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Abstract. In this paper, we construct an iteration scheme involving a hybrid pair of the
Suzuki generalized nonexpansive single-valued and multi-valued mappings in a complete
CAT(0) space. In process, we remove a restricted condition (called end-point condition) in
Akkasriworn and Sokhuma’s results [2] in Banach spaces and utilize the same to prove some
convergence theorems. The results in this paper, are analogs of the results of Akkasriworn

et al. [3] in Banach spaces.

1. INTRODUCTION

Fixed point theory in a C AT (0) space was first studied by Kirk [12, 13]. He
showed that every nonexpansive mapping defined on a bounded closed convex
subset of a complete CAT'(0) space always has a fixed point. Since then the
existence problem of fixed point and the A-convergence problem of iterative
sequences to a fixed point for nonexpansive mappings, Suzuki generalized non-
expansive mappings in a C AT'(0) space have been rapidly developed and have
appeared in many papers [4, 10, 11, 18].
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Let (X,d) be a geodesic metric space. We denote by 2% the family of
nonempty subsets of K, by FB(K) the collection of all nonempty closed
bounded subsets of K, by KC(K) the collection of all nonempty compact
convex subsets of K.

A subset K of X is called proximinal if for each x € X, there exists an
element £ € K such that

d(z, k) = dist(z, K) = inf{d(z,y) : y € K}.
We denote by PB(K), the collection of all nonempty bounded proximinal
subsets of K.
Let H be the Hausdorff metric with respect to d, that is,
H(A,B) = max{ sup dist(z, B), sup dist(y, A) } , A,B € FB(X),
€A yeB

where dist(z, B) = inf{d(z,y) : y € B} is the distance from the point x to the
subset B.
A mapping t : K — K is said to be nonexpansive if

d(tz,ty) < d(z,y) for all z,y € K.

A mapping ¢t : K — K is said to be Suzuki generalized nonexpansive if
1
id(x,ta:) <d(z,y) = d(tz,ty) < d(x,y) for all x,y € K.

A point z is called a fixed point of t if tx = .
A multi-valued mapping T': K — FB(K) is said to be nonezpansive if

H(Tz,Ty) <d(x,y) for all z,y € K.

In 2010, Abkar and Eslamian [1] mentioned the Suzuki generalized multi-
valued nonexpansive mapping as follows:

A multi-valued mapping T': K — FB(K) is said to be a Suzuki generalized
multi-valued nonexpansive mapping if

1
idist(x,T:c) <d(z,y) = H(Tz,Ty) < d(x,y) for all z,y € K.
Let T : K — PB(K) be a multi-valued mapping and define the mapping
Pr for each = by
Pr(z) :={y € Tz : d(z,y) = dist(x,Tz)} .
A point z is called a fixed point for a multivalued mapping T if x € Tx.
We use the notation F'iz(T') stands for the set of fixed points of a mapping

T and Fiz(t) N Fiz(T) stands for the set of common fixed points of ¢t and T'.
Precisely, a point z is called a common fixed point of ¢t and T if tx = x € Tx.
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In 2009, Laokul and Panyanak [14] defined the iterative algorithm and
proved the A—convergence for nonexpansive mapping in C'AT(0) spaces as
follows:

Theorem 1.1. Let K be a nonempty closed convex subset of a complete
CAT(0) space and t : K — K be a nonexpansive mapping with Fix(t) :=
{z € C:tx =z} # 0. Suppose the sequence {x,} is generated iteratively by
x1 € C,
Yn = Bntxn & (1 - Bn)xna
Tn4+1 = ontyy ®© (1 - Oén)-fn,
for all n € N, where {a,,} and {B,} are real sequences in [0, 1] such that one
of the following two conditions is satisfied:
(i) an € [a,b] and By, € [0,0] for some a,b with 0 < a <b < 1,
(ii) an € [a,1] and B, € [a,b] for some a,b with 0 < a <b < 1.
Then the sequence {x,} is A-convergent to a fized point of t.

