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Abstract. In this paper, we study some regularization methods for the problem of finding a
common fixed point of a finite family of nonexpansive mappings T; : C; — C;, i =1,2,..., N
from a closed convex subset C; of an uniformly convex and uniformly smooth Banach spaces
into itself.

1. INTRODUCTION

Let E be a Banach space with its dual space E*. For the sake of simplicity,
the norm of E and E* are denoted by the symbol ||.||. We write (x, z*) instead
of *(x) for z* € E* and x € E. We use the symbols — and — to denote
the weak convergence and strong convergence, respectively.

The problem of finding a fixed point of a nonexpansive mapping 7' : F —>
E is equivalent to the problem of finding a zero of operator A =1 —T.

One of the methods to solve the problem 0 € A(x), with A is maximal
monotone in Hilbert space H, is the proximal point algorithm. This algorithm
is proposed by Rockafellar [10]. Starting from any initial guess z¢ € H, this
algorithm generates a sequence {z,} given by

Tn1 = T2 (2 + €n), (1.1)

where J4 = (I +rA)™" is the resolvent of A on the space H for all r > 0.
Rockafellar [10] proved the weak convergence of his algorithm (1.1) provided
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that the regularization sequence {c,} remains bounded away from zero and
the error sequence {e,} satisfies the condition > 7 |len|| < oo. However,
Guler’s example [7] shows that in infinite dimensional Hilbert space, proximal
point algorithm (1.1) has only weak convergence. An example of the authors
Bauschke, Matouskova and Reich [4] also show that the proximal algorithm
only converges weakly but not in norm.

Ryazantseva [11] extended the proximal point algorithm (1.1) for the case
that A is a m—accretive mapping in a properly Banach space E and proved
the weak convergence the sequence of iterations of (1.1) to a solution of the
equation 0 € A(x) which is assumed to be unique. Then, to obtain the strong
convergence for algorithm (1.1), Ryazantseva [12] combined the proximal al-
gorithm with the regularization, named regularization proximal algorithm, in
the form

n(A(xpt1) + Qn@py1) + Tpy1 = Ty, 2o € E. (1.2)
Under some conditions on ¢, and «,, the strong convergence of {z,} of (1.2)
is guaranteed only when the dual mapping j is weak sequential continuous and
strong continuous, and the sequence {x,} is bounded.

Attouch and Alvarez [3] considered an extension of the proximal point al-
gorithm (1.1) in the form

CnA(unJrl) + Unt1 — Un = ’Yn(un - unfl)a up, u1 € H, (13)

which is called an inertial proximal point algorithm, where {c,} and {v,} are
two sequences of positive numbers. With this algorithm we also only obtained
weak convergence of the sequence {z,} to a solution of problem A(x) > 0 in
Hilbert space when the sequences {c¢,} and {~,} are chosen suitable [3].

The purpose of this paper is to construct an operator version of the Tikhonov
regularization method and give a regularization inertial proximal point algo-
rithm to solve the problem of finding a common fixed point of a finite family
of nonexpansive self - mappings T; : C; — C;, i = 1,2,..., N on a closed
convex subset C; of an uniformly convex and uniformly smooth Banach space
E. Next, in the final section we give an application for the convex feasibility
problems.

2. PRELIMINARIES

Definition 2.1. A Banach space F is said to be uniformly convex if for any
e € (0,2] the inequalities ||z|| < 1, |ly|| < 1, || — y|| > € imply there exists a
0 = d(e) > 0 such that
ool _,
2

The function

0p(e) = inf{l =27l +yll : [lzll = llyl =1, llo —yll =<} (2.1)
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is called the modulus of convexity of the space FE, it defined on the interval
[0, 2] is continuous, increasing and 6 (0) = 0. The space E is uniformly convex
if and only if dg(e) > 0, Ve € (0, 2].

The function

pe(r) =sup{27 (lz +yll + lz —yl) —1: llzll =1, lyll =7},  (2.2)

is called the modulus of smoothness of the space F, it defined on the interval
[0,400) is convex, continuous, increasing and pg(0) = 0.

Definition 2.2. A Banach space F is said to be uniformly smooth if
lim LE(T)

=0. 2.
T—0 T 0 ( 3)

It is well known that every uniformly convex and uniformly smooth Banach
space is reflexive.

Definition 2.3. A mapping j from E onto E* satisfying the condition

J(z)={f € E*: (z, f) = ||z||* and ||f|| = |||} (2.4)
is called the normalized duality mapping of E.

In any smooth Banach space J(z) = 2~ 'grad||z||?, and if E is a Hilbert
space, then J = I, where [ is the identity mapping. It is well known that if
E* is stricly convex or E is smooth, then J is single valued. Suppose that
J is single valued, then J is said to be weakly sequentially continuous if for
each {z,} C E with z, — z, J(z,) = J(z). We denote the single valued
normalized duality mapping by j.

