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Abstract. Several common fixed point theorems for a pair of weakly compatible mappings
satisfying contractive inequalities of integral type in a metric space are proved. The results

obtained in this paper improve or differ from a few results existing in the literature.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, we assume that Rt = [0,4+00), R = (—o0, +00),
Ny = {0} UN, where N denotes the set of all positive integers and

P = {cp | o : RT — R™ is Lebesgue integrable and summable on each

€
compact subset of RT and / o(t)dt > 0,Ve > 0};
0
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Py = {¢| ¢ : RT — R" is nondecreasing continuous and ¢(t) =0 < ¢t =0};
®3={p|p:RT = R" is lower semi-continuous and ¢(t) > 0,Vt > 0};

Py = {@| e ®3and p(0) =0};

&5 = {ap | o : RT — R™ is nondecreasing continuous such that ¢ is

positive on (0, 4+00), ¢(0) = 0 and t£+moo(p(t) — +oo}.

In 2002, Branciari [2] gave an integral version of the outstanding Banach
contraction principle and became the first to research the existence of fixed
points for the contractive mappings of integral type.

Theorem 1.1. ([2]) Let (X,d) be a complete metric space and f: X — X be
a mapping satisfying

/ e(t)dt < c/ p(t)dt, Vz,ye€ X, (1.1)
0 0

where ¢ € ®1 and ¢ € [0,1) is a constant. Then f has a unique fized point
a € X such that limy,_, f"x = a for each x € X.

Later on, the researchers [1,5,8-13,15] and others extended the result of
Branciari and gained a lot of fixed point and common fixed point theorems for
various contractive mappings of integral type in metric spaces. In particular,
Altun et al. [1] proved a common fixed point theorem of weakly compatible
mappings concerning a general contractive condition of integral type. Kumar
et al. [5] gave a common fixed point theorem for a pair of compatible mappings
satisfying a contractive inequality of integral type.

Theorem 1.2. ([5]) Let (X,d) be a complete metric space and f,g: X — X
be compatible mappings such that

f(X) C g(X), g is continuous

and
d(fz,fy) d(gz,9y)
/ e(t)dt < c/ e(t)dt, Vz,ye X, (1.2)
0 0

where ¢ € ®1 and ¢ € [0,1) is a constant. Then f and g have a unique
common fixed point in X.

In 2001, Rhoades [14] introduced the concept of p-weakly contractive map-
pings and proved the following fixed point theorem, which extends the Banach
contraction principle.
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Theorem 1.3. ([14]) Let f be a mapping from a complete metric space (X, d)
into itself satisfying

d(fx, fy) < d(z,y) — p(d(z,y)), Va,yeX, (1.3)
where ¢ € ®5. Then f has a unique fixed point in X.

Liu et al. [11] proved the following results for contractive mappings of
integral type.

Theorem 1.4. ([11]) Let f be a mapping from a complete metric space (X, d)
into itself satisfying

d(fz.fy) d(z,y) Y(d(z,y))
/ e(t)dt < / o(t)dt — / e(t)dt, Vzx,ye€ X, (1.4)
0 0 0

where ¢ € ®1 and ¥ € ®4. Then [ has a unique fixed point a € X such that
lim, o f*x = a for each x € X.

Theorem 1.5. ([11]) Let f be a mapping from a complete metric space (X, d)
into itself satisfying

d(fz,fy) M(zy) P(M(z,y))
/ (t)dt g/ go(t)dt—/ p(t)dt, Vr,ye X, (1.5)
0 0 0

where
1
M(a,) = max {d(o. ). e, f2).d(o fo), 3l f) + dly )] (1)

p € &1 and Y € 4. Then f has a unique fired point a € X such that
limy, 00 f"x = a for each x € X.

Remark 1.6. Clearly, &4 C &3, &5 C &3 N &, and Theorem 1.4 extends
Theorem 1.3.