In 2010, Sokhuma and Kaewkhao [21] proved the convergence theorem for
a common fixed point in Banach spaces as follows:

Theorem 1.2. Let K be a nonempty compact convexr subset of a uniformly
convex Banach space X, andt: K — K and T : K — KC(K) be a single-
valued nonexpansive mapping and a multi-valued nonexpansive mapping, re-
spectively. Assume in addition that Fixz(t) N Fiz(T) # 0 and Tw = {w} for all
w € Fiz(t) N Fiz(T). Suppose that the iteration {x,} is generated by x1 € K,

{ Yn = (1 - /Bn):pn + BTLZTH

Tnt1 = (1 — ap)xy + antyn,

for all n € N, where z, € Tz, and {a,}, {6n} are sequences of positive
numbers satisfying 0 < a < ay, B < b < 1. Then the sequence {x,} converges
strongly to a common fized point of t and T'.

In 2013, Sokhuma [19] proved the convergence theorem for a common fixed
point in CAT(0) spaces as follows:

Theorem 1.3. Let K be a nonempty compact conver subset of a complete
CAT(0) space X, andt : K — K and T : K — FC(K) a single-valued
nonexpansive mapping and a multi-valued nonexpansive mapping, respectively,
and Fix(t) N Fia(T) # O satisfying Tw = {w} for all w € Fix(t) N Fia(T). Let
the iterative sequence {x,} is generated by z1 € K,

{ Yn = (1 - ﬁn)-rn ® Bnzn,

T = (1= an)n © antyn,
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for all n € N, where z, € Tz, and {a,}, {6n} are sequences of positive
numbers satisfying 0 < a < ay, B < b < 1. Then the sequence {x,} converges
strongly to a common fized point of t and T'.

In 2015, Akkasriworn and Sokhuma [2] proved the convergence theorem for
a common fixed point in a complete CAT(0) spaces as follow:

Theorem 1.4. Let K be a nonempty bounded closed convex subset of a com-
plete CAT(0) space X, t : K - K and T : K — FB(K) an asymptoti-
cally nonexpansive mapping and a mult-iwalued nonexpansive mapping, respec-
tively. Assume that t and T are commuting and Fix(t) N Fiz(T) # 0 satisfying

Tw = {w} for all w € Fiz(t) N Fiz(T) and Y (kn, — 1) < co. Let {x,} be the

n=1
sequence of the modified Ishikawa iteration defined by

{ Yn = (1 - Bn)xn D Bnzn,

Tn4+1 = (1 - an)xn @ antnyny

for all n € N, where z, € T(t"z,) and {an}, {fn} € [0,1]. Then {z,} is
A-convergent to a common fixed point of t and T'.

In 2019, Sokhuma [20] proved the convergence theorem for a common fixed
point in C'AT(0) spaces as follow:

Theorem 1.5. Let K be a nonempty bounded closed convex subset of a com-
plete CAT(0) space X, t: K — K be a single-valued asymptotically nonexpan-
sive mapping, and T : K — PB(K) be a multi-valued nonexpansive mapping
and Pr(z) ={y € Tx : d(x,y) = dist(x,Tx)}. For fired x; € K. The sequence
{zn} of the Ishikawa iteration is defined by

{ Yn = (1 - Bn)xn ® Bnzn,

Tnt1 = (1 — ap)xn ® ant™yn,

for all n € N, where z, € Pr(t"zy,) and {a,}, {Bn} € (0,1). Then {x,} is
A-convergent to a common fized point of t and T.

In 2011, Espinola et al. [9] proved the theorem for a common fixed point in
CAT(0) spaces as follows:

Theorem 1.6. Let X be a complete uniformly convex space with convex metric
and K be a bounded closed convexr subset of X. Suppose t : K — K and
T: K — KC(X) be a Suzuki generalized nonexpansive single-valued and a
multi-valued mapping, respectively. If t and T are commute, then there exists
w € K such that tw = w € Tw.
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The purpose of this paper is to study the iterative process, called the
Ishikawa iteration method with respect to the Suzuki generalized nonexpan-
sive single valued and multivalued mapping in a complete C' AT'(0) space. We
also establish the convergence theorem of a sequence from such process in a
nonempty bounded closed convex subset of a complete CAT'(0) spaces. We
remove a restricted condition (called end-point condition) in Akkasriworn et
al. [3] and Sokhuma [20] results.

