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Abstract. In this article, we introduce the concept of contractive mapping, which is gen-
erally weak in metric spaces, and show the existence and uniqueness of the fixed point for

such mapping in a metric space.

1. INTRODUCTION

The metric fixed point theory has been expanded, changed and presented
in various forms from Banach’s contraction principle (see [1, 2, 3, 11, 12]).

Samet et al. [19] introduced the concept of a-1)-contractive mapping. It
defines the concept of accepting a-admissible and the use of the Bianchini
Grandolfi gauge function [4], and the authors examined the existence and
uniqueness of fixed points for mapping.

Khojasteh et al. [7] defines the concept of simulation and the new class
defining function of nonlinear contraction, namely Z-contractions which out-
lines Banach contraction principle and combines several known types of con-
tractions. For other results on this interesting approach, see [5, 8,9, 13, 14, 18].
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2. PRELIMINARIES

Definition 2.1. ([19]) Let 2 : 2" — 2 be aself-mapping and o : 2 x 2~ —[0, 00)
be a function. £ is said to be a-admissible if

alp,p)>1 = a(2u,2p)>1, forall u,pe 2.

Definition 2.2. ([15]) Let 2 : 2" — 2 be aself-mapping and a : 2" x 2~ —]0, 00)
be a function. £ is said to be a-orbital admissible if

alp, 2p) >1 = a(2u, 2u) > 1.
Moreover, 2 is called triangular a-orbital admissible if it satisfies the fol-
lowing conditions:

(a) 2 is a-orbital admissible.
(b) a(p,p) > 1and a(p, 2p) > 1 = a(u, Zp) > 1.

Definition 2.3. ([16]) If ¢"(n) — 0 as n — oo for every n € [0,00), where
¢" is the n-th iterate of ¢ then an increasing function ¢ : [0,00) — [0,00) is a
comparison.

Let ¥ be the family of functions 1) : [0, 00) — [0, 00) satisfying the following
conditions:

(a) 1 is nondecreasing.
(b) >0 ¥"™(n) < oo for all n > 0, where ¢™ is the n-th iterate of .

Lemma 2.4. ([16]) If ¢ € U, then the following hold:

(a) {¢™(n)} converges to 0 as n — oo for all n € RT;

(b) ¥(n) <n, for anyn € RT;

(¢) ¢ is continuous at 0;

d) the series Y o0 ™ converges for any n € RT.
n=1 n n

Karapinar and Samet [6] introduced a generalized a-1) contractive type
mapping which is defined by

olp, p)M2p, 2p) < (A (1, p)), forall p,pe 2,

where
A ) e@ + A 5 Q A s Q + A , Q
A (p, p) = max {A(u,p), (b, 211 ! (p P), (1, 2p) ! (p, 2u) }

(Z',A) is a metric space, 2 : 2~ — £ isagiven mapping, o : Z° x 2 —[0,00)
and ¥ € .

Definition 2.5. ([7]) A simulation function is a mapping ¢ : [0, 00) x [0, 00) —
R satisfying the following conditions:
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(¢1) ¢(0,0) = 0;
(€2) ¢(n,v) < ¥ —n for all n,d > 0;
(¢3) if {nn}, {¥,} are sequences in (0, 00) such that li_)m Ny = li_)m 9, >0,
then
lim sup(ny,, ¥5) < 0.

n—oo
We denote the set of all simulation functions by Z.

Let (27, A) be a metric space, 2 be a self-mapping on 2" and ¢ € Z. We
say that 2 is a Z-contraction with respect to ¢ [7], if

C(A(L2u, 2p), A, p)) 2 0, forall p,pe 2.

Theorem 2.6. ([7]) Every Z-contraction on a complete metric space has a
unique fixed point.

Theorem 2.7. ([10]) Let (2, A) be a complete metric space and let 2 : 2~ — X
be a mapping. Suppose that there exist a simulation function ¢ and a lower
semi-continuous function ¢ : Z — [0,00) such that

C(A(2p, 2p) +o(2p) + ©(2p), A, p) + (1) +¢(p)) = 0,
for all p,p € Z'. Then 2 has a unique fized point z such that p(z) = 0.

