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Abstract. In this paper, we investigate nonlinear second-order m-point boundary value
problem

{ u”(t) + Ah(@) f(t,u) =0, 0<t<l,

Bu(0) — ' (0) =0,  w(l) = X7 aiu(&),
where the nonlinear term f is allowed to change sign. The existence of an interval of pa-
rameters which ensures the problem has at least one positive solution is determined by con-
structing available operator and combining the method of lower solution with the method
of topology degree. Moreover, the associated Green’s function for the above problem is also
given.

1. INTRODUCTION

The study of multi-point boundary value problems for linear second-order
ordinary differential equations was initiated by II'in and Moviseev [5, 6]. Mo-
tivated by the study of [5, 6], Gupta [1]studied certain three-point boundary
value problems for nonlinear ordinary differential equations. Since then, more
general nonlinear multi-point boundary value problems have been studied by
several authors. We refer the reader to [2, 9, 7] for some references along
this line. Multi-point boundary value problems describe many phenomena
in the applied mathematical sciences. For example, the vibrations of a guy
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wire composed of N parts with a uniform cross-section throughout but differ-
ent densities in different parts can be set up as a multi-point boundary value
problem (see [8]). Many problems in the theory of elastic stability can be
handle by the method of multi-point boundary value problems (see [11]).

In 1997, Henderson and Wang [4] studied the existence of positive solutions
for nonlinear eigenvalue problem

u”(t) + A(t) f(u) = 0,
u(0) =0, wu(l)=0,

where f € C([0,400),[0,400)),h € C([0,1],[0,400)). Authors established
the existence of positive solutions theorems under the condition that f is
either superlinear or sublinear.

In[9], Ma investigated the following second-order three-point boundary value
problem(BVP)

0<t<l,

{u%ﬂ+qoﬂm:0, 0<t<l,
u(©0) =0, u(l) = au(n),

where 0 <n < 1,0<an <1, f e C([0,+00),[0,+00)), a € C(]0, 1], [0, +00)).

The existence of at least one positive solution is obtained on the conditions

that f is either superlinear or sublinear by applying fixed point theorem.
Recently, Ma [10] studied the second-order m-point boundary value problem

{u%w+a@fm)—a 0<t<l1,
w(0) =0, u(l) =" (),

where a; > 0, 1t =1,2,--- . m—3, am2>0,0<&E <& <o <€po <
1, 0 < X" 206 < 1, f € C([0,400), [0, +00)), a € C([0,1],[0,+0c0)). The
author obtained the existence of at least one positive solution if f is either
superlinear or sublinear by applying a fixed-point theorem in cones.

All the above works were done under the assumption that the nonlinear
term is nonnegative due to applying the concavity of solutions in the proofs.
In this paper we study the following nonlinear second-order m-point boundary
value problem (BVP)

u’(t) + A(t) f(t,u) =0, 0<t<1, (1.1)
m—2

Bu(0) —yu'(0) =0, u(l) = Z au(&;), (1.2)
i=1

where the nonlinear term f is allowed to change sign. Firstly we give the asso-
ciated Green’s function for the above problems which makes later discussions
more precise. Then by constructing available operator, we combine the method
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of lower solution with the method of topology degree and show (BVP)(1.1)-
(1.2) has at least one positive solution with certain growth conditions imposed
on f. In this way we removed the usual restriction on f > 0.

2. PRELIMINARIES AND LEMMAS

In this section, we present some lemmas that are important to prove our
main results.

m—2

Lemma 2.1. Suppose that d = (1 — Z::f ai&) +v(1 =>4 ai) # 0,
y(t) € C[0,1], then BVP

u"(t) +y(t) =0, 0<t<l, (2.1)
m—2
Bu(0) — ' (0) =0,  wu(l)= }:(%u@g (2.2)
has a unique solution )
= — At — s)y(s)ds + B [1(1 — s)y(s)ds 2.3

R b az]bl & — s)y(s)ds.
Proof. Integrating both sides of (2.1) on [0, t], we have
t
M@:—/y@@+d@. (2.4)
0

Again integrating (2.4) from 0 to t, we get

u(t) = —/0 (t — s)y(s)ds + u'(0)t + u(0). (2.5)
In particular,
1
u(l) = —/0 (1 — s)y(s)ds + u'(0) + u(0),
and
&i
) = = [(6 = )uls)ds + 006+ u(0)
By (2.2) we get

, _B 1 _ m—2 51‘
u(O)—E [/0 (1—1s) ;az/o y(s)ds].