Now, we introduce an iteration method modifying the above ones and call
it the Ishikawa iteration method.

Definition 1.7. Let K be a nonempty bounded closed convex subset of a
complete CAT(0) space X, t: K — K and T : K — PB(K) be a Suzuki gen-
eralized nonexpansive single-valued and a multi-valued mapping, respectively
and

Pr(z)={y € Tz : d(z,y) = dist(z,Tz)} .
For fixed 21 € K. The sequence {xz,} of the Ishikawa iteration is defined by

{ Yn = (1_,8n)$n@/8nzn7 (11)

Tptl = (1 — Ozn)CCn @ antyn,

for all n € N, where z,, € Pr(tz,) and {a,}, {8} € (0,1).

2. PRELIMINARIES

With a view to make, our presentation self contained, we collect some rel-
evant basic definitions, results and iterative methods which will be used fre-
quently in the text later.

Let (X,d) be a metric space. A geodesic path joining x € X toy € X is a
map c from a closed interval [0, s] C R to X such that ¢(0) = z, ¢(s) =y, and
d(c(t),c(u)) = |t — ul for all t,u € [0,s]. In particular, ¢ is an isometry and
d(xz,y) = s. The image « of ¢ is called a geodesic (or metric) segment joining x
and y. When it is unique this geodesic segment is denoted by [z, y]. The space
(X,d) is said to be a geodesic space if every two points of X are joined by a
geodesic, and X is said to be uniquely geodesic if there is exactly one geodesic
joining = and y for each z,y € X. A subset Y C X is said to be convex if Y’
includes every geodesic segment joining any two of its points.

A geodesic triangle A(x1, x2, x3) in a geodesic metric space (X, d) consists of
three points x1, xe, z3 in X (the vertices of A) and a geodesic segment between
each pair of vertices (the edges of A). A comparison triangle for the geodesic
triangle A(z1,22,23) in (X, d) is a triangle A(wz1, 22, 23) := A(Z1,T2,T3) in
the Euclidean plane E? such that dg»(%;, T;) = d(z;, z;) for 4,5 € {1,2,3}.
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A geodesic space is said to be a CAT(0) space if all geodesic triangles of
appropriate size satisfy the following comparison axiom.

Let A be a geodesic triangle in X and let A be a comparison triangle for
A. Then A is said to satisfy the CAT(0) inequality if for all z,y € A and
all comparison points Z,y € A, d(z,y) < dg2(Z,7). If 2,91, y2 are points in a
CAT(0) space and

1 1
Yo = §y1 S 592’
then the CAT(0) inequality implies that

1 1 1
d(l’, 90)2 < id(x7y1)2 + id(x>y2)2 - Zd(ylayQ)Q' (21)

This is the (C'N) inequality of Bruhat and Tits [6]. In fact, a geodesic space
is a CAT(0) space if and only if it satisfies the (CN) inequality [5].

The following results and methods deal with the concept of asymptotic
centers. Let K be a nonempty closed convex subset of a C AT'(0) space X and
{z} be a bounded sequence in X. For x € X, define the asymptotic radius of
{z,} at x as the number

r(z,{zn}) = limsup d(x,, ).

n—oo
Let
r=r(K,{z,}) =inf {r(z,{z,}) 12 € K}
and
A= AK {z,}) ={z € K :r(z,{zn}) =r}.
The number r and the set A are called the asymptotic radius and asymptotic
center of {z,} relative to K, respectively.