Definition 2.4. An operator A: D(A) C E — 2F is called accretive if for
all z,y € D(A) there exists j(z —y) € J(x — y) such that

(u—v,jx—1y)) >0, Vue A(x), v e A(y). (2.5)

Definition 2.5. An operator A: D(A) C E — 2¥ is called m—accretive if
it is an accretive operator and the range R(AA + I) = E for all A > 0.

If A is a m—accretive operator, then it is a demiclosed operator, i.e., if the
sequence {xy} C D(A) satisfies z,, = = and A(x,) — f, then A(x) = f [2].

Definition 2.6. A mapping T : C — FE is called nonexpansive mapping on
a closed convex subset C' of a Banach space E if
[Tz = Ty| < |lz —yll, Va,y € C. (2.6)

If T: C — F is a nonexpansive mapping, then I — T is accretive operator.
In the case C = F, we have I — T is m—accretive operator.

Definition 2.7. Let C be a nonempty closed convex subset of . A mapping
Q¢ : E — C is said to be
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(i) a retraction onto C if Q% = Qc¢;
(ii) a nonexpansive retraction if it also satisfies the inequality

1Qcx — Qeyll <z —yl, v,y € E; (2.7)
(iii) a sunny retraction if for all z € E and for all ¢ € [0, +00),
Qc(Qcz +t(x — Qex)) = Qcx. (2.8)

A closed convex subset C' of FE is said to be a nonexpansive retract of F, if
there exists a nonexpansive retraction from F onto C and is said to be a sunny

nonexpansive retract of F, if there exists a sunny nonexpansive retraction from
FE onto C.

Proposition 2.8. [1] Let C' be a nonempty closed convex subset of a smooth
Banach E. A mapping Qc : E — C is a sunny nonexpansive retraction if
and only if

(x —Qcz,j(§ — Qgx)) <0, Vx € E, V¢ € C. (2.9)

Reich [9] showed that if E is uniformly smooth and D is the fixed point set of

a nonexpansive mapping from C' into itself, then there is a sunny nonexpansive
retraction from C' onto D and it can be constructed as follows.

Lemma 2.9 (Reich [9]). Let E be a uniformly smooth Banach space and
let T': C — C be a nonexpansive mapping with a fized point. For each
u € C and every t € (0,1), the unique fized point xy € C of the contraction
C oz tut (1 —t)Tx converges strongly as t — 0 to a fized point of T.
Define Q : C — Fix(T) by Qu = s —limy_ox¢. Then Q is the unique sunny
nonexpansive retract from C onto Fix(T); that is, Q satisfies the property

(u—Qu,j(z—Qu)) <0, ueC, ze€ Fiz(T). (2.10)
3. MAIN RESULTS

We need the following lemmas in the proof of our results.

Lemma 3.1. [1] Let E be an uniformly conver and uniformly smooth Banach
space. If A =1 —T with a nonexpansive mapping T : D(A) C E — E then
for all x,y € D(T), the domain of T,

Az — A
(e~ Ap.jta =) > L o (122220, (3.1)
where ||z|| < R, |ly|| < R and 1 < L < 1.7 is Figiel constant.

Lemma 3.2. [8] Let {an},{bn}, {on} be the sequences of positive numbers
satisfying the conditions

(1> Ont1 < (1 - bn)an +op, bp <1;
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(i) D02 g bn = +00, limy 00 07 /by = 0.
Then lim,_sso an = 0.

We consider the problem
Find an element z* € S = N, F(T}), (3.2)

where F'(T;) is the set of fixed points of nonexpansive mappings 7; : C; — C;
and Cj is a closed convex subset of an uniformly convex and uniformly smooth
Banach space £, 71 =1,2,..., N.

Theorem 3.3. Suppose that E is a uniformly conver and uniformly smooth
Banach space which admits a weakly sequentially continuous normalized dual-
ity mapping j from E to E*. Let C; be a closed conver nonexpansive retract
of E and let T; : C; — Cy, ¢ = 1,2,..., N be nonexpansive mappings such
that S = NN, F(T;) # 0.

(i) For each oy, > 0 the equation

N
Z Az(ZEn) + apzn, =0, (3'3)
i=1
has a unique solution x,,, where A; =1 —T;Qc, and Qc, : E — C;
is a monexpansive retraction form E onto C;, i =1,2,...,N;
(ii) If in addition, o, — 0, then z, — Qg0, where Qs : E — S is a
sunny nonexpansive retraction from E onto S and 0 is origin of E.

Moreover, we have the following estimate

ap —
R P ) (3.4
n

where Ry = 2[|Qs0|.