3. MAIN RESULTS

Theorem 3.1. Let (2, A) be a complete metric space and let 2 : 2~ — 2 be
a mapping. Suppose that there exist a simulation function ¢ and ¢ : X —[0, 00),
Y eV and a: X x X —[0,00) such that

Clap, p) (AL, 2p) + (2p) + ¢(2p)), Y (A (1, p))) = 0, (3.1)
where

A (1, p)

= max {A(% p) + () +¢(p), AMu, 2p) + o(p) + o(2p),
A(p, 2p) + ¢(p) + ©(2p),

%{A(% 2p) + () +0(2p) + Alp, 2u) + ¢(p) + w(o@u)}}

and satisfies

(3.2)

(1) 2 is triangular a-orbital admissible;
(2) there exists po € 2 such that o(po, Luo) > 1;
(3) 2 is continuous.

Then there exists z € 2 such that z = 2z.
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Proof. From the condition (2), there exists ug € 2" such that a(uo, 2uo) > 1.
Starting with this initial point uy € 2~ an iterative sequence {u,} is con-
structed by pn41 = Ly, for all n > 0. If g1 = Ly, for some m € N, then
[ 18 a fixed point of 2. Thus, to continue our proof. Suppose that ti, # tn+1
for all n € N. Using 2 is a-orbital admissible, we obtain

a(po, 1) = a(po, 2po) 21 = a(Lupo, 2p1) = o, p2) 2 1. (3.3)
By induction, we get
afin, piny1) > 1, forall n € N. (3.4)
Using (3.1) and (3.4), it follows that for all n € N, we obtain

0 < ((alptns pn—1) (A(2pins Lpin—1)+0(Lpn) +0(2pin-1)), (A (pn; fn-1)))
= C(O‘(,U/n, Nn—l)(A(Mn+1a Mn) + 90(/~Ln+1) + (p(lun))a T/J(//(Mn, Nn—l)))

< YA (ps 1)) = [y 1) (At 15 i)+ (pimg1) +9(pn) )] -
(3.5)
The above inequality shows that

Apint1, pn) +@(pn+1) +0(1n) < alpin, pn—1) (A(pn+1, o) +0(tns1) +o(pn))
< w(‘%(ﬂny #n—l))

< ///(:Um,un—l)y
(3.6)
for all n € N, where

%(/J’TH :U’n—l)

= max {A(Nm tin—1) + @(n) + o(tn-1), Apin, Lim) + @(pn) + (L),
A(pn—1, 2pn-1) + ¢(pn-1) + o(Lpin-1),

%{A(un, Dpin-1) + lpn) + o(Lin-1)
+ A1, 2pin) + ©(n—1) + w(o@un)}}

= max {A(Mm tin—1) + ©(pn) + @(ttn—1); Attn, pnt1) + @(pn) + o (nt1),
Apin—1; ptn) + @(pn—1) + ©(1tn),

5 (NG ) +010) +400pin) +A 1 1)+ 1)+ )}
(3.7)
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Since

5 N, ) +0(1tn) + (1) + A1, )+ 1)+ 9(pin11))

< %{A(NmNn+1)+90(ﬂn)+‘P(ﬂn+1)+A(Nn—laNn)+30(ﬂn—1)+‘:0(ﬂn)}

< max{A(fin, pnt1) +@(tn) + @ (nt1)s Alpn—1, ) +@(pn—1) +(kn) }
(3.8)
it follows from (3.6) that

Apnt1s pin) + @(pn+1) + @(pn) < A (pin, fin—1)- (3.9)

If A (pins pon—1) = Apens1, pn) +9(pnt1) + (), then it follows from inequal-
ity (3.9) that

A(pns1s pn) + @(png1) + @ (tn) < Alpins1s pn) + @(tnr1) + @ (1),
which is a contradiction. Therefore, we have

A(pnt1, pin) + @(ns1) + @(n) > Apntt, pn) + ©(pnr1) + @(tn),

for all n € N, and so A (pn, pin—1) = Apin, tin—1) +©(tn) + @ (tin—1). It follows
from (3.6) that

A1 pn) + @(ns1) + @(n) < Apn, 1) + @(pn) + @(pn-1),

which implies that {A(pn, ftn—1) + @ (itn) + @(tn-1)} is a decreasing sequence
and bounded below by zero. Moreover, the inequality (3.6) turns into