The Lemma 2.1 is proved. O
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Lemma 2.2. Let 0 < 22_12 aié <1, d>0. Ify € C[0,1] and y > 0, then
the unique solution u of (BVP)(2.1)-(2.2) satisfies

u(t) > 0.

Proof. By u”(t) = —y(t) < 0, we can know that the graph of u(t) is concave
down on (0,1). So we only prove u(0) > 0,u(1) > 0.

Firstly, we shall prove u(0) > 0 by the following two perspectives.
(i) 0 < Y7 %a; <1, by (2.3) we have

w(0) =L |y (L= s)y(s)ds = X777 @i [ (& = s)y(s)ds|
> % [fol(l —s)y(s)ds — >0 2 a; fo (1—3s)y ds]
i(%(l— llcu)fo (1 —s)y(s)ds

(ii) If 32" %a; > 1, by (2.3) we have

[fo 1—s)y(s)ds — >, 1 azfoZ i— S ds}
%[ (1= s)y(s)ds — > ] azfo ds}
- ng (=207 ai) + (S0 a = 1)s }y(s)ds

On the other hand, by (2.3) we have

) =— o =s)y(s)ds + —— [ (1—s)y(s)ds

SR 0 i — s(s)ds

> 5{ ai [§1(&(1 — ) — (& — 9)y(s)ds
FEI 0 [ o)

(B0 - - -]
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i 1
lad ZZ Zai [fo (1= &)sy(s)ds + & [, (1 — s)y(s)ds
+E Y [fo ds}

> 0.

The proof is completed. O

Lemma 2.3. Let ZZ’;Q a;& > 1, d#0. If y € C[0,1] and y > 0, then the
(BVP)(2.1)-(2.2) has no positive solution.

Proof. If not, we suppose the (BVP)(2.1)-(2.2) has positive solution u, then
w(§) >0,i=1,2,--- ,m—2 and

m—2 m—2 m— g (E)
u(l) = Z alu(fz) = Z zgz Z iT= 2 =
i=1 i=1 i1 § 3
where £ = min{¢y, &, -+, &n_2 ) satisfies %@ = min {u(él), u(5§22)7 e u(ézij) },
which contradicts to the concave of u(t). The proof is completed. O
Lemma 2.4. Let a; > 0,1 = 1,---, 20<lealgl<1 d>0. If

y € C[0,1] and y > 0, then the um’que positive solution u(t) of (BVP)(2.1)-
(2.2) satisfies
inf  wu(t) > ol|ull,
i (t) > of|ull

amf2(1_§7n72)

where o = min{ TR — am—2Em—2, fm—2} Null = SUP¢e[o,1] lu(t)|.

Proof. Let u(t) = max;e(o 1] u(t) = [|u||, we shall discuss it from the following
two perspectives:
Casel: If 0 < 37" %a; < 1.

Firstly, assume # < &,—2 < 1, and so minyepe,, _, 1ju(t) = u(1). By u(l) =

22_12 a;u(&) > am—ou(&m—2) we have

ut) < u(l)+ Yzl g )
=u(l) - 1_51 - u(l) + 1_§L,2u(§m—2)
<u(l) ( - gm > am_2(11—§m_2))
- (1)11171 azn(ll QEZ ;)
So
min  u(t) > am—2(1 _5m—2)\|uu. (2.6)

t€lfm—2,1] -1 am—?&m—?
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Secondly, assume &, 2 < t < 1, then mince , ju(t) = u(l). Otherwise,
we have mingepe,, , 1) u(t) = u(&m— 2) then ¢ € [§m—2, 1], u(§m—2) > u(§m—1) >
> u(é2) > u(éy). By 0<>m aZ < 1 we have

= Z a;iu(&;) < Z aiu(§m—2) < u(§m—2) < u(l)
i=1 i=1
a contradiction. -
By concave of u(t) we get % > ub > u(t). In fact, since u(l) >

2 = T
U(l)

am—2u(§m—2), then - ~ > u(t), which implies

t) > am—2&m— . 2.7
te[?,,lfi,u“( ) = am—2€m—2lul| (2.7)

Case2: If Y7 Za; > 1.

