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Abstract. In this paper, we introduce and study two different iterative hybrid projection
algorithms for solving a fixed point problem of nonexpansive mappings. The first algorithm
is generated by the combination of the inertial method and the hybrid projection method.
On the other hand, the second algorithm is constructed by the convex combination of three
updated vectors and the hybrid projection method. The strong convergence of the two
proposed algorithms are proved under very mild assumptions on the scalar control. For
illustrating the advantages of these two newly invented algorithms, we created some numeri-
cal results to compare various numerical performances of our algorithms with the algorithm

proposed by Dong and Lu [11].

1. INTRODUCTION

Let H be a real Hilbert space with the inner product (-,-) and the norm
|| - |l. A mapping T': H — H is said to be a nonexpansive if | Tx — Tyl|| <
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||z — y|| holds for all z,y € H. The set of all fixed points of the operator T is

denoted by Fiz(T) ={x € H : Tx = z}. Given C a nonempty closed convex

subset of H. The metric projection of H onto C, Po : H — C' is defined by

Po(xz) = argmin ||z — ¢|| for all x € H, see more details in [3, 25] and the
ceC

references cited therein.

The fixed point problem for a mapping 7' is defined as:
Find z € H suchthat oz =Tx.

The development of iterative methods for approximating a solution of fixed
point problem of nonexpansive mappings is an important and interesting task
in numerical analysis and applied scientific branches. Many authors are in-
terested in this problem because it can be applied in a variety of applications
such as optimal control problems, economic modelings, inverse problem, image
recovery, signal processing, game theory and data analysis, see more detail in
[1, 3, 4, 8, 25] and the references cited therein. A significant body of work on
iteration methods for fixed point problems has accumulated in literature (for
example, see [12, 21, 22, 26, 28]).

Among the notable algorithms developed in this direction is the Mann it-
eration method [18], which is given as follows:

Tpt1 =y + (1 — ay)Txy, Yn >0, (1.1)

where zg € H and {a, }72  is a real sequence in [0, 1]. Reich [24] proved funda-
mental results of convergence, that is, if sequence {a, }22 satisfies Y ;) a, (1—
ayp) = +o00o then the sequence {z,}22, generated by Mann’s algorithm (1.1)
converges weakly to a fixed point of T'. Later, Xu [27] constructed the iterative
method by using the convex combination of three updated vectors which is
called the Mann iteration process with errors as follows:

T4l = QpTp + 6nTxn + YnUn,

where xg,ug € H and oy, B, 7n € [0, 1] are suitably chosen scalars satisfying

One of the key patterns for accelerating convergence is the inertial extrap-
olation term 6,(z, — zn+1) that has been an important tool employed in
improving the performance of algorithms and has some nice convergence char-
acteristics. By the main feature of the inertial-type algorithms, it can use
the previous iterates to construct the next one. Which the inertial-type ex-
trapolation based on the heavy ball method of the two-order time dynamical
system as an acceleration process was first proposed by Polyak [23] to solve



Accelerated hybrid algorithms for nonexpansive mappings in Hilbert spaces 555

the smooth convex minimization problem as follows:

xg,x1 € H,
Tpil = Tp + O‘n(xn - xn—l) + BnAxna

where A is a mapping on H and {ay,}52 o, {fn}72 are two control sequences.
Consequently, many researchers have adopted inertial-type algorithms to speed
up the convergence process. We refer interested readers to [1, 5, 6, 9, 10, 15, 16]
for more information.

The strong convergence is often much more desirable than the weak con-
vergence (see [2] and references therein). Many attempts have been made to
modify the Mann iteration so that the strong convergence is guaranteed. A hy-
brid algorithm is one of the interesting results for approximating fixed points
because it is a favor to solve strong convergence (see [7, 11, 13, 14, 17, 22, 26]).

In 2003, Nakajo and Takahashi [20] introduced a hybrid algorithm for a
nonexpansive mapping 1" as follows:

xg € H chosen arbitrarily,

Yn = QnTp + (1 - an>Txn;

Cn={z€H :|lyn — 2l < [lzn — 2|}, (1.2)
Qn={2€H:(xg—xn,z—xn) <0},

Tny1 = Pe,n@.To, Yn >0,

where Py denotes the metric projection from H onto a closed convex subset
K of H, {a,}2°2, C [0,1). They showed that the hybrid algorithm defined by
(1.2) converges strongly to ¢ = Ppiy(7)o-

In 2015, Dong and Lu [11] proposed and studied a hybrid algorithm for a
nonexpansive mapping 71" as follows:

x0, 20 € H chosen arbitrarily,

Zntl = anzZn + (1 — an) Ty,

Cp={2 € H: |2nt1 — 2]* < anllza — 2> + (1 — an)llzn — 2|}, (1.3)
Qn=1{2€ H:{(xy— 2z, —20) <0},

ZTnt1 = Po,ng,®o, Yn >0,

where {a,,}52 C [0, 0] for some o € [0, 3). They proved that (1.3) converges
strongly to ¢ = Ppj,(7)To. Moreover, the numerical results of (1.3) showed
more advantage than (1.2).