Inspired by the results in [1-15], we introduce four classes of mappings
satisfying the contractive inequalities of integral type as follows:

d(fz,fy) M;(z,y) (M;(z,y))
¢< / so(t)dt> < ¢< / w(t)dt> -/ o(O)dt, Vaye X,
0 0 0
(1.7)
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where ¢ € {17273a4}7 (‘Paﬁf)ﬂ/)) € <I>1 X (PZ X ¢37

Ms(a.9) = ma { (g, g0), (2. 0). (. 90), 31 F.00) + dlg )]
d(fz,gy)d(gz, fy) [L+d(fz, gx)]d(fy,gy)

L+d(fx, fy) L +d(fx, fy) ’
d(fz,gz)[1 +d(fy,gy)] [1+d(fx,gy)ld(gz, fy)
1+ d(fz, fy) ’ 2+d(fz, fy) ’
d(fz,gy)[1 + d(gz, fy)] [1+d(fx,gy)ld(gz, fy)
2+d(fz, fy) ’ 2+ d(gz, gy) ’
d(fz,gy)[1 +d(gz, fy)] }
2 +d(gz, gy) ’

(1.8)
Ma(a.y) = o { (g, g0), d(2,0). (. 90), 31 F. ) + dlg )]
d(fz,gy)d(gz, fy) d(fz,gy)d(gz, fy) }

L+d(fz, fy) ~ 1+d(gz,gy)
(1.9)
(o, ) = e {dlg, ). . 90), (. 0). 3 . g0) + dla, 1)}
(1.10)
and
My(z,y) = d(gz, gy), (1.11)

some of which include (1.3)-(1.5) as special cases. Under certain conditions we
prove the existence and uniqueness of common fixed points for these mappings.
An example is constructed to show that Theorems 2.1 and 2.2 are different
from Theorems 1.1-1.5.

Recall that a pair of self mappings f and g in a metric space (X, d) are said
to be weakly compatible if they commute at their coincidence points.

The following lemma plays a key role in this paper.
Lemma 1.7. ([7]) Let ¢ € ®1 and {rp}nen be a nonnegative sequence with

lim,, oo 7 = a. Then

Tn

lim p(t)dt = /Oa o(t)dt.

n—oo 0

2. COMMON FIXED POINT THEOREMS

Our main results are as follows:
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Theorem 2.1. Let (X,d) be a metric space, f and g : X — X be weakly
compatible mappings satisfying

d(fzx,fy) M (z,y) Y(Mi(z,y))
¢( / w(t)dt> < ¢( / w(t)dt)— / o()dt, Yoy € X,
0 0 0

(2.1)
where (o, ¢, 1) € P x Oy x ®3. If f(X) C g(X), g(X) is complete and
M (z,y) is defined by (1.8). Then f and g have a unique common fized point
mn X.

Proof. Firstly, we attest that f and ¢ have at most a common fixed point in
X. Assume that f and g have two different common fixed points a,b € X.
Using (1.8), (2.1) and (¢, ¢,1) € &1 x Py x $3, we infer that

M;(a,b) = max {d(ga, gb),d(fa, ga),d(fb, gb), %[d(fa, gb) +d(ga, f0)],

d(fa, gb)d(ga, fb) [1+d(fa,ga)ld(fb,gb)
1+d(fa, fb) ~’ 1+d(fa, fb) ’
d(fa,ga)[1 +d(fb,gb)] [1+ d(fa,gb)ld(ga, fb)
1+d(fa, fb) ’ 2+d(fa, fb) ’
d(fa, gb)[1+ d(ga, fb)] [1+d(fa,gb)ld(ga, fb)
2+d(fa, fb) ’ 2+ d(ga, gb)
d(fa,gb)[1 + d(ga, fb)] }
2+ d(ga, gb)

d*(a,b)
1+ d(a,b)’
[1+ d(a,b)]d(a,b) d(a,b)[1+ d(a,b)]

2+d(a,b) = 2+d(a,b)
1+ d(a,b)]d(a,b) d(a,b)[1+ d(a,b)] }
2+d(a,b) 7 2+d(a,b)