AQpn; 1) < a(pin, pn—1) (A(pint 1, fin) + @(pnt1) + @(n))
< P(A (pins pn—1)) < A (fins pn—1) (3.10)
< A, pin—1) + @(pn) + ©(pin-1)-
Accordingly, there exists R > 0 such that
Jim [A(pn, 1) + o (pn) + @(pn-1)] = B > 0.
We will show that have

nlLIQO A(pn, pin—1) =0 and T}Ln;o o(pn) = 0. (3.11)
Suppose that R > 0 from the inequality (3.10), we get
i [apin, pn—1) (Apins prn—1) + ¢ (pn) + ¢ (pn-1))] = R (3.12)
and
JLHQO'//((Mna fin—1) = R. (3.13)

It follows from the condition (¢3), with

VU = o(fin, fin—1) (A(tns1, pin) + @(pins1) + @(1tn))
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and
N = A (s pn—1)
that
0 < limsuple(fen, tin—1) (A(kn+1, tn) + (k1) + @(kn))s A (fins in—1)] < 0,

n—oo

which is a contradiction. Therefore, we have R = 0 and from (3.12), since
¢ > 0, equation (3.11) holds.

Finally, we will show that {u,} is a Cauchy sequence in 2. Using the
method of Reduction ad absurdum. Suppose to the contrary that {uy,} is
not a Cauchy sequence. Then there exists € > 0, for all N € N, there exist
n,m € N with n > m > N and A(fin, pn) > €. On the other hand, from
(3.11), there exists ng € N such that

A(pin, pny1) < e, for all n > ny. (3.14)
We can find two subsequences {,, } and {pim, } of {pn} such that
no < nkp <my  and  A(pm,, ftn,) > ¢, for all &, (3.15)
where my, is the smallest index satisfying (3.15). Thus
Ay —1, piny,) <€, for all k. (3.16)
On account of (3.14), (3.15), and the triangular inequality, we get

€ < A(/’Lmk’ /’Lnk)
S A(/’Lmkﬂl’l/mkfl) +A(Umk717,unk) (317)
< A(Mmk; /«Lmkfl) + g, for all k.

Taking k — oo and using equation (3.11), we obtain
Hm A(pm,, fn,,) = €. (3.18)
k—o00

Using the triangle inequality, we derive that

A(,umk?,unk) < A(Mmka/ﬁmwl) + A(,Umk—i—h ,Unk—l-l) + A(/’Lmﬁ-la Mnk)a for all k.

So, we we have

A(,U,mk+1, ,Ufnk-i-l) < A(Mmk+1, Mmk) + A(,umknunk) + A(Mnk7unk+1)7 for all k.

Combining the two inequalities above together with (3.11) and (3.17), we
obtain

Hm A(fmy+1, fing+1) = € (3.19)
k—o0

Using the same reasoning as above, we get

0 A(pmg, 1) = UM A(ptm41, finy ) = €. (3:20)
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Since £ is triangular a-orbital admissible, we have

(s iy, ) > 1. (3.21)

Using (3.1), (3.19) and (3.20), we obtain
0 < Cla(pmy s ting, ) (ML, s Lpiny, ) + (Lt ) +0(Liiny, ) s O (A (pimy ki)
= C(a(umk7unk)(A(Mmk+1? :unk-l-l)+(p(umk+1)+(p(:u’nk+1))7 w(%(umw I'Lnk)))

< Y(AM (o, ting, Ny 2, 9))

- [O‘(Mmkvﬂnk)(A(:u’mk-H? :U’nk-i-l) + @(Mmﬁl) + (p(lu’nk-i-l))]'
(3.22)

The above inequality shows that

A(:U’mk-i-l? :U’nk-‘rl) + SO(Nmk—l—l) + ‘P(,U«nk-&-l)
< @<Mmkaﬂnk)(A(Mmk+17 ,U'nk—i-l) + @(Mmk—&-l) =+ (P(Nnk-i-l)) (3.23)
< w(%(umkaunk)) < ‘%Oj’mkhu’nk),

for all £ > ny, where

'/l('u'mknu”k)
= max {A(ummMnk)+s0(umk)+w(unk), Alpimges by, )+ (g, ) +0( Lty ),
Apny s Loy ) + @(iny,) + ©(2Liny,),

1
§{A(Hmk7 Qﬂnk) + @(Nmk) + (p(gﬂmc)

o+ Altngs 2itmy) + 9(tin,) + 2(Lptm )} |

= max { Aty )@ i)+t )s At )+ 0ty )2 oy 11),
Apin s g +1) + 0 (ttny) + @(tng 1),
At iy 1)+ Pltme) + 9 1)

o A(jtngs Het1) + P(tng) + P(fmy+1)} |-
(3.24)
Taking the limit as k — oo in (3.24) and using (3.11), (3.18), (3.19) and (3.20),
we find that