Motivated by the research works as in the above direction, we present two
new accelerated hybrid algorithms for solving a fixed point problem of non-
expansive mappings. Moreover, we create some numerical results to compare
various numerical performances of our algorithms with the algorithm of Dong
and Lu [11].
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2. PRELIMINARIES

In this section, we provide some notations and tools in a real Hilbert space
H. We will use the symbols — for weak convergence and — for strong conver-
gence and define the set wy(7,) = {z : v,; — x} denotes the weak w-limit
set of the sequence {z,}.

The following lemma for the geometric properties, is useful for the proofs of
the results in this paper. It is very easy to prove that for the Hilbert spaces.

Lemma 2.1. Let H be real Hilbert space. Then the following equalities are
hold.

() llz =yl = [zl = lyll> — 2(x — y,y), for all z,y € H.

(ii) [laz + By + 2| = allz]* + Bllyl? + ylzl* — aBllz — ylI* — oz -
z||2 = Bylly — 2|1 for all o, B,y € [0,1] with a + B+~ =1 and for all
x,y,z € H.

In particular, if v = 0 then the following identity holds:

(i) flaw + (1= a)yll® = alle]® + (1 — a)[lyl> = a(l = a)llz — y|* for al

a € 0,1] and for all x,y € H.

Lemma 2.2. ([25]) Let C be a closed convex subset of a real Hilbert space H
and let Po be the (metric or nearest point) projection from H onto C (i.e., for
x € H, Pox is the only point in C' such that ||x— Pox|| = inf{||z—2z| : z € C}).
Given x € H and z € C. Then z = Pox if and only if

(x —z,y—2) <0 forall yeC.

Lemma 2.3. ([3]) Let C be a nonempty closed convex subset of a real Hilbert
space H and T : C — H be a nonexpansive mapping. Let {x,}5°, be a
sequence in C and x € H such that x,, — = and Tz, — , — 0 as n — +oo.
Then x € Fix(T).

Lemma 2.4. ([19]) Let C be a closed convex subset of a real Hilbert space H.
Let {x,}5° be a sequence in H and w € H. Let ¢ = Pou. If {zp}02, is a
sequence such that wy(z,) C C and satisfies the condition:

e — ull < lu — qll for all n.

Then x, — q as n — oo.

3. MAIN RESULTS

In this section, we propose two new accelerated hybrid algorithms to solve
a fixed point problem of nonexpansive mappings in real Hilbert spaces. The
strong convergence results of these two algorithms are proved.
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Before going to the main theorems, we would like to provide the following
lemma to help the proof easier.

Lemma 3.1. Let H be a real Hilbert space and given x,y,z,w € H, t € [0,1]
and a € R. Then the set

K:={veH:|z—v|*<tly—vl>+ 1 -1z -]+ (w,v) + a}
1s closed and conver.
Proof. It can be observed from the definition of K,

lz —v)|* < tlly — o[> + (1 = &)z = v[* + (w,v) +a.

It implies that

]|? + 2(z, v) + [[ol* < ¢ ([lyll* + 2(y, v) + [|v]?)

+ (1 =) (I + 22, 0) + [[0]*) + (w, v) +a.

Hence we have

2[1* + 2(z, v) < (llyll* + (1 = )ll2]%) + (2(ty + (1 = 1)2) + w,v) +a.
Therefore, we obtain

(22 = 2(ty + (1 = t)2) —w,v) < (tlly|* + 1 = )]l*) +a — =]

It is not hard to verify by using the linearity of inner product to ensure that
K is closed and convex. O

Theorem 3.2. Let T : H — H be a nonexpansive mapping such that Fixz(T) #
@. For the the control sequences {0,}5°, C [0, 1] and {a,}22, C [0,1), define
a sequence {x,}o° by the following:

o, T1,21 € H chosen arbitrarily,

Yn = Tn + en(xn - xn—l)v

Zn+l = QpZn + (1 - an)Tyna

Cn = {2 € H: ||lzp41 — 2| < anllzn — 2[* + (1 — an) |20 — 22
+(1 — an)(20n(xn — 2,2 — Tp—1)
05|z — o] — anllzn — Tyn||2)},