:max{d( b),0,0,d(a,b), ,0,0,
(

=d(a,b)

and
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d(a,b) (d(a,b))
= dt | — d
qs( [ et t) [ etar
d(a,b)
<¢( /0 w(t)dt),

which is impossible. Accordingly, f and g have at most a common fixed point.
Secondly, we claim that f and g have a common fixed point in X. Let zg
be an arbitrary point in X. Since f(X) C g(X), it follows that there exists a
sequence {zy tnen, in X satisfying
frn =gxnt1, VYn € Np. (2.2)
Put d,, = d(fxn, frns1) for alln € Nyg. Assume that d,,, = 0 for some ny € Np.
It follows that
fxno = fxn0+1 = 9Tno+1 (2'3)
and
f2$n0+1 = fganH = gf$n0+1 = g2fL‘n0+1. (2'4)
Now we assert that frp,11 = f2T,11. Otherwise, in view of (1.8), (2.1)-
(2.4) and (p, p,1) € &1 X Py x P3, we deduce that

Ml(fxno—i-la -Tno—i-l)

= max {d(gfxnolea gxn0+1), d(fonoer gfxn0+1)7 d(fxnolea gxn0+1)a

1
§[d(f233n0+1, 9Tng+1) + d(9f Tno41, [Tno+1)],

d(fQIno-i-h g$n0+1)d(gf$no+1, fxno-i-l)
1+ d(fzxno-&-lv fxno-l—l)

[1 + d(f2$no+17 gfxno+1)]d(fﬂ7no+17 gxno-H)
I+ d(fono-Hv fxno-H)
d(f2$n0+1, gfa:n0+1)[1 + d(fxno-‘rlv gxno-f-l)]
1+ d(fono-H: fxno-&-l)

[1 + d(f2xn0+17 gwno-‘rl)]d(gfmno-i-la fxno-‘rl)
2+ d(f*Tngt1, fTno+1)
d(f2$n0+1, g$n0+1)[1 + d(gfwno-‘rla f'rno—i-l)]
2+ d(f2.1‘n0+1, fxno-Fl)

[1 + d(f2l‘n0+1, gxn0+1)]d(gf:vn0+1, fxno—H)
2+ d(gfxnoJrly g$n0+1)
d(f2l'n0+1, g$n0+1)[1 + d(gfxn0+1a fwnoJrl)] }

24 d(gfTng+1, 9Tno+1)

)

Y

bl

9

9

9




and

N

IA

-

(f 1'7L0+17fxn0+1
< gz§</ o(t)dt
0
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= max {d(fzxno+lv fxno—i-l)v 0,0, d(fzxno—Hv fxno—i-l)a

dQ(f2:Eﬂ0+1v f‘rnoJrl) 0.0
1+ d(f2$n0+1, fxnoJrl) Y
[1 + d(f2xno+1v f$n0+1)]d(f2xno+1’ fxnoJrl)
2+ d(fono-i-l’ fxno-i-l)
d(f2$no+17 fl‘no-i-l)[l + d(f2xn0+1v f$no+1)]
2+ d(f2$n0+1’ fxno-i-l)

[1 + d(f2xno+1v fxn0+1)]d(f2xno+1’ fxno-i-l)
2+ d(mem)-Hv fxno-i-l)
d(f2xno+17 fmno-i—l)[l + d(fono-&-lv fxno+1)] }

2+ d(f?Tngt1, fTng11)
= d(*2ng+1, [Tnet1)

)

)

)

d(f?@ng+1,fTng+1)
10} / o(t) dt>

M1 (fZng+1,Tng+1) Y(M1(fTng+1,Zng+1))
/ ettar) - | (1)t

0
A(f2Tng+1,f Tng+1)
/ o(t)dt

o

[en]

'l,[} f xn0+1,fﬂ3n0+1))

¢

(
(
(

o

)=,
)

)

which is a contradiction. Therefore,

fxno-i-l = f2xno+17

which together with (2.4) means that fz,,4+1 is a common fixed point of f
and g in X.