Proof. (i) First, it is clear that 7;Q¢; is a nonexpansive mapping on E and
F(T;) = F(T;,Qc¢,), i = 1,2,..., N, so S = NY, F(T;Qc¢,). Since the operator
S N | A; is Lipschitz continuous and accretive on E, it is m—accretive [5].
Therefore equation (3.3) has a unique solution z,.

(ii) For each z* € S, we have

N
(3 Ailwn), j(@n — 7)) + an{en, j(2n — 27)) = 0. (3.5)
1=1

By the accretiveness of Zf\i 1 A;, we obtain
(Tn, j(@n — ")) < 0. (3.6)
The obtained inequatlity yields the estimates
lzn = 2*)1* < (@, j(@n — 27)) < [la*[[lzn — 27 (3.7)
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Hence, ||z,| < 2||z*|, i.e., the sequence {z,} is bounded. Every bounded set
in a reflexive Banach space is relatively weakly compact. This means that
there exists some subsequence {z,, } C {z,} and an element Z € E such that
T, — T as k — o0.

We will show that Z € S. Indeed, for each i € {1,2,..., N}, z* € S and
R > 0 satisfies R > max{sup ||z,||, ||*||}, and by using Lemma 3.1, we have

o (1) < L taitan) o - 27)

I N
< ?<Z Ak($n)a](37n —z"))
k=1

Lo
< %z lnllllzn = 27|
Loy 1 w112
< 72 2||z*||* — 0, n — oo.

By the continuity of the function dg(.) and the uniformly convexity of Banach
space E, we obtain A;(x,) — 0, n — oo. Every m—accretive operator is
demiclosed, hence A;(Z) = 0. Since i € {1,2,..., N} is arbitrary element, so
TES.

In inequality (3.7) replacing z,, by z,, and z* by Z, using the weak conti-
nuity of j we obtain x,, — Z. From inequality (3.6) we get

(T, §(T — ¥)) <0, Vz* € S. (3.8)

Now, we show that the inequality (3.8) has unique solution. Suppose that
71 € S is also its solution. Then

<fl,j(fl — LL’*)> <0, Vz* € S. (39)
In inequalities (3.8) and (3.9) replacing x* by T; and Z, respectively, we obtain

(Z,j(T —71)) <0,
(=71,j(T —71)) <0.

Their combination gives ||Z — 712 < 0, thus T = 71 = Qg6 and the sequence
{zn} converges weakly to T = Qgb, because Qg0 satisfies the inequality (3.8).
Finally, from the first inequality in (3.7), implies that x,, — Qg#.
Now, we will prove inequality (3.4). In equation (3.3), replacing n by n+ 1,
we obtain
N

Z Ai(xn+1) + apt12p41 = 0. (310)
=1
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From equations (3.10) and (3.3) and by the accretiveness of the operator
Zf\i 1 A;, we get

(On+1Tnt1 — T, J(Tnp1 — 2p)) < 0. (3.11)
Therefore,
anl|Tng1 — anQ < (anp1 = ) (—Znt1, §(Tny1 — 2n))
<lant1 — anll|Tpt1ll [ Tn+1 — znl
<2[|Qs0|-lan+1 — anll|Tni1 — 2a-
Hence,
|Zns1 — 2n|| < WRO, Vn >0,
where Ry = 2||Qs0||. O

Next, we consider a regularization inertial proximal point algorithm in the
form

N
cn<ZAi(un+1)+anun+1> FUnt1 = Unp+Vn(Un —Up—1), o, u1 € E (3.12)
i=1
to solve problem (3.2).

Theorem 3.4. Suppose that E is a uniformly conver and uniformly smooth
Banach space which admits a weakly sequentially continuous normalized dual-
ity mapping j from E to E*. Let C; be a closed convexr nonexpansive retract
of E and let T; : C; — C;, i = 1,2,..., N be nonexpansive mappings such
that S = NN, F(T;) # 0. If the sequences {c,}, {an} and {v,} satisfy

|an+1 - an‘

2
on,

(i) 0 < ¢p < ¢epy ap >0,0p, — 0, — 0, 3% ay, = +oo;

(ii) Tn 20, ’YnOZJIHUn - Un—l” — 0,
then the sequence {uy,} defined by equation (3.12) converges strongly to Qg0,
where Qg : E — S is a sunny nonexpansive retraction from E onto S.

