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Abstract. In this paper, we study the multiplicity of positive solutions for the following
singular four point boundary value problem with p-Laplacian:

{ (6o (1)) +a(®)f(t,u(t) =0, 0 <t <1,
agp(u(0)) — Bep(u'(§)) = 0, vp(u(1)) + d¢p(u'(n)) =0,

where ¢,(s) = [s]P"2s,p > 1,a > 0,8 > 0,7 > 0,6 > 0,£,n € (0,1) and £ < n. By using
monotone iterative technique and fixed point theorem, we establish the existence of two
positive solutions for the above problem, one is an iterative positive solution, another is
an expansion and compression positive concave solution. In addition, we also give iterative
schemes for the first solution, which start off a known simple linear function.

1. INTRODUCTION

In this paper, we study the multiplicity of positive solutions for the following
quasi-linear equation with p-Laplacian:

(dp(u' (8)) + a(t) f(t,u(t) =0, 0 <t <1, (1.1)

subject to four point boundary conditions

agy(u(0)) — Bep(u'(€)) = 0, Yp(u(1)) + d¢p(u'(n)) = 0, (1.2)
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where ¢,(s) is p-Laplacian operator, i.e. ¢,(s) = [s[P"2s,p > 1, a > 0,8 >
0,v>0,0 >0,&n € (0,1) are given constants, and £ < n, a € L((0,1), [0, 4+00))
has countable many singularities on [0, 1], f(¢, ) is a continuous function map-
ping [0,1] x [0, +00) to [0, +00).

Equations of the above form occur in the study of the n-dimensional p-
Laplacian equation, non-Newtonian fluid theory and the turbulent flow of a gas
in porous medium, see [1],2],[11] and [12]. By using the fixed point theorem in
cones due to Krasnoselskii, Wang [3], Kong and Wang [4] studied the equation
(1.1) subject to one of the following nonlinear boundary conditions:

w(0) = g1 (/' (0)) = 0, u(L) + ga(u (1)) = 0, (1.3)
u(0) — g1(u/(0)) = 0,u/(1) =0, (14)
W/ (0) = 0,u(1) + go(u/(1)) = 0. (1.5)

By using of the fixed point theorem of three functionals, He and Ge [5] also
studied the multiplicity of positive solutions for the equation (1.1) subject to
(1.3)-(1.5). However, all the above mentioned references are not allowed to
possess countable many singularities on (0, 1) for a(t).

Recently, Liu [6] established the existence of positive solutions of the fol-
lowing singular three-point boundary value problems with one-dimensional
p-Laplacian:

{ (@p(u' (1)) + a(t) f(u(t) =0, 0 <t <1,
u'(0) =0, u(1) = Bu(n),
Under the conditions that f € C([0,00),[0,00)),a € L([0,1],[0,00)), and a(t)
can have countable many singularities on (0, 3). For the other works about
the equation with one-dimensional p-Laplacian, we refer the reader to [8]-[10]
and their references.

But for equation (1.1), there is few papers dealing with the existence of
positive solutions when a(t) possesses countable many singularities on [0, 1].
In recent papers [7], Su et al. studied the following equation

(6p(u'())) +a(t) f(u(t)) = 0,0 <t <1, (1.6)
subject to the four point boundary condition (1.2). In the corresponding local
condition, superlinear and sublinear conditions, Su obtained the existence of
the single solution and multiple solutions for the above problems by using the
fixed point index theory. It should point out that they didn’t give iterative
positive solutions and iterative schemes for approximating the solutions.

In this paper, we study the multiplicity of positive solutions for singular
nonlinear four point boundary value problem with p-Laplacian when a(t) pos-
sesses countable many singularities on (0,1). By using monotone iterative
technique and fixed point theorem, we establish the existence of two positive
solutions for the BVP (1.1)-(1.2), one is an iterative positive solution, another
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is an expansion and compression positive concave solution. In addition, we
also give iterative schemes for the first solution, which start off a known simple
linear function.

2. PRELIMINARIES AND LEMMAS

In the rest of the paper, we make the following assumptions:

(Hy) f:10,1] x R — R™ is continuous and nondecreasing on u;

(Hg) a(t) € L(0,1) is nonnegative on (0, 1), and a(t) does not vanish iden-
tical on any subinterval of (0, 1).