Qn={2€H:(xy,— 2z, —x0) <0},

Tni1 = Po,nQ,r0, n =1

(3.1)

Then the iterative sequence {xn};2y converges strongly to Ppiy1)To-



558 Suparat Baiya and Kasamsuk Ungchittrakool

Proof. First, we will show that Fiz(T) C C), for all n > 0. Using Lemma 2.1,
we get that for all p € Fix(T),

1201 =D = llan(zn = p) + (1 = @) (Tyn — )|
= anHzn—sz + (1—an)|[Tyn — p||2 —an(l—an)|lzn—Tyn
< anHzn—pH2 + (1_0‘n)‘|yn_p”2 - an(l_an)Hzn_TynHQ- (3.2)

It can be observed that

I

[yn —pH2 = (= p) + On(zn — mn—l)”Q
= ||lzn — plI® + 200 (zn — p, Ty — Ty1) + 02|z — 20| (3.3)
Substituting (3.3) into (3.2), we obtain that
241 *p||2 < apllzn — p”2 +(1- an)<||$n - p”2 + 20n(Tn — P, Tn — Tn-1)
+ 03l = @acal?) = (1 = )}z — Ty
= anllza = plI* + (1 = an) |z — p|*
+ (1 - an) (29n<$n — Py Tn — -Tn—1> + 93”5671 - xn—1H2
—apllzn — Tyn||2) .
This shows that Fiz(T') C C,, # @ for all n > 0.
Next, it is not hard to prove by using Lemma 3.1 to confirm that C), is
closed and convex.
We claim that Fiz(T) C @, for all n > 0. For n = 0, we have Fiz(T) C
H = Qo. Assume that Fiz(T) C Q. Then since Fiz(T) C C,, for all n > 0,

we get that Fiz(T) C C, N Q,. It follows from z,+1 = Pc,ng,%o and by
applying Lemma 2.2, we get

(Tn1 — 2, Tnt1 — x0) < 0 for all z € C,, N Q. (3.4)

Since Qni1 =1{2z € H : (xp41 — 2, Zp41 — xo) < 0}, it yields Cp, N Qp, C Qry1-
Thus, we have Fiz(T) C Qp+1. By mathematical induction, we can conclude
that Fiz(T) C @y, for all n > 0.

Since Fliz(T') is a nonempty closed convex subset of H, there exists a unique
element ¢ € Fiz(T) such that ¢ = Pgiy(ryro. From the definition of Q,
actually implies x,, = Pg, x¢. This together with the fact that Fiz(T) C Qy
further implies ||z, — xo|| < ||p — xo|| for all p € Fiz(T). Due to ¢ € Fiz(T),
we get

|zn — 20| < |lg — 20| for all n € NU {0}, (3.5)
which implies that {z,},2 is bounded and thus wy(z,) # 9.
On the other hand, by the fact that z, 11 € Q,, we have

<xn+1 — Ty Tp — .%‘0> > 0.
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This together with Lemma 2.1 (i) implies that
|zn41 = zall* = 1 (@041 — 20) = (20 — 20) |
= [|#n41 — xOHQ — l&n — 1’0||2 — 2(Tnt1 — Tn, Tn — To)
< Nlzn41 = zoll* = zn — aol*. (3.6)
By (3.5) and (3.6), we obtain that
N N

D lensi—zall? < Y- (lnsr — 2ol llzn — z0]®) = l|lzn —ol® ~ |21 ol

n=1 n=1

< llg = mol* = lla1 — ol

By letting N — oo, it follows that the series o0 | || Zn41 — 2n||? is convergent
and then we have ||x,4+1 —xy| — 0 as n — co. By the definition of y,, in (3.1),
we get
[9n — @nll = Onllzn — zn-all = 0. (3.7)
From z,41 € C,, we get
l2n+1 — xn+1”2 < anllzn — xn—&—l”Q + (1 —an)flzn — xn+1H2
+ (1 - an) (29n<xn — Tn+1,Tn — xn—l) + Hinn - xn—lHQ
—anl|za = Tyn?) - (3.8)

By using Lemma 2.1 (iii), we have the following:

l2n+1 — 56n+1H2
= [lan(zn — Tpg1) + (1 — o) (Tyn — $n+)||2
= O‘nHZn_anH? + (I=an) || Tyn — xn—irlHQ —ap(l—ap)|zn — TynH2- (3.9)

Substituting (3.9) into the left side of (3.8) and eliminate the same terms and
then divide throughout the inequality by (1 — ), we get

HTyn_an-&-l”2 < flzn — $n+1||2+29n<$n — Tn4l,Tn — xn—1>+972LH$n - xn—l”Q
— 0 as n — oo.
Note that

lyn — Tntall < |2 — Tpgal] + 0n |20 — 2n-1|| = 0 as n — oo.