Proof. First, we show that equation (3.12) has unique solution u,4+1. Indeed,
since the operator Zf\il A; is Lipschitz continuous and accretive on F, it is
m—accretive [5]. Therefore, equation (3.12) has a unique solution .
Now, we rewrite equations (3.3) and (3.12) in their equivalent forms

E

1

<.
I

Az‘(un+1) + Un+1 = Bn(un + 'Yn(un - un—l))v (3-14)

&
E

1

.
Il
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1
where B?’L = m and dn = Cnﬂn.
n+-tn

From equations (3.13) and (3.14) and by virtue of the property of Zfil A;,
we get

tus1 — Znll < Bullun — 2l + Bavnllun — un—1]|-

Therefore,
tunt1 — Tpy1 |l < luns1 — zoll + |2041 — 20|
Apa] — Q (3.15)
< Bulttn — @all + Buvalltin — tn 1] + 22 =0l
n
or equivalent to
|| | < (1 =ba) |+ o, by = — (3.16)
U —x — Uy — T o = .
n+1 n+1l|| > n n n ny Yn 1 + Cnan’
Apt1 —
where oy, = Bnynlun — un—1 + MR@
n
Under the assumption, we have
on _ 1 _ 1 |ant1 — an|
b—: = aanlfynﬂun — Up—1]| + (a + an)nTnnRo
1 _ 1 Opt1 — O
< —ao "yl — || + (= + an)wRo — 0.
(] Co (074

Furthermore, by >~ j o, = +00 hence 7 ; b, = +00.
By Lemma 3.2, ||u, — x| — 0. Since x,, — Qg6 as n — oo, u, — Qg
as n —» oo. O

4. AN APPLICATION

Consider the following convex feasibility problem:
Finding an element z* € S = NY.,S; # 0, (4.1)

where S;, 1 = 1,2, ..., N are closed convex sunny nonexpansive retracts of an
uniformly convex and uniformly smooth Banach space E.

In this section, we give an application of regularization algorithms (3.3) and
(3.12) to find a solution of (4.1).

Let s, denote the sunny nonexpansive retraction from E onto S;, i =
1,2,...,N. It is clear that F(Qs,) = S;, ¢« = 1,2,...,N. Thus, the problem
(4.1) is equivalent to the problem of finding a common fixed point of finite
family of nonexpansive mappings T; = Qs,, ¢ = 1,2,...,N. By Theorem 3.3
and Theorem 3.4, we have the following results:
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Theorem 4.1. If the positive sequence {a,} satisfies lim, oo, = 0, then
the sequence {x,} is defined by
N
ZBZ(SUn) + apr, =0, n >0, (4.2)
i=1
converges strongly to a solution Qg6 of (4.1), where B; = I — Qg,, i =
1,2,....N, Qg is a sunny nonexpansive retraction from E onto S.
Theorem 4.2. If the sequences {c,}, {an} and {v,} satisfy
lan+1 — an

2
ay

(i) 0 < co < e, ap>0,a, — 0, — 0, Y02y = +00;

(i1) yn >0, g, lun — tun—all — 0,
then the sequence {uy} is defined by ug, u1 € E and

N
C”(Z Bi(un+1) + anun+1> + Upy1 = up + ’Yn(un - Unfl)a n>1 (43)
i=1
converges strongly to a solution Qg6 of (4.1), where B; = I — Qg,, i =
1,2,..., N, Qg is a sunny nonexpansive retraction from E onto S.

Finally, we consider a special case of problem (4.1), it is the problem of
finding a solution of a general system of linear equations.
Let S denote the set of solutions of the general system of linear equations

k
Zaijmj = bi, 1= 1,2, ...,N, (44)
7=1

and we suppose S # (), and Z?Zl a?j >0, Vi=1,2,...,N. An element z* € S
is called the normal solution of system (4.4) if ||z*|| < ||z||, Vx € S.
Let

k
Si = {(:El,wg, ...,$k) | Zaijxj = bi}, 1= 1,2, ...,N. (4.5)
Jj=1

Then, S; is a hyperplane in R¥.
It is well - known that, the sunny nonexpansive retraction ()g, from R* onto
S; is also the orthogonal projection from R¥ onto S;, i = 1,2, ..., N. Moreover,

k
Z aijacj — bi k
Qs,(2) = (xl —aiﬂln)  i=1,2,..., N, (4.6)
CL24 =1
%]
=1

J

for all = (x1, ..., 1) € R¥.
We have two corollarys of Theorem 4.1 and Theorem 4.2, respectively:
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Corollary 4.3. If the positive sequence {a,} satisfies limy, oo oy = 0, then
the sequence {z(™} is defined by

N
S Bi™) + apa™ =0, n >0, (4.7)
=1

converges strongly to the normal solution of system (4.4).

Corollary 4.4. If the sequences {c,}, {an} and {y.} satisfy

|an+1 - an‘
g

i) 0<co<cp, ap>0,a, —0, — 0, 3% ay, = +oo;

11) Tn Z 0} ’YnO‘qIIHUn - Un_l” — 07
then the sequence {u(™} is defined by u'®, u) € R* and

N
en (30 B, ) =, (D), 0> 1 (4
=1

converges strongly to the normal solution of system (4.4).
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