Firstly, assume u(§m—2) < u(1), then ming,  , nu(t) = w(§m-2). By
concave of u(t) we have t € [§;,—2, 1], which implies u(gi:@:;) > Tt) u(t),
then

min  u(t) > &n_a||ull. (2.8)
te[fm—%l]

Secondly, assume u(&,—2) > u(1), and so minge,, , ;yu(t) = u(1), and t €
[£1,1]. If not, € € [0,&1), then u(&1) > -+ > u(&m—2) > u(1). So we have

m—2 m—2
=2 awul6) > u() 3 as 2 u(1)
i—1 =1

a contradiction. By Y ;" % a; > 1 there exists £ € {&1,&2, - ,&m—2} such that

| \/

u(€) < u(l), then u(&) < u(&) < -+ < u(ém_2) < u(l). By concave of u(t)
we have 6(1) (él) > (t) > u(t), then
min  u(t) > & llul|. (2.9)
tE[fm_g,l}

Therefore, by (2.6)-(2.9) we have
inf  u(t) > o||ull,
L (t) = oflul|

am72(1_§m72)
l_a’Vn72§m72 ’

Am—2&m—2, §m_2}. The proof is completed.
O

where o = min{

Lemma 2.5. Suppose that d # 0, then the Green’s function for the BVP
—u"(t)=0, 0<t<l,

Bu(0) —yu'(0) =0,  w(l)= Z a;u(&;)
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s given by
G(t,s)

(Bs+7) [(1—t) =S Pa(g — 1)

0<t<1, 8351,d83t;
(Bs+7) (L —t) = X752 aj(& — )(Bs + ) + S0} a; (B +)(t — 5)

)

d
Eo1 St<&, 2<r<m—1, &1 <t<& 2<i<rs<t;

(Bt +7) |(1—5) = X2 ai(& — s)

I

d
1 St<&, 2<r<m—1, {1 St<§ 2<i<nrt<s;

(Bt +7)(1 —s)
d )
L 0<t<1, gno<s<1, t<s.

(2.10)

Here for the sake of convenience, we write £ = 0,&pn—1 = 1.

Proof. If 0 < t < &, the unique solution (2.3) given by Lemma 2.1 can be
rewritten as

M2 e
U(t) :f(;f (ﬂs+7)[(1 t) dEg:l ](6] t)]y(s)ds

—8)=""" 2 a;(Ej—s
RS D e G A

(Bt +7) [(1—5) = 72 a,( — s)
+ 5 e ! [ y - ]y(S)ds

1 1-
+f§m_2 7@“2( S)y(s)ds.
Similarly, if §_1 <t < &.,2 < r < m — 2, the unique solution (2.3) can be
expressed

) =S"m2 e
) _ 051 (ﬁs-{—y)[(l 1) §]:1 (& t)]y(s)ds

u(t

S

—t)— (”7.201,- - — S 'L._*la. . —s
+Z:21 f&i_l (Bs+7)(1-) =377 a;(§; t)c(lﬁ )+ 520 a5 (BE (¢ )y<3)d

=S 2 e S il i —s
+f§tr_1 (Bs+7)(1-)=3>"7" " a; (&5 t);ﬁ A5 4 (BE+(E )y(s)ds

) =S"m—2 (e
e (Bt+)[(1—5) dzjzr (& s)]y(s) ds
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6t+7 (1 S) Z;m zQQJ(sj_S)] (S)ds

z r+1 fﬁ:

"‘fgm,Q 76t+73(178)y(s)d3.

If &n—2 <t <1, the unique solution (2.3) can be given in the form

:fol (ﬂ3+7)[(1 t) de:l J(£] t)]y(s)ds

u(t)

e (Bs+7)(1-)-Y 72 a <5ft>c<fs+w>+zj GG

- i1 a; (8¢5 —s
+f£tm72 (Bs+7)(1 t)+ZJC71 3 (BE+7) (¢ )y(s)ds

+ftl (6t+7;(1_8)y(5)d8-

Lemma 2.5 is proved. U

By Lemma 2. 5 the unique solution of (BVP)(2.1)-(2.2) is u(t fo

y(s)ds. Let w(t fo s)ds. Obviously w(t) is the unique solutlon of
(BVP)(2.1)-(2. 2) for y(t ) h(t).

Lemma 2.6. Let X = C[0,1, K ={u € X :u > 0}. Suppose T : X — X is
completely continuous. Define 0 : TX — K by

(0y) = max{y(t),w(t)}, for yeTX,
where w € C[0,1],w(t) > 0 is given function. Then
QoT: X - K
s also a completely continuous operator.