Let E = C]0,1] be our Banach space with the maximum norm |u| =
SUPseo,1) [u(t)]-
Definition 2.1. Let E be a real Banach space. A nonempty closed convex set
K C F is called a cone of E if it satisfies the following two conditions:

(1) x € K, \* > 0 implies \'z € K;

(2) z € K,—x € K implies x = 0.

Definition 2.2. A functional f € E is said to be concave on [0, 1] provided
fltx+ (1 —=t)y) >tf(z)+ (1 —1t)f(y), for all x,y € [0,1] and t € [0,1].

Definition 2.3. An operator is called completely continuous if it is continuous
and maps bounded sets into precompact sets.

Let
K ={u € E:u(t) > 0,u(t) is concave function on [0, 1]},
then K is a cone of F.

Lemma 2.4. [11] Suppose E is a Banach space, K € E is a cone, let Q1,8
be two bounded open sets of E such that § € Q1,01 C Q. Let operator T : KN
(Q2\Q1) — K be completely continuous. Suppose that one of two conditions
hold

(1) [|Tz]| < ||z, Yz € KNOQY, || Tx| > |||, Ve € K N OQy;

(ii) || Tz| > ||z||,Vx € KN O, |Tz| < |z|,Vz e KN oQs,

then T has at least one fived point in K N (Q2\Q).

Lemma 2.5. Suppose condition (Hy) holds, then
n
0< / a(s)ds < 4o0.
13

Furthermore, the function

A(t) = /; " </:a(r)dr> ds+/t77 bq </tsa(r)dr> ds, t € [€,1],
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is positive continuous function on [, n)], therefore A(t) has minimum value on
(£, 7], thus we suppose that this minimum value is L > 0, then

Alt) > L, te[&m]. (2.1)
Proof. At first, it is easy to see that A(¢) is continuous on [, n]. Next, let

Ar(t) = /; b </:a(r)dr> ds, As(t) = /;7 be (/tsa(r)dr> ds.

Then, from the condition (Hz), we have that the function A;(t) is strictly
monotone nondecreasing on [£, 7] and A1 (§) = 0, the function As(t) is strictly
monotone non-increasing on [§, 7] and A;(n) = 0, which implies

L = min A(t) > 0.
tel&n)

The proof is completed. O

Lemma 2.6. Let uw € K. Then
u(t) = min{&, 1 —n}ull, ¢ € [£,n].
Proof. Suppose
7 = inf {,u €10,1] : sup u(t) = u(,u)} .
te[0,1]
we shall discuss it from three perspectives.

(i) Let 7 € [0,¢]. It follows from the concavity of u(t) that each point on
chord between (7,u(7)) and (1,u(1)) is below the graph of u(t), thus

u(t) > u(r) + "Dy e
Then
u(t) > tIEI[lfi}’:]} [U(T) + %ﬁm(t —7)| =u(t) + %z(ﬂ(n —7)

= 1=Fu(l) + =2u(r) = (1 —n)u(r),
this means u(t) > min{&, 1 — n}||ul,t € [£,n].

(ii) Let 7 € [¢,n]. If t € [¢, 7], then we have
u(r) — u(0)

u(t) 2 u(r) + 20

(t—r7),telgT].

Then
w(t) > min |u(r) + M(t —7)
telg,m]

= Su(r) + Z=5u(0) > Eu(r) > min{&, 1 — n}ul.

T
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If ¢t € [r,n], similarly, we have

u(t) > u(r) + W(t —7),t € [1,7).
Then
u(t) > min [u(r) + 2D=u0 ¢ 7)}
te[r,m
= =2u(r) + =Lu(1) > (1 = n)u(7)

which means w(t) > min{¢, (1 — n)}|ul, t € [&,n].
(iii) 7 € [n, 1]. Similarly, we have

u(t) > u(r) + 1010 — O 7).t e e
then )
. u(T)—u(0
u(t) = min u(r) + == (t = T)]

= Su(r) + u(0) > u(r),

this yields u(t) > &||ull,t € [£,n]. From the above discussion, we obtain w(t)

min{{, 1 — n}||lull,t € [£,n]. The proof is complete.