It is easy to know that if X is complete CAT(0) spaces and K is a closed
convex subset of X, then A(K, {z,}) consists of exactly one point. A sequence
{z,,} in CAT(0) space X is said to be A-convergent to z € X if  is the unique
asymptotic center of every subsequence of {z,}. A bounded sequence {x,} is
said to be regular with respect to K if for every subsequence {x }, we get

(K, {an}) = r(K {z,,}).
We now give the definition of A-convergence.

Definition 2.1. ([13, 16]) A sequence {z,} in a CAT(0) space X is said to

be A-convergent to z € X if x is the unique asymptotic center of {u,} for

every subsequence {u,} of {x,}. In this case we write A — lim z, = z and
n—o0

call  the A-limit of {z,}.
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We now collect some elementary facts about C AT(0) spaces which will be
used in the proofs of our main results. The following lemma can be found in
(7, 8, 13].

Lemma 2.2. ([7]) If K is a closed convex subset of a complete C AT(0) space

and {x,} is a bounded sequence in K, then the asymptotic center of {x,} is
n K.

Lemma 2.3. ([8]) Let (X,d) be a CAT(0) space.

(i) For z,y € X and u € [0,1], there exists a unique point z € [z,y] such
that

d(z,z) =ud(z,y) and d(y,z)= (1 —u)d(x,y). (2.2)

We use the notation (1 — w)x @ ty for the unique point z satisfying
(2.2).
(ii) For xz,y,z € X and u € [0, 1], we have

d((1 —u)x P uy, z) < (1 —wu)d(x,z) + ud(y, 2).

Lemma 2.4. ([13]) Every bounded sequence in a complete CAT(0) space has
a A-convergent subsequence.

We now collect some basic properties of Suzuki generalized nonexpansive
mapping. Although the proofs follow the idea of the proofs in [22]. The
following two propositions are very easy to verify.

Proposition 2.5. Let K be a nonempty subset of a CAT(0) space X and
t: K — K be a nonerpansive mapping. Then t is a Suzuki generalized nonex-
pansive mapping.

Proposition 2.6. Let K be a nonempty subset of a CAT(0) space X. Suppose
t: K — K is a Suzuki generalized nonexpansive mapping and has a fixed point.
Then t is a quasi-nonerpansive mapping.

Lemma 2.7. Let K be a nonempty subset of a CAT(0) space X. Suppose
t: K — K is a Suzuki generalized nonexpansive mapping. Then

d(w,ty) < 3d(tz, x) + d(z, y)
holds for all x,y € K.

The existence of fixed points for generalized Suzuki nonexpansive mappings
in CAT(0) spaces was proved by Nanjaras et al. [17] as the following result.
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Theorem 2.8. Let K be a nonempty bounded closed convex subset of a com-
plete CAT(0) space X. Suppose t : K — K is a Suzuki generalized nonexpan-
sive mappings. Then t has a fized point in K.

Lemma 2.9. Let K be a closed and convex subset of a complete C AT (0) space

X andlett: K — X be a generalized Suzuki nonexpansive mappings. Let {x,,}

be a bounded sequence in K such that lim d(tx,,x,) =0 and A— lim z,, = w.
n—oo n—oo

Then tw = w.

The following fact is well-known [15].

Lemma 2.10. Let X be a complete CAT(0) space and let x € X. Suppose

{an} is a sequence in [a,b] for some a,b € (0,1) and {x,},{yn} are sequences

in X such that imsupd(z,,z) < r, imsupd(y,,z) < 7, and lim d((1 —
n—oo

n—0o0 n—o0
)Ty O aplyn, ) =1 for some r > 0. Then lim d(z,,y,) = 0.
n—oo

Lemma 2.11. Let X be a CAT(0) space, K be a nonempty compact convex
subset of X and {x,} be a sequence in K. Then,

dist(y, Ty) < d(y, xn) + dist(xn, Txy) + H(T2p, Ty),
where y € K and T be a multi-valued mapping from K in to FB(K).

3. MAIN RESULTS

We first prove the following lemmas which play very important roles in this
section.