A (piny, i) = € (3.25)
It follows from the condition (¢3), with

0” = a(lumk’ /’Lnk)(A(/’[’mk+17 /’[’nk"!‘l) =+ (P(:U’mk-i-l) + @(Mnk-‘rl)) — €
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and 7, = A (i, ,Hin,) — € that
0 < lim Sup [O‘(:umk yHny, ) (A(:ukarl slmn+1 ) + @(Mm;ﬁl) +90(:unk+1))7 '//(/"mk y My, )]

k—o00
<0,

which is a contradiction. Therefore, {u,} is a Cauchy sequence. Owing to the
fact that (27, A) is a complete metric space, there exists z € 2" such that

nh_)rgo A(pp, z) = 0. (3.26)

Since 2 is continuous, we derive from (3.26) that
li_}In Apnt1,22) = li_}In A2y, 2z) = 0. (3.27)

Taking into account (3.26), (3.27), and the uniqueness of the limit, we conclude
that z is a fixed point of 2, that is, z = 2z. O

Theorem 3.2. Let (Z,A) be a complete metric space and let 2 : X — X
be a mapping. Suppose that there exist a simulation function , and ¢ : X~ —
[0,00), Y € ¥ and a: 2" x Z — [0,00) such that

Clalp, p)(A(L2p, 2p) + (L) + ¢(2p)), v (A (1, p))) = 0, (3.28)
where

A (15 p)
= max { A(1, p) + (1) + (p), Apt, 20) + (1) + 9(:2p),
Alp, 2p) + o(p) + ¢(2p),

1
5 WAk, Zp) +9(p) + o(2p) + Alp, 2p) + 0(p) + w(e@u)}}
(3.29)
and satisfies
(1) 2 is triangular a-orbital admissible;
(2) there exists po € 2 such that o(po, o) > 1;
(3) If {un} is a sequence in X such that o(pin, pint1) > 1 for all n and
pn — p € X as n — oo, then there exists a subsequence {jn, } of
{pn} such that a(pin, , p) > 1 for all k.

Then there exists z € & such that z = 2z.
Proof. Similarly, in the proof of Theorem 3.1, we know that the sequence {p, }
defined by pin+1 = Zp, for all n € N, is a Cauchy sequence in 2. Since (27, A)

is complete, {u,} converges for some z € 2. Since ¢ is lower semicontinuous,
we have

p(2) < liminf p(p,) < lim () =0,
n—o0 n—0o0
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which implies
w(z) =0. (3.30)

By (3.4) and condition (2), there exists a subsequence { iy, } of {i,} such that
a(ptn,,z) > 1 for all k. Using (3.28), for all k, we get

0 < C(a(pny s 2)(MLpny, 22) + p(Lpin,) + (22)), Y(2(pny s 2)))
= ((a(tng, 2) (A(png+1, 22) + @(png+1) + 9(22)), Y(2L(piny, 2)))
< P(AM (> 2)) — [aptng,, 2) (Mg +1, 22) + ©(pny+1) + p(22))].

This inequality shows that

Apng+1, 22) + o(png+1) + 0(22)

< afings 2) (A1, 22) + ©(pny+1) + ¢(22))
< (M (> 2))

< M (finy, 2),

(3.31)

where

A (finy,, 2)

= max { A(ttng. 2) + @ lping) + 9(2), Mljing Lin,) + 9 (ping) + 9(Lpiny ),

Az, 22) + p(2) + p(22),
%{A(unk, 2z)+¢(in,,)) +9(22)) +A(z, Lun, ) +¢(2))+@(9Mnk)}}~

Taking k& — oo in the above equality, we have
klim M (fin,,, 2) = Nz, 22) + p(22). (3.32)
— 00

Suppose that A(z, 22z) > 0. Taking k& — oo, using (3.31), (3.32) and the
continuity of ¢, we get

i Alpny 1, 22) + @ (png+1) + 0(22) < lim A (g, 2). (3.33)
—00 k—00
So,

Az, 22) 4+ p(22) < A(z,22) + ¢(22), (3.34)
which is a contradiction, and hence, A(z, 2z) = 0, that is, 2z = 2z and
©(Z2z) = 0. Since z = 2z this implies p(z) = 0. O

The following theorem is for the uniqueness of the fixed point of the mapping

2.