171

>
O

For any v € K satisfying the BVP (1.1), it follows from the boundary
condition that we have u/(§) > 0,u/(n) < 0, then there exists a constant

o € [€,n] such that v/(0) = 0.
Integrate (1.1) from o to 1, we get
t

3,0 (0) = 6,00/ (2)) = [ als) (s, u(s)) .
- W () = /(o) — 64 ( / ta(s)f(w(s))ds) .
thus

u(t) = u(o) +u' (o)t — o) — / bq </S a(r)f(r,u(r))dr> ds.
Let t = i in (2.2), by @/(0) = 0, we have
7
ou(u/ ) =)~ [ al) s u(s))ds.

It follows from the boundary condition ¢,(u(1)) = —%d)p(u’(n)) that

u) =0y (2 [ ate) s, ut)as).

Y

(2.2)

(2.4)
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Letting t = 1 in (2.4), by (2.3), (2.4), we have

u(o) = ¢4 <5 /U77 a(s)f(s,u(s))ds) + /: bq </: a(r)f(r,u(r))dr) ds. (2.5)

v

So, by (2.5) and (2.3), for t € (o, 1), we know

u(t) = ¢, (j /U " a(s) f(s,u(s))ds) + /t 1¢>q ( /0 Ca(r) f(r,u(r))dr) ds.

Similarly, for ¢ € (0,0), by integrating the first equation of problems (1.1) on
(0,0), we have

u(t) = ¢q <§ /; a(r)f(r,u(r))dr) + /Ot bq </: a(r)f(r,u(r))dr) ds.

This implies that

o (5[ at0s6 e
o 4 /0 ;¢q n / " a(r) f(r,u(r))dr) ds, 0<t<o, .
o0 (2 [ atnstatar)
—I—/tl ®q </0_Sa(r)f(r,u(r))dr> ds, o <t<1
On the other hand, suppose (2.6) hold, then
. o0 ([ ot utmar) 20, o<t <o o

—@q <— /Uta(r)f(r,u(r))dr> <0, o <t<L

It is easy from (2.7) to be obtained (¢, (w'(t))) + a(t) f(t,u(t)) =0,0 <t < 1.
Moreover, letting ¢ = 0 and ¢ = 1 in (2.6) and (2.7), we can see the boundary
value conditions of (1.1) hold.
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Now, we define an operator T': K — E by

(o, (2 [ at)stratryar)

@ Je

o~ +/Ot B </0 a(r)f(r,u(r))dr) ds,0 <t <o, -

o0 (2 [ ottt utryyar)

,y

+/tl b (/Usa<r)f(r,u(r))dr> ds, o <t<1.

Then each fixed point of T is a positive solution of the BVP (1.1)-(1.2).

Lemma 2.7. T : K — K is continuous, compact and nondecreasing.

Proof. At first, since

T = bq (/t a(r)f(r,u(r))dr) >0,0<t<oa, o)

—@q <— /Uta(r)f(r,u(r))dr) <0,0 <t<Ll

is continuous and nonincreasing in [0, 1] and (T'u)' (o) = 0, which implies that
(Tw)"(t) < 0. At the same time, for any u € K, we have
(6g(Tu)' (1)) = —a(t)f(u(t)),t € (0,1)
and
(Tu)(o) = || Tul|. (2.10)

This implies that T(K) C K, and that each fixed point of T is a positive
solution of BVP (1.1).

Next, suppose D C K is a bounded set, then for any v € D, there exists a
constant M > 0 such that ||u|| < M. Thus for any u € D, we have

[ Tull = (Tw)(o)

— &, (g /: a(r)f(r,u(r))dr) 4 /Ot b4 (/U a(r)f(r,u(r))dr) ds
< [(bq (g /ﬁ 0 a(r)dr) + /0 " 4% ( / 0 a(r)dr) ds} b0 ({0’”53[18’% f(t,x))

which implies T'(D) is bounded.
On the other hand, according to the Arezela-Ascoli theorem and Lebesgue
dominated convergence theorem, we easily see T' : K — K is completely
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continuous. In the end, noticing the monotonicity of f on u and the definition
of T, we also have the operator T is nondecreasing. O

3. MAIN RESULTS

Theorem 3.1. Suppose conditions (Hy) and (Hz) hold. If there exist two
positive constants n < m such that

sup f(t,m) < (mM)P™Y, inf f(t,min{,1—n}n) > NP, (3.1)
t€[0,1] telg,m]