Lemma 3.1. Let T : K — PB(K) be a multi-valued mapping and
Pr(z)={y € Tz :d(x,y) = dist(z,Tx)}.
Then the followings are equivalent:
(1) = € Fiz(T), that is v € Tx;
(2) Pr(z) = {z}, that is x =y for each y € Pr(x);
(3) = € Fix(Pr), that is x € Pp(x).
Further, Fix(T) = Fix(Pr).
Proof. (1) = (2). Since z € Tz, d(x,Tz) = 0. Therefore, for any y €
Pr(z), d(z,y) = dist(z, Tz) = 0 and so x = y. That is, Pr(z) = {z}.
(2) = (3). Since Pr(x) = {z}, z € Fix(Pr) and we get x € Pr(x).
(3) = (1). Since z € Fix(Pr), x € Pr(z). Therefore,
d(z,z) = dist(z,Tz) =0

and so « € Tx by the closedness of Tx. This implies that Fix(T") = Fix(Pr).
O
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Lemma 3.2. Let K be a nonempty bounded closed convex subset of a complete
CAT(0) space X, t: K — K and T : K — PB(K) be a single-valued and
a multi-valued of Suzuki generalized nonexpansive mapping, respectively, with
Fiz(t) N Fiz(T) # 0 such that Pr is nonexpansive. Let {x,} be the sequence
of Ishikawa iteration defined by (1.1). Then nlggo d(xn,w) exists for all w €

Fiz(t) N Fiz(T).
Proof. Let 1 € K and w 6 Fix(t) N Fix(T), in view of Lemma 3.1 we have
w € Pr(w) = {w}. Since, 3d(tw,w) = 0 < d(zp,w), d(tz,,tw) < d(zn,w).

Similarly, we obtain $d(tw, w) =0 < d(yn,w), and then we get d(tyn, tw)
< d(yn,w). Now consider,

d(Yn, w) = d((1 — Bn)Tn ® Bnzn, w)
< (1 — Br)d(2n, w) + Brd(zn, w)
— Bp)d(xp, w) + Bupdist(zy, Pr(w))
)
)
)
)

)
(
(
(Tn, w) + BnH (Pr(tzy), Pr(w))
(
(
(

g

d(zn,w) + Bpd(tz,, w)
+ Bnd(tzy, tw)
1 —Bn d(p, w) + Bnd(zn, w)
= d(zp, w).
Hence, d(yn,w) < d(zp,w). It implies that
d(Znt1,w) = d((1 — )Ty © antyn, w)
< (1= ap)d(xn, w) + apd(tyy, tw)
= (1 — ap)d(zp, w) + and(yn, w)
< (1 —ap)d(zn,w) + and(xy,, w)
=d(xp,w).

Bn d xnaw

Since {d(zn,w)} is bounded below and decreasing sequence, we obtain the
limit of {d(zy,w)}. O

Lemma 3.3. Let K be a nonempty bounded closed convex subset of a complete
CAT(0) space X, t: K — K and T : K — PB(K) be a single-valued and
a multi-valued of Suzuki generalized nonexpansive mapping, respectively, with
Fiz(t) N Fiz(T) # O such that Pr is nonexpansive. Let {x,} be the sequence of
Ishikawa iteration defined by (1.1). If 0 < a < a,, < b < 1 for some a,b € R.
Then nh_)rrolo d(tyn, xn) = 0.