Theorem 3.3. For all u,p € Fix(2), we have a(u, p) > 1, where Fix(2)
denotes the set of fized points of 2. If the hypotheses of Theorem 3.1 (resp.,
Theorem 3.2) are hold, then 2 has a unique fized point in Z .
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Proof. Suppose z* is another fixed point of 2. Then z* = 2z* and p(z*) = 0.
From assumption, we have

a(z,2%) > 1. (3.35)
It follows from equation (3.1) and (¢2) that
0 < ((afz, 2%)(A(22, 227) + o(L22) + (227)), V(A (2,27)))
= (a2, 2) (A2, 27) + 0(2) + ¢(27)), o (A (2,27))) (3.36)
<P(L2(z,27) — [alz, 27) (A2, 27) + ¢(2) + ¢(27))];
where
M(z,2)

I

=

Q

"
—~

A(z,27) +9(2) + 9(27), Az, 22) + ¢(2) + p(22),
A(2%, 227) + o(27) + p(227),

SHAG 22) + 0(2) +9(227) + A, 22) + 0(=") +0(22)) )
= max {A(z,2%) + 0(2) + 9(=7), Az, 2) + 9(2) + o(2),

AG*,2) + (") + (=),

ST 2") +0(2) +0() + A" 2) + 9(7) + 9()}

= A(z%, 2).
(3.37)
Using (3.36) and (3.37), we obtain
0 <A(z,2") —alz,2")A(z, 2%). (3.38)
Therefore, we have
Az, 2") < a(z, 2%)A(z,2%) < A(z, 27%), (3.39)

which is a contradiction. Thus z = 2z*. This completes the proof for the
uniqueness. ]

4. CONSEQUENCES

Corollary 4.1. Let (Z°,A) be a complete metric space and let 2 : X — X
be a mapping. Suppose that there exist a function ¢ : & — [0,00), ¥ € ¥ and
a: 2 x X —[0,00) such that

alp, p)(AM(L2p, 2p) + o(2p) + ©(2p)) < (A (1, p)),
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= max {A(u, p) + o) +(p), A, 2) + (1) + o(2p),
A(p, 2p) + ¢(p) + ¢(2p),

S (A 20) + 0(n) + 9(20) + Ap, 20) + 0(p) + o2} )

and satisfies

(1) 2 is triangular a-orbital admissible;
(2) there exists po € Z such that apo, 2po) > 1;
(3) 2 is continuous.

Then there exists z € 2~ such that z = 2z.
Proof. By taking as simulation function
C(n,9) =¢(I) —n, foralln,d >0

and following the proof of Theorem 3.1, then we can prove the corollary. [J

Corollary 4.2. Let (Z°,A) be a complete metric space and let 2 : X — X
be a mapping. Suppose that there exist a function ¢ : Z — [0,00), ¢ € ¥
such that

A 2p, 2p) + o(2p) + (2p) < (A (1, p)),

where

A (1, p)
= max {A(u, p)+e(1) + ¢ (p), Alp, 2) + (1) + o(2p),
Alp, 2p) + ¢(p) + (2p),
%{A(u, 2p) +¢(p) +@(2p) + Mp, 2p) + o(p) + SO(QH)}}

and satisfies

(1) 2 is triangular a-orbital admissible;
(2) there exists po € Z such that a(po, 2po) > 1;
(3) 2 is continuous.

Then there exists z € Z such that z = 2z.

Proof. Take a(u,p) =1 for all u,p € 2" in Corollary 4.1. O

We can easily prove the two corollaries from the Theorem 3.1.
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Corollary 4.3. Let (2, A) be a complete metric space and let 2 : " — 2~ be
a mapping. Suppose that there exist a simulation function ¢, ¢ : Z — [0,00)
and a: 2" x X — [0,00) such that

Claps p)(A(Lp, 2p)+o(2p)+¢(2p)), A(L2p, 2p)+p(2p)+¢(2p))) > 0,
and satisfies

(1) 2 is triangular a-orbital admissible;
(2) there exists po € Z such that apo, 2po) > 1;
(3) 2 is continuous.

Then there exists z € X such that z = 2z.