Proof. The complete continuity of 7' implies that T is continuous and maps
each bounded subset in X to a relatively compact set. Denote 0y by 7.
Given a function h € C[0,1], for each € > 0 there is 6 > 0 such that

|Th —Tg|| <e, for ge X, |lg—nh|l<6é.

Since

((0Th)(t) — (0Tg)(1)] = [max{(Th)(t),w(t)} — max{(Tg)(t),w(t)}|
< [(Th)(t) = (Tg)(®)]

<eg,
we have
1(0T)h — (0T)g|| <&, for g€ X,|lg—h|| <4,

and so 0T is continuous.
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For any arbitrary bounded set D C X and Ve > 0, there are y;,i =
1,2,---,m such that

TD C | J B(yi ¢)
i=1
where B(y;, €) :={u € X : ||lu —y;|| < e}. Then, for Vy € (§ o T')D, there is a
y € T'D such that y(t) = max{y(t),w(t)}. We choose i € {1,2,---,m} such
that ||y — yi|| < e. The fact

< —y; (1),
fé}%’i‘y() 7 (1) tgl[gf]!y() yi(t)|

which implies § € B(y;,¢). Hence (6 o T)D has a finite ¢ — net and therefore
(0 o T')D is relatively compact. O

3. THE MAIN RESULTS

Let X = C[0,1], K = {u € X : u > 0}. Denote by ||.|| the supremum
norm on X.
In the rest of the paper, we make the following assumptions:

(Hl)ﬂ,’y>06+'y>0ai201'_12 -om—3,am—2 >0,0< & <

& < < bna <10 <YM alg,<1 d=p1-1 a&) +

’7(1 - le 2) >0; )
(H2) f:]0,1] x [0,4+00) — R is continuous ;

(H3) h(t) is a nonnegative measurable functlon on [0,1] with 0 < fo t)dt <
0.

Obviously, G(t,s) > 0. By Holder’s inequality, we have

1

/|Gts \ds<</ |Gt5\2d5>é</01|h(s)]2ds)2<oo,t€[0,1].

Let A = maxo<i<1 fo G(t, s)h(s)ds.
Theorem 3.1. Suppose there exist r > M > 0 such that
M r

0< — a<b= . 3.1
minp<¢<1 f(ta Mw(t)) AmaXO<t<1 Mw(t)<u<r f(tv u) ( )

Then, for each A € (a,b), the (BVP) (1.1)-(1.2) has at least one positive
solution uq(t) such that

0 < Mw(t) <wui(t), and |lui]] <.
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Proof. Let
fr (tv ’U,) =

and define T': K — X by

{ f(t,u), u > Mw(t),
ft,Mw(t)), u< Mw(t),

1
(Tu)(t) = )\/0 G(t, s)h(s)f*(s,u(s))dst € [0, 1].

Then T is a completely continuous operator on K. For the operator 6 : X — K
defined by
(Bu)(t) = max{u(t), 0},
by Lemma 2.6 we can know that §oT : K — K is also completely continuous.
Take Q = {u € K : ||[u|]|] < r}. Given u € 9Q, set I = {t € [0,1] :
f*(t,u(t)) > 0}. Then

(0o T)u(t) = max {)\ fol G(t,s)h(s)f*(s,u(s))ds, 0}
< X[, G(t,s)h(s) f*(s,u(s))ds

< bmaxo<i<i,0<u<r f5(t,u) [; G(t, s)h(s)ds
< Abmaxo<i<i, Muw(t)<u<r f(t; 1)
<.
If there is a u € OS2 such that (6 o T)u = u, then 6 o T has a fixed point in Q.
Suppose for ¥V u € 02 such that (6 o T)u # u, it follows that
degg{l —0oT,Q,0} =1,

where degg stands for the degree on cone K. Then 6 o T has a fixed point in
Q. So in both the cases 6 o T has a fixed point u; in €.
We claim that
(Tup)(t) > Mw(t), te]0,1]. (3.2)
Otherwise, there exists ¢y € [0,1] such that
0) =

Muw(ty) — (Tu1)(to) = trél[(z]ulc]{Mw( )— (Tuy)(t)} = L > 0. (3.3)