Proof. Let 1 € K and w € Fix(t) N Fix(7T), in view of Lemma 3.1 we have
w € Pr(w) = {w}. From Lemma 3.2, we setting li_)m d(xn,w) = c. Recall
n—oo
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that, d(ty,,w) = d(tyn, tw) < d(yp, w) < d(z,,w). Then we have,
lim sup d(ty,, w) < limsup d(yn,w) < limsup d(z,,w) = c. (3.1)
n— o0

n—oo n—o0
Since, ¢ = lim d(zp41,w) = lim d((1 — an)x, ® anty,, w), it follows from
n—oo n—oo
the condition of a,, and Lemma 2.10 that lim d(ty,,z,) = 0. O
n—oo

Lemma 3.4. Let K be a nonempty bounded closed convex subset of a complete
CAT(0) space X, t: K — K and T : K — PB(K) be a single-valued and
a multi-valued of Suzuki generalized nonexpansive mapping, respectively, with
Fiz(t) N Fiz(T) # O such that Pr is nonexpansive. Let {x,} be the sequence of
Ishikawa iteration defined by (1.1). If 0 < a < a,, < b < 1 for some a,b € R.
Then lim d(xy, z,) = 0.

n—o0
Proof. Let 9 € K and w € Fix(t) N Fix(T), in view of Lemma 3.1 we have
w € Pr(w) = {w}. Consider,
d(xpi1,w) = d((1 — ap)zn © antyn, w)
< (1= ap)d(xn, w) + apd(ty,, w)

<(1- an)d(azn, w) + and(Yn, w)

d(zn, w) — and(Ty, w) + and(yn, w)
= d(zn, w) + an(d(yn, w) — d(zn, w))

IN

and hence
d(@p41, w) — d(zn, w)
7%
Therefore, since 0 < a < a, < b < 1,
(d(xn+1, w) — d(xy, w))

Oln,

< d(ym w) - d(‘rm w)'

+ d(zp, w) < d(yn,w).

Thus,

lim inf { (d(x"“’ w) — d(@n, w)> + d(zn, w)} < liminf d(y,, w).

n—oo Oy, n— 00

It follows that
¢ < liminf d(y,, w).

n—0o0

Since, from (3.1), limsup d(yn, w) < ¢, we have

n—oo
c= ILm d(Yn,w) = ILm d((1 = Bp)xn ® Ppzn,w). (3.2)

Recall that
d(zn, w) = dist(zy, Pr(w)) < H(Pr(tz,), Pr(w)) < d(tx,,w) < d(z,,w).
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Hence we have

lim sup d(zp, w) < limsup d(z,,w) = c.
n—oo n—oo

Since 0 < a < o, < b < 1 for some a,b € R and (3.2) we obtain
lim d(xy, 2z,) = 0.
n—o0
O

Lemma 3.5. Let K be a nonempty bounded closed convex subset of a complete
CAT(0) space X, t: K — K and T : K — PB(K) be a single-valued and
a multi-valued of Suzuki generalized nonexpansive mapping, respectively, with
Fiz(t) N Fiz(T) # 0 such that Pr is nonexpansive. Let {x,} be the sequence
of Ishikawa iteration defined by (1.1). If 0 < a < ap, B < b < 1 for some
a,b € R. Then nh_)rgo d(txn, x,) = 0.

Proof. By Lemma 2.7, we obtain

d(tzy, xy) < d(txn, yn) + d(Yn, Tn)
< 3d(tyn, yn) + d(xn, yn) + d(xn, yn)
= 3d(tyn, yn) + 2d(zpn, yn)
< 3d(tyn, ) + 3d(Tn, yn) + 2d(zn, yn)
= 3d(tyn, xn) + 5d(Tn, Yn)
= 3d(tyn, xn) + 5d(xn, (1 — Bp)xn ® Bnzn)
< 3d(tyn, xpn) + 5(1 — Bn)d(xn, xy) + 50nd(xn, 2,)
= 3d(tyn, xn) + 58nd(Tn, 2n).

Therefore, we have
lim d(tzp,x,) < lim 3d(tyn,z,) + lim 58,d(zy, z,)-
n—oo n—oo n—oo

Hence, by Lemma 3.3 and Lemma 3.4, lim d(tz,,z,) = 0. O

n—oo

Theorem 3.6. Let K be a nonempty bounded closed convexr subset of a com-
plete CAT(0) space X, t: K — K and T : K — PB(K) be a single-valued
and a multi-valued of Suzuki generalized nonexpansive mapping, respectively,
with Fiz(t) N Fie(T) # O such that Pr is nonexpansive. Let {x,} be the se-
quence of Ishikawa iteration defined by (1.1). If 0 < a < ay, B < b < 1 for
some a,b € R, then {z,} is A-convergent to y in Fix(t) N Fix(T).

