)] (2v—1) (1+)2 3] '
Adding (3.3) and (3.4) leads to
ag — paz = nhz [(M + N)r2 + (M — N) s9], (3.5)
where M and N are given by (3.2), and taking the absolute value of (3.5),
from (2.2) we obtain the desired inequality (3.1). O

Remark 3.2. A simple computation shows that the inequality |[M| < N is
equivalent to

ot + Gl (32 1] (29 - 1) (14 0)°T
ne? (v(2+4q) —1)(1+q+¢*) T3

-1l < [1i- (3.6)
Thus, from Theorem 3.1 we get the next result:
If the function f given by (1.1) belongs to the class qu’)‘ (n,7v,a, 8,x), and
n € C*, then
nx
2+4¢)—1)(1+q+¢*)Ts’
where p € C, with (3.6) and Ty, k € {2,3}, are given by (1.8).

—_ CL2
jas = 3] < 77

4. COROLLARIES AND ITS CONSEQUENCES

Allowing ¢ — 17, in view of Theorem 2.2 and Theorem 3.1, we obtain the
following result:

Corollary 4.1. Let the function f given by (1.1) belongs to the class
A (n,v, e, B,x). Then

[l z|vz

\/’3 (3y —1)naz3Ys — 4 |nz? + (2472771)(33v2 — 1)} (2y—1) T%‘

las] <

and

2,2
X X
llel . In)

as| < .
|3’_3(37*1)T3 4(2y — 1) T3
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Also for p € C,

|az — paz| < |nf|z| (|M + N|+|M - NJ), (4.1)
where
M = (1—p)nz?
2[3(37—1)771:21(3—4[nx2+@(3x2—1)] (27—1)1‘%] ’
1

N =

202+ -1 (1 +q+¢*) T3
and Yy, k € {2,3}, are given by (1.8).

Fixing v = 1, from Theorem 2.2 and Theorem 3.1 we get the following :
Corollary 4.2. Let f given by (1.1) belongs to the class ICqE’)‘ (n,a, B,z). Then

| |z|/z

|ag| <
2 IO+ (14 a+ g2 na3Ts — [na? + £(322 = 1)] (1 + )21}

and \
Il || "

ag| < + :

93 S D gt @ T | (4 g2
Also for p € C,

|as — pa3| < |nllz| (IM + N|+|M - NJ), (4.2)
where

M = (1—p)na?
2[(¢+1)(1+q+¢?)na2T3—[nz2+ 5 (322 —1)] (144)2 T3]’

1
2(¢+1)(1+q+¢*)Ts
and Yk, k € {2,3}, are given by (1.8).

N =

Taking n = v = 1, from Theorem 2.2 and Theorem 3.1, we state the follow-
ing:

Corollary 4.3. Let f be given by (1.1) belongs to the class ICqE”\ (v, o, B, ).
Then

NG

lazg| <
VIG+0 (1 +a+¢)a3Ts - [ + 532 - 1] (1 + 913

and

|z] z’

+ .
(1+q)(1+q+¢) Y3 (1+q)2T3

las| <
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Also, for n e C
Jas — a3 < |/ (1M + N| +|M — N|),
where

M = (1—p)a?
2[(149) (1+q+4¢?)a2 T3 — 22+ 4 (322 —1) | (14+¢)2 T3]’

1
214+q)(1+q+4¢*) T3

and Ty, k € {2,3} are given by (1.8).

N =

Taking n = (1 — &) cosfe™* (|0] < Z; 0 <6 < 1), from Theorem 2.2 and
Theorem 3.1, we state the following;:

Corollary 4.4. Let f given by (1.1) belongs to the class R%’)‘ (6,0,v,a,p8,x).
Then

|as]

(1—6) cos O|z|/x
- \/‘(7(2+q)71)(1+q+q2)(176) cos 96*“’:&%'1‘37[(175) cos 08*'i9x2+7(272_1> (31271)}(2771)(1+q)2'r%|

and
(1 —6)cosf|z| (1 —0)2 cos? 22
2+ -1 (A +qg+¢*)Ts  (14¢)2(2y—1)>71

laz| <

Also, for u e C
laz — pa3| < (1 —6)cosOlz| (|M + N|+ |M — NJ|), (4.3)
where

M
_ (1—p)(1—=6) cos fe 922
2[(v(2+q)—1) (1+q+42)(1—8) cos e~ 1022 35— { (1—-3) cos fe~10x2+ E11 (322 1) }(2y—1)(1+4)2 3]
1
22+ 9) -1 (1 +g+¢*) T3

and Yy, k € {2,3} are given by (1.8).

Remark 4.5. We emphasize that general classes ’qu”\ (n,7,a, B,x) are com-
pletely new and not studied based on Mittag-Leffler-Type Borel Distribution
involving the Legendre Polynomials. Suitably specializing the parameter v, 7
and in Corollary 4.1, one can easily deduce the results for the new subclasses
stated in Remark 1.4 based on Mittag-Leffler functions which are new and not
studied so far.
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Remark 4.6. We mention that all the above estimations for the coefficients
laz], |as|, and Fekete-Szegd problem for the function class qu’)‘ (n,7,a, B, x) are
not sharp. To find the sharp upper bounds for the above functionals remains
an interesting open problem, as well as those for |a,|, n > 4.
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