Therefore,
lyn = Tynll < llyn — Tntall + [2ns1 — Tynl = 0 as n — oo.

By using (3.7), we get the following

|z = Tap|l < [|zn — ynll + lyn — Tynll + | Tyn — Tyl

< 2||zn = Ynll + lYyn — Tynl| — 0 as n — oo. (3.10)
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From (3.10) and Lemma 2.3 guarantee that every weak limit point of {z,}
is a fixed point of 7. That is, wy(x,) C Fiz(T). And then, inequality (3.5)
and Lemma 2.4 ensure the strong convergence of {zy, };2q t0 Ppiz7)To. This
completes the proof.

Corollary 3.3. LetT : H — H be a nonezpansive mapping such that Fix(T) #
@. For the control sequence {an},- o C [0,1), define a sequence {xn}0> by
the following:

xg, 20 € H chosen arbitrarily,

Znt1 = anzn + (1 — an) Ty,

Cpn={2 € H: |l2nt1 — 2]* < anllza — 2|> + (1 — an)l|zs — 2|1?
—Oén(l - Oén)Hyn - Txn”2}a

Qn={z€H: (x, —z,x, — x0) <0},

Tpyl = PCann{L‘Q, n > 1.

(3.11)

Then the iterative sequence {xn};2y converges strongly to Ppiy1)To-

Proof. 1f 6,, = 0 for all n € NU {0} in Theorem 3.2, then y,, = x,, and then
we have the desired result. O

Note that the set C), in Corollary 3.3 is the subset of C), of [11, Theorem
3.1]. For this advantage, it can be said that Theorem 3.2 and Corollary 3.3
were developed to produce better results which are numerically effected in the
next section.

The following theorem is another approach used for solving a fixed point
problem of nonexpansive mappings.

Theorem 3.4. LetT : H — H be a nonexpansive mapping such that Fiz(T) #
@. For the control sequences {an}52 o, {Bn}oro C [0,1] and {ym}72y C (0,1]
with o, + Bn + v = 1, define a sequence {x,}5°, by the following:

xg, 20 € H chosen arbitrarily,

Zn+l = QnpZn + BnTn + VT Ty,

Cpn={2 € H: |l2nt1 — 2|* < anlza — 2|I* + (1 — an)|lzs — 2|1?
_anﬁnnzn - ZEnHQ - an7n||zn - TanQ - ﬁn’VnH-'En - Txn”z}a

Qn={2€H:(xy— 2z, —x0) <0},

Tnt1 = Po,nQ,%0, n =1,

(3.12)
Then the iterative sequence {xn}; o converges strongly to Ppiy1)To-
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Proof. First, we will show that Fiz(T) C C), for all n > 0. Using Lemma 2.1
(ii), we get that for all p € Fiz(T),
Izn41 = plI* = ln(zn = p) + Bulwn — p) + 1 (T2n — p)|I?
= anl|zn = pII* + Bullzn — pII* + vl Tan — plf?

— anfBnllzn — mn||2 — anYnllzn — Tanz — BuYnllZn — TanQ

IN

o |zn — p||2 + Bullzn — p||2 + Y ll2n _pH2
— anfllzn — 517n||2 — anYnll2n — TanQ — Banllzn — TanQ
= anllzn — p||2 + (1 — )y — p||2 — anfBnllzn — anQ
— anYnllzn — TanQ — BaYnllwn — TanQ-
This means that Fiz(T) C C,, # @ for all n > 0.

Next, by employing Lemma 3.1, it can be proved that C), is closed and
convex.

For proving that Fiz(T) C @y, for all n > 0, the steps of proof are the same
as in Theorem 3.2.

Since ¢ = Priz(1)T0, Tn = P, 7o and Fiz(T) C Qn, we get that

[n — 20|l < llg — ol (3.13)

which implies that {x,} is bounded and thus wy,(z,) # 2.
On the other hand, from z,11 € @y, we have
(Tnt1 — Tpy Ty — ) > 0.
This together with Lemma 2.1 (i) implies that
|Znt1 = 21> = (@1 — @0) = (20 — 20)||?