Assume that d,, # 0 for all n € Ny. We show that d,, < d,,_1 for all n € N.
Or else, d,, > d,—1 for some n € N. Making use of (1.8), (2.1), (2.2) and
(p, ¢,1) € &1 x Py x P3, we conclude that
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My (20, 1) = max {d@xn, Gns1)s A Fms gn), A Fnst, gnss),

S, gnsn) + d(gon, frai)]
d(frn, 9Tn+1)d(9Tn, fTnt1)
1+d(fzn, frns1)

(14 d(f2n, 920)]d(fTni1, 9Tni1)

1+ d(fan, fTni1) ’
d(fxn, gzn)[1 + d(f2nt1, gTni1)]
1+ d(fan, fTni1) ’
1+ d(fzn, g9Tn11)]d(gTn, fTni1)
2+d(frp, fras) ’
d(fxm gxn+1)[1 + d(gxn, f$n+1)]
2+d(frpn, fras) ’
(1 +d(frn, gTn11)]d(gTn, fTni1)
24 d(gxn, GTni1)
d(frn, gTn+1)[1 + d(gTn, fTni1)] }
2+ d(gzn, gTni1)

)

)

1 1+d,_1)d,
Qd(fin—la fxn+1)7 07 (1—|—d711)

dp—1(1+dy) d(fxn—1, frns1) 0 d(frp—1, frni1) 0}
1+d, 24 d, T 2+d,_1 ’

= max{d,_1,dn}

—d,

0 < ¢( /0 v sO(t)dt) - ¢( /0 ey w(t)dt>

M (zn,Tn+1) (M1 (2, Tn+1))
¢< / sO(t)dt> -/ o(t)dt

0

o[ v ettar) - | M war
<o ["etar),

which is illogical. Hence, d,, < d,,—1 for all n € N and

)

= max {dn_l, dp—1,dp,

and

IN

Ml(l'n, .%'n_H) =d,_1, VYné€eN. (2.5)



Common fixed points 611

It is apparent that the sequence {dp, }nen, is nonincreasing and bounded, which
implies that there exists r with

lim d, =7 >0. (2.6)

n—oo

Now, we certify that r = 0. Otherwise, r > 0. Put
liminf ¢ (d,) = a. (2.7)

n—oo

It follows that there exists a subsequence {d,,(x)—1}xen of {dn}nen, satisfying

klim I/J(dn(k),l) = Q. (28)
—00
Note that 1 € &3 and (2.6)-(2.8) yield that

a>(r) > 0. (2.9)

In terms of (2.1), (2.5)-(2.9), (¢, ¢, ¥) € ®1 X Pg x P3 and Lemma 1.1, we get
that

0< ¢< /0 rw(t)dt) - lilzri\s;ip(b( /0 e cp(t)dt)

A(fTnk)>fTn(k)+1)
= limsup ¢ ( / <p(t)dt>

k—o0 0
M1 (T (k)T (k)+1) Y(M1 (T (k)T (k)+1))
< lim sup [qb(/ <p(t)dt> / o(t)dt
k—o0 0 0
M1 (T () 5T (k) +1) Y(M1 (T (k) 5T (k) +1))
< limsup¢></ @(t)dt) - liminf/ p(t)dt
k—o0 0 k—o00 0
dn(ky—1 PY(dp(k)—1)
= lim supcb(/ go(t)dt) — lim inf/ p(t)dt
k—o0 0 k—oo Jo

—o( [ otwat) - [ ety
< ¢( I w(t)dt> -/ " o
<o [ otvar).

which is absurd. Thus r = 0, that is,
lim d, = 0. (2.10)

n—0o0

Next, we verify that {fx, }nen, is a Cauchy sequence. If not, there exist a
constant € > 0 and two sequences {m(k)}nen, and {n(k)}nen, in N such that
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k< m(k) <n(k) <m(k+1) and

d(f Ty, fTn@y) = € and d(fTmp), fTnm-1) <&, Vk €N (2.11)
Notice that

A(f Ty, FTnm)) < A(f Ty, [Tn)-1) + duy—1, TR EN;
|A(fTmry, [Tni)) — A fTmpy, [Pny—1)] < dpy—1, Yk €N;

2.12
|A(f Tk, [Tn)) — AT r)— 1,f$ D < di k) 1