Corollary 4.4. Let (2, A) be a complete metric space and let 2 : & — Z be
a mapping. Suppose that there exist a simulation function ¢, ¢ : " — [0,00)
and a: 2 x X — [0,00) such that

Clalp, p)(AM(L2p, 2p)+o(2pn)+9(2p)), ML, 2p)+9(2n)+¢(2p))) > 0,

and satisfies

(1) 2 is triangular a-orbital admissible;

(2) there exists po € Z such that a(pg, Lpo) > 1;

(3) If {un} is a sequence in X such that o(fin, pint1) > 1 for all n and
fn — p € X as n — oo, then there exists a subsequence {jn, } of
{pn} such that a(pin,, p) > 1 for all k.

Then there exists z € Z such that z = 2z.

Corollary 4.5. Let (Z°,A) be a complete metric space and let 2 : X — X
be a mapping. Suppose that there exist a simulation function ( and ¢ : X —
[0,00) such that

C(A(2p, 2p) + 9(2p) + ¢(2p), M 2p, 2p) + o(2p) + ©(Lp))) = 0,

and satisfies

(1) 2 is triangular a-orbital admissible;
(2) there exists po € Z such that apo, 2po) > 1;
(3) 2 is continuous.

Then there exists z € & such that z = 2z.
Proof. Take a(u,p) =1 for all u,p € 2" in Corollary 4.3. O
Corollary 4.6. Let (Z°,A) be a complete metric space and let 2 : X — X

be a mapping. Suppose that there exist a simulation function ( and ¢ : X —
[0,00) such that

C(A(L2p, 2p) + p(2p) + ¢(2p), A(2u, 2p) + ¢(2u) + ©(2p))) > 0,

and satisfies
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(1) 2 is triangular a-orbital admissible;

(2) there exists xg € 2 such that a(uo, Luo) > 1;

(3) If {un} is a sequence in X such that o(fin, pint1) > 1 for all n and
fn — p € X as n — oo, then there exists a subsequence {i,, } of
{pn} such that a(pin,, 1) > 1 for all k.

Then there exists z € X such that z = 2z.
Proof. Take a(u, p) =1 for all p,p € £ in Corollary 4.4. O

5. ILLUSTRATIVE EXAMPLE

Example 5.1. Let 2" = [0, 00) and the metric be defined by the usual metric.
Let ¥ (n) = %7 for n > 0, and let

% it 0<n<1,
n 1
={I14+Z if1<n<é6
©(n) st flsns<é
n, if n > 6.

Then ¢ € ¥, ¢ is lower semicontinuous, and g <o) <n,n=>0.

2
The mapping 2 : 2" — % is defined by 2u = S . Define a function

64 6u
a: 2 x X —]0,00) by

L it 0< p,p <6,
o, p) = 0, otherwise.

Let ¢(u, p) = Ap—p, A €[0,1). We now show that Theorem 3.1 holds. With-
out loss of generality, assume that g > p. Then we obtain

5 (M 20) + (1) + 0(20) + Alp, 210) + 9(p) + £(210)}

1 uwo 2p P 2u
> A 2p) + B+ 2P LA, 2u) + L+ ZH

1

1
Z2{6{Mﬂé%f+M+QP+A@é%U+P+QM%

1 2 2
(M'+ s ) , i p< S
_ )6 + p 6+ 6u
1
6

, otherwise

>
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Also, we obtain

A (1, p)
— max { (1, p) + (1) + (0, A, 2p1) + p(1) + 9(2p),
Ap, 2p) + ¢(p) + ©(2p),
%{A(u, 2p) + ¢(p) + ¢(L2p) + Ap, 2p) + ¢ (p) + w(e@u)}}

> —max {A(u, p) + 1+ p, AMp, 2u) + p+ 2p,
Alp, Zp) + p + Z2p,

1
S WAk, 2p) + i+ 2p + Mp, 2p) +p + Qu}}

=

1
= zmax {2/J“7 2:“’7 2P’ GM}

and
a(p, p)(A(2p, 2p)+0(2u)+9(2p)) < M2p, 2p) + ¢(2p) + ¢(2p)
A(2u, 32,0) + Qu + 92p
3u? n 3p
6+6u 6+6p

<
<

2

‘6—1—6/; 6-+6p

T 1+ + s
Hence, for A € [0,1) we obtain
Cla(p, p)(M(L2u, 2p) + o(2p) +¢(2p)), (A (1, p)))
= Mp(A (11, p))) — a(p, p) (M Lo, 2p) + 0(2p) + ¢(2p))

5. (1 2
>\ (on) -

4 \3 1+up
B
12 14—

Thus, all the conditions of Theorem 3.1 are satisfied, then 2 has a unique
fixed point which is 0.
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