= ||#nt1 — zoll* = [|zn — @0l — 2(Tn41 — Tn, Tn — 20)

< lnta = oll® = [l — 2ol (3.14)
By (3.13) and (3.14), we obtain that
N N

D lenpi—aall® <D (@ntr = zol* = llen — zol?) = llzn — zol*—[la1 — ol|?
n=1

n=1
< lg = ol® = lz1 — o>
By letting N — oo, it follows that the series > o | [|@p4+1 — 2 ||? is convergent
and so, we have ||zp41 — 2,|| = 0 as n — oo.
We expect that | Tz, — x,|| — 0. From the fact x,1 € C),, we get
| zn+1 — xn-&-lHQ < apllzn — xn-&-l”Z + (1 —an)l|lzn — $n+1||2 — anBullzn — an2
— anYnllzn — Tan2 — BnYnllTn — Tacn||2. (3.15)
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Since zp41 = nzn + BnZn + YTy, by using Lemma 2.1 (ii), it will come that

Hzn—l—l - .T,H_le = an”zn - xn+1H2 + Bn”a;n - $n+1”2
+ 7n”T1'n - 1‘n+1”2 - an/BnHZn - anQ
— anYnll2n _Tv’UnH2 — BnnllTn _T$n”2‘ (3.16)

Substituting (3.16) into the left side of (3.15) and eliminate the same terms,
we get that

Yol Txp — $n+1H2 < Yo llTn — xn+1H2~

By dividing the above inequality by ~,, we obtain that
| Tz — Tpi1]|? < |@n — Tpa1])* = 0 as n — oo.
Continuing simple calculations will show that
Tz, — x| < [|[Txn — Tpgt|| + ||Tnt1 — n|| = 0 as n — oo. (3.17)

From (3.17) and Lemma 2.3 guarantee that every weak limit point of {x,} is
a fixed point of T'. That is,

wy(xy) C Fiz(T).

And then, inequality (3.13) and Lemma 2.4 ensure the strong convergence of
{70}l to Ppiy(ryTo. This completes the proof. O

Notice that if 8, = 0 in Theorem 3.4 then v,, = (1 —«,) for all n € NU{0}.
And then for each n € NU {0}, the set C), in Theorem 3.4 is the same as in
Corollary 3.3. Therefore, Theorem 3.4 can be reduced to Corollary 3.3.

4. NUMERICAL EXPERIMENTS

In this section, we provide a numerical example to illustrate the performance
of the proposed algorithms. We first begin with presenting the specific expres-
sion of Pc,ng, o in Algorithm (3.1) and Algorithm (3.12) that were obtained
from our main results. The form of hybrid algorithm is difficult to realize in
actual computing programs because the specific expression of Pc,ng, o can-
not be got, in general. So, He et al. [13] introduced the specific expression
of Pc,ng, 7o and thus the hybrid method for Mann iteration process can be
realized easily, where C,, and @Q,, are two half-spaces.

For this reason, we follow the ideas of He et al. [13], and obtain the specific
expression of Pc,g, xo of Algorithm (3.1) and Algorithm (3.12).

We now translate a new algorithm which is equivalent to Algorithm (3.1)
as follows:
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( x0,71,21 € H chosen arbitrarily,

Yn = Tpn + en($n - $n71)a
Zntl = anzn + (1 — an)Tynp,
Up = QpZp + (1 - an)yn — Zn+1,

1
o = 5 (awnllzall2 (1 = ) ([l + 2l — 20,20}

2
+02lJ2n = 2a-1 ]2 = anllzn = Tyal®) = l20112),
Cpn={z€H: (up,z) <v,},
Qn={z€H: (xy—zx,—x0) <0},
Tpt1 = Pn, if pp € Qn,
Tpt1 = qn, ifpp ¢ Qn,

(4.1)

and we translate a new algorithm which equivalent to Algorithm (3.12) as
follows:

(71,21 € H chosen arbitrarily,

Znt1 = Qnzn + BnTn + T Ty,
Up = QpZp + (1 - an)xn — Zn+1,

Un = §(Oén||«’5n||2 + (1 = an)l|znl|? — anBallzn — 20 |?