- (o) [ (o)) -2

then BVP (1.1)-(1.2) has at least two positive and concave solutions u*,v*
such that n < ||u*]] < m,n < |[v*|| < m. Moreover one positive and concave
solution u* can be obtained through iterative sequence {uy,},

Pq (ﬂ /: a(r) f(r, unl(r))dr>

(0}

where

-|-/0t bq </SU a(r)f(r, un_l(r))dr> ds,0 <t <o,

" <’i /U" arf(r u"—l(""))dr>

un(t) = (Tun—1)(t) =

+/tl bq (/: a(r)f(r, un_l(r))dr> ds,o <t <1

and

lim T"uy = u*,
n—-+00

where the initial value ug = m.
Proof. Let K[n,m] ={u € K : n < ||lu|]| < m}, we firstly prove TKn,m C
K[n,m|.

In fact, for any u € K[n, m], we have

0 < wu(t) < max u(t) = |lu| < m. (3.2)
tel0,1]

On the other hand, for any u € K[n,m], it follows from Lemma 2.6 that

min u(t) > min{¢,1 - )] > min{¢,1 - njn (3.3)
telem
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So by the assumptions (H;) and (3.1)-(3.2), we have

0 < f(t u(t) < f(t,m) < tzl[épl] f(t,m) < (mM)P~, (3.4)

and from (3.3), for any ¢ € [£, 7], we also have

f(t’ u(t)) > f(tv min{f, 1- 77}”)

> teifé,fn] f(t, min{¢, 1 —n}n) (3.5)
> (nN)~'t € [€,7)].

It is easy to know by Lemma 2.7 that Tu € K, and by (3.4) and Lemma 2.7,
we have

[Tull = (Tu)(o)

'y (i /g " a(r) f(r,u(r))dr) + /0 iy ( / " a(r) f(r,u(r))dr) ds,
<oy (2 [ arstratrar) + ["oy ([t s uteyar ) s

ot (2 [ atoar) o [ (o) )

=m.

On the other hand, noting that o € [, 7], by Lemma 2.5-2.7 and (3.5), for any
u € K[n, m], we have

2||Tull = 2(Tu)(0)

> /OU be </a a(r)f(r,u(r))dr) ds + /01 b4 </:a(r)f(r,u(r))dr> ds,
> /: b </J a(r)f(r,u(r))dr) ds + /: bq </:a(r)f(7",u(r))dr> ds,
> N [/:% </:a(r)dr> ds—i—/:qﬁq ([a(mdr) ds]

= NnA(o) > nML = 2n.

Thus we have || T'u|| > n. From the above expressions, we obtain n < ||[T'ul| < m
for u € K[n,m], which implies TK[n,m| C K[n,m].

Let up(t) = m,t € [0,1]. Then ug(t) € K[n,m]. Let u; = Tug. Then
uy € K[n,m]. Thus we denote

Uns1 = Tup =T tug,n=1,2,--- .
It follows from T'K[n,m] C K|[n, m] that
un € Kin,m],n=0,1,2,---
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Since T is compact by Lemma 2.7, we can assert that u, is a sequentially
compact set.
Now, since u; € K[n,m], we have

0 <up(t) < fluall < m = wuo(t).
It follows from Lemma 2.7 that T : K — K is nondecreasing, so
ugs =Tuy <Tug=uy.
By the induction, we have
Un+1 < Up,n=0,1,2,---.

Consequently, there exists u* € K[n,m] such that u, — u*. Letting n — 400,
from the continuity of T" and T'u, = u,_1, we obtain Tu* = «*, which implies
that u* is a nonnegative solution of boundary value problem (1.1)-(1.2). Since
||lu*|| > n > 0, we conclude u*(t) > 0,t € (0,1), thus u* is a positive concave
solution of boundary value problem (1.1)-(1.2).

Next we define two open subsets 21 and 25 of F :

D ={ueK:|ul| <n},Q={ue K:|ul| <m}.
For any u € 0%y, since o € [, ], by Lemma 2.5-2.7 and (3.5), we have
2| Tull = 2(Tw)(0)

> /OU b (/U a(r)f(r,u(r))dr) ds + /01 b4 (/:a(r)f(r,u(r))dr> ds,
> /: b0 (/:a(r)f(r,u(r))dr> ds + /: bq </:a(1")f(r,u(r))dr> ds,
> N [/:qﬁq </:a(r)dr> ds+/j¢q (/:a(r)dr> ds]

= NnA(c) >nML = 2n.