Proof. Since {z,,} is A—convergent to y, from Lemma 3.5, lim d(tx,,z,) = 0.
n—oo

By Lemma 2.9, y € K and ty = y, it follows that y € Fix(¢). By Lemma 2.11,
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which implies that
dist(y, Pr(y)) < d(y, zn) + dist(zn, Pr(ten)) + H(Pr(te,), Pr(y))
< d(y,xn) + d(xn, 2n) + d(txn, y)

< d(xn,y) + d(Tn, 2n) + d(txn, ©n) + d(zn,y) — 0 as n — oco.
It follows that, y € Fix(Pr) then y € Fix(T). Therefore y € Fix(t) N Fix(7T)
as desired. O

Theorem 3.7. Let K be a nonempty bounded closed convex subset of a com-
plete CAT(0) space X, t: K — K and T : K — PB(K) be a single-valued
and a multi-valued of Suzuki generalized nonexpansive mapping, respectively,
with Fix(t) N Fiz(T) # 0 such that Pr is nonexpansive. Let {x,} be the se-
quence of Ishikawa iteration defined by (1.1). If 0 < a < ay, Bn < b < 1 for
some a,b € R, then {x,} is A-convergent to a common fized point of t and T .

Proof. Since Lemma 3.5 guarantees that {z, } is bounded and lim d(tx,,z,) =
n—oo

0. We now let wy(zy) := |JA({un}) where the union is taken over all sub-
sequences {up} of {x,}. We claim that wy(z,) C Fix(t) N Fix(T"), then
there exists a subsequence {u,} of {z,} such that A({u,}) = {u}. By
Lemma 2.2 and Lemma 2.3 there exists a subsequence {v,} of {u,} such
that A — nan;O v, =v € K. Since TLILH;O d(tvy, vy) = 0, then v € Fix(t). Since,

dist(v, Pp(v)) < dist(v, Pr(tv,)) + H(Pr(tvy,), Pr(v))
< d(v, zp) + d(tvy,v)
< d(v,vy) + d(vn, zn) + d(tvn,v) — 0 as n — oo.

It follows that v € Fix(Pr), we get v € Fix(T) by Lemma 3.1. Therefore
v € Fix(t) N Fix(T) as desired. We claim that v = v. If not, since ¢ is
a single-valued Suzuki generalized mapping and v € Fix(t) N Fix(T) such
that nh_)rrolo d(xp,v) exists by Lemma 3.2, then by the uniqueness of asymptotic

center,
lim sup d(vy,, v) < limsup d(vy,, u)
n—o0 n—oo

(
< lim sup d(up, u)
n—oo
< lim sup d(up, v
(
(

n—o0

n—o0

)
= limsup d(xy, v)
)

= limsup d(v,, v),
n—oo

which is a contradiction, and hence v = v € Fix(t) N Fix(T).
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To show that {z,} is A—convergent to a common fixed point, it suffices to
show that w,,(x,) consists of exactly one point. Let {u,} be a subsequence of
{z}. By Lemma 2.2 and Lemma 2.3 there exists a subsequence {v,} of {uy}
such that A — nh_)rrolo v, =v € K. Let A({un}) = {u} and A({z,}) = {z}. We

have seen that u = v and v € Fix(t) N Fix(T).

We can complete the proof by showing that x = v. If not, since lim d(zy,,v)
n—oo

exists, by the uniqueness of asymptotic center,

lim sup d(vp,, v) < limsup d(vy,, )

< limsup d(zy, z)
n—oo

< limsup d(zy, v)

n—oo

= lim sup d(vy,, v)
n—oo

which is a contradiction, and hence the conclusion follows. O
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