Now we prove tg € (0,1). Suppose the contrary, if ¢ty = 0, then Mw'(0) —
(T'u1)'(0) < 0. Since both Mw(t) and (T'up)(t) satisfy the boundary condition
(1.2), we have

BIMw(0) = (Tu1)(0)] — v[Mw'(0) — (Tu1)'(0)] =0,

which contradicts condition (Hj). If tg = 1, we have

m—2 m—2
L= Muo(l) - (Tu)(1) = 3 a[Mew(&) — (Tu)(&)] < Y L < L
i=1 =1



Positive solutions for nonlinear second-order m-point boundary value problems 191

a contradiction. So tg € (0,1), and M’ (tg) — (Tu1) (to) = 0.
We prove
Mw(t) > Tuy(t), te]o0,1]. (3.4)
Otherwise, there exists t; € [0, %) U (o, 1] such that
Mw(t1)—(Tui)(t1) =0, and Mw(t)—(Tu1)(t) > 0, t € (t1,t0] or t € [to,t1).
Without loss of generality, we suppose t; € [0,%). Then for ¢ € (1, t0],
Mu'(t) = (Tw)'(t) = MW’(tO) — (Twr) (to) — [[° M/ (s) = (Tw)'(5))'ds
= J;° h(s)[M = Af* (s, u(s ))]ds
= J;" h(s)[M = Af(s, Mw(t))]ds

;
< [M — aminyep 1) f(t, Mw(t))] ftto h(s)ds
-0,
e, Mu'(t) — (Tuy) (t) <0, and then
Muw(to) — (Tur)(to) < Mw(ty) — (Tu1)(t1) = 0,
which contradicts to (3.3). So (3.4) holds.

However,

Me(te) — (Tur)(ty) = / G(to, s)h(s)Mds — \ /O G(to, $)h(s) £ (s, ur (s))ds
/ G(to, s)h(s)[M — Af*(s,u1(s))]ds

<[M —a min_f(t, Mw(t) /Gto,

t€[0,1]
=0.
which contradicts to (3.3). So (3.2) holds. Then (o T)u; = Tu; = u; and
uy(t) is a solution of (BVP) (1.1)-(1.2). O

Corollary 3.1. Suppose there exists a constant M > 0 such that

M
_ >0 3.5
minp<¢<1 f(t, Mw(t)) &
and
iy AX0<i<1 f(t,u) <o. (3.6)

U—00 U
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Then, for each A > a, the (BVP) (1.1)-(1.2) has at least one positive solution
ui(t) such that
0 < Mw(t) <wui(t), |ui]] < oo.

Proof. 1t suffices to show that for b > a, there exists r > 0 such that

-
b < . 3.7
T Amaxo<i<i Muw(t)<u<r f(t; 1) (3.7

Fix b > a > 0. By condition (3.6), we can know there exists L > 0 such that

t 1
maxoze<y /(1 v) <-—, for u>1L,
U bA
and there exists r > L such that
maxo<i<1,Muw(t)y<u<i f(t; 1) 1
r bA’

Hence
MaXeco<i<1, Mo(t)<u<r f (> 1)
r

{ maxXg<;<1, Mw(t)y<u<r f(t: %) maxo<i<i n<u<r f(t,0) }
< max )

T r

1 rnaxogtgl f(t, u)
< max< —, max
bA’ L<u<r u
< 1
bA’
and in turn (3.7) holds. Applying Theorem 3.1, we prove this theorem since
b > a is arbitrary. O

Theorem 3.2. Suppose f(t,0) > 0,h(t)f(t,0) #Z 0, and there exists a constant
r > 0 such that

r
-~ Amaxo<i<i 0<usr (1)
Then, for each A\ < b, the (BVP)(1.1)-(1.2) has at least one positive solution
u1(t) satisfying

b > 0. (3.8)

0 < ||ur]| <.

e w0,
d (t’“)_{ F(5,0) —u, u(t) <0,

The rest proof is similar to Theorem 3.1, we omit it. O

Proof. Set
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Corollary 3.2. Suppose condition (3.6) holds and

F(£,0) = 0,h(t)f(,0) £ 0,t € (0,1).

Then, for each A € R, the (BVP)(1.1)-(1.2) has at least one positive solution
uy(t) satisfying

0 < ||ui]| <.

Proof. Condition (3.8) can be deduced from (3.6) for any b > 0. Theorem 3.2
implies this corollary. O

1]

[11]
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