—annllzn = T2all® = Buvallen = Taall® = zun|?), 42
Cn={z€H: (up,z) <vp},

Qn={z€ H: (xy,— 2,2, —x0) <0},

In+1 = Pn, if Pn € Q?u

Tn+1 = 4n, if Pn ¢ Q’m

. (1 <$O — Tn,y, Tn _pn> ) <.T0 — Tny Tp — pn>
n = - n

<.%'0 — Tp, Wn — pn> <$0 — Tp, Wn — pn>
o <unal‘n> — Un
Wp = Tn — n-

W,

Let R? be a two-dimensional Euclidean space with the usual inner product
(M) v?)) = vgl)v?) + vél)vg) for all v = (vgl),vél))T,v(Q) = (v§2),v§2))T €

R? and the norm ||v| = \/v? +v3 (v = (v1,v2)T € R?). He et al. [13] defined
a mapping

v1 + U2 U1 +U2)T7 (4.3)

, COS
V2 V2

then it is nonexpansive. It is easy to get that T has a fixed point in the unit
disk which is difficult to calculate.

T: (vy,v9)" = (sin
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For supporting Theorem 3.2 and Theorem 3.4, we simulate a numerical
example by using the nonexpansive mapping 7" defined by (4.3), Algorithm
(3.1) and Algorithm (3.12) compared with Algorithm (1.3). In the Table,
‘Iter.” and ‘Sec.’” denote the number of iterations and the CPU time in seconds,
respectively. We set g = x1 = 2 in Algorithm (1.3), Algorithm (3.1) and
Algorithm (3.12), o, = 0.1,60,, = 0.8 for Algorithm (1.3), Algorithm (3.1)
and set o, = 0.1,3, = 0.1,7, = 0.8 for Algorithm (3.12). Denote E(z) =
|l Zr, — 2n_1]|. We took E(z) < ¢ as the stopping criterion and e = 107%. The
algorithms were coded in Matlab R2016b and run on a personal computer.

TABLE 1. Comparison of Algorithm (1.3), Algorithm (3.1) and
Algorithm (3.12) with different initial values.
xo =x1 Algorithm (1.3) Algorithm (3.1) Algorithm (3.12)
(z1)  Iter. Sec. Iter. Sec. Iter. Sec.
(4,8) 130 0.038485 6  0.008101 19  0.008332
7-7) 922 0.082289 6  0.008230 16  0.008659
(-2,-6) 280 0.054435 4  0.022878 78  0.016505
9)

(
(-4, 1106 0.091497 11  0.008419 19  0.008346

45 T
—A— Algorithm (1.3)
—@— Algorithm (3.1)
—=— Algorithm (3.12)

10° 10' 10
number of iterations

FIGURE 1. The results computed by Algorithm (1.3), Algo-
rithm (3.1) and Algorithm (3.12). Case: z9 = z1(21) = (4, 8).
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6 T

—A— Algorithm (1.3)
—&— Algorithm (3.1)
L —=— Algorithm (3.12)

L L L
10° 10" 102 10°
number of iterations

FIGURE 2. The results computed by Algorithm (1.3), Algo-
rithm (3.1) and Algorithm (3.12). Case: zg = x1(z1) = (7, 7).

3 T
—A— Algorithm (1.3)
—&— Algorithm (3.1)
4 —=— Algorithm (3.12)
251 -
ol il
E15F B
x
Es
1L il
05 -
ol il
L L
10° 10' 10?

number of iterations

FIGURE 3. The results computed by Algorithm (1.3), Algo-
rithm (3.1) and Algorithm (3.12). Case: zy = z1(z1) =
(—2,—6).
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5 T

—A— Algorithm (1.3)
q —@— Algorithm (3.1)
—=&— Algorithm (3.12)

L L L
10° 10' 102 10°
number of iterations

FIGURE 4. The results computed by Algorithm (1.3), Algo-
rithm (3.1) and Algorithm (3.12). Case: zg = x1(z1) = (—4,9).

5. CONCLUSIONS

We studied strong convergence theorems for finding a fixed point of non-
expansive mappings by using the accelerated hybrid algorithm presented in
Algorithm (3.1) and Algorithm (3.12), respectively. In order to present the
advantage and performance of the new algorithms, the numerical results of
Algorithm (1.3), Algorithm (3.1) and Algorithm (3.12) were compared. From
the example, it can be seen that Algorithm (3.1) and Algorithm (3.12) showed
better results than Algorithm (1.3) that was presented by Dong and Lu [11].
Moreover, Algorithm (3.1) seemed to show better performance than Algorithm
(3.12). All of these can be clearly seen by Table 1, Figure 1, Figure 2, Figure
3 and Figure 4, respectively.
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