Thus we have || Tu| > |Jul|, Vu € 09;.
On the other hand, for any u € 983, by (3.4), we have

[Tull = (Tu)(o)

— 4, (g /g "alr) f(r,u(r))dr) + /0 ", < / "a(r) f(r,u(r))dr) s,
<oy (2 [ o) stratmar) + ["oy ([t s uteyar ) s

< mM <¢q (g /;a(r)dr> + /077 b4 </:a(r)dr> ds>
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which implies that

| Tul|| < ||ul|, Vu € 0.

It follows from Lemma 2.4 that T has a fixed point v* € (Q2)\;. Obviously,
v* is a concave solution of problem (1.1)-(1.2) and n < ||v|| < m. Thus the

BVP (1.1)-(1.2) has two positive concave solutions.

Remark 3.2. In Theorem 3.1, although we obtain two positive concave solu-
tions of the BVP (1.1)-(1.2), it is a pity that we dont know whether the two
solutions may coincide, if they coincide, then the BVP has only one solution
in K[n,m|.

Remark 3.3. In Theorem 3.1, we establish iterative sequence of one of solu-
tion, which start off with known simple linear function. It is more important
that the figure of iterative sequence of solution is explicit, which is helpful to
compute for us.

Corollary 3.4. Assume that (Hy) and (Hz) hold. Further
lim sup f;ﬁf’_ﬁ) < MPL

=—r—+00
0<t<1 fs) N (3.6)

sup

particularly, im —
( o<t<1 P71

T—-+00

_ t NP1
lim,_o inf f(t.z) > ,
e<t<n xpP~1 min{¢,1 —n}

— t
(particularly, lim,_ E%rtlén fx(p’:f)

= +OO)7

where

M = <¢>q (i/;a(r)dr> +/On¢q </Sna(r)dr> ds>1,N: %

Then there exist two constants m > n such that the BVP (1.1)-(1.2) has two
positive concave solutions u*,v* such that n < ||u*|| < m,n < ||[v*|| < m.
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Moreover one concave positive solution u* can be obtained through iterative
sequence {un},

un(t) = (Tun—1)(t) =

and

lim T"ug = u*,
n—-+00

where the initial value ug = m.

Proof. 1t follows from (3.6) and (3.7) that (3.1) in Theorem 3.1 holds, copy
the proof of Theorem 3.1, we know the conclusion of corollary 3.5 is true. [J

Corollary 3.5. Suppose conditions (Hy) and (Hy) hold. If there exists 2k
constants 0 < np <m1 < ng < mg < -+ < ng < my such that

sup f(t,m;) < (m;M)P~1,

te(0,1]
inf f(t, min{€,1 - n}n) > (NP, (38)
tefé,n]
i=1,2,-- k
where
1
M = <q§q (i /;a(r)dr> +/0n bq </na(r)dr) ds) N = %,

then BVP (1.1)-(1.2) has at least 2k positive and concave solutions u}, v} such
that n < ||[uf]| < m,n < ||vf]| < m.



Twin of positive solutions for four-point singular boundary value problems 179

Moreover k concave positive solution u;(i = 1,2,--- k) can be obtained
through iterative sequence {u;,}, which is defined by

o (5 [ a1 a7y

+ [ ([ o) snar) s < i<

o0 (2 [ a1 atar

i, (£) = (Tui, 1) () =

v b ([ ettt a0 asso <o

and
hm TJUZ'O :U:(,Z: 1’25”' 7k7
J—+oo

where the initial value w;y =m,i=1,2,--- k.

Remark 3.6. In Corollary 3.5, although there exist 2k positive, concave so-
lutions for the BVP (1.1)-(1.2), but these solutions may coincide in K[n;, m;],
in this case the BVP has only £ solutions.

Remark 3.7. In our main results, since we only require a € L(0,1), which
implies that a(t) can be singular in some countable subset ¢ € D of (0, 1), for
example, a(t) can be singular in all of rational number points of (0,1). Thus
we allow a(t) to possess countable many singularities on (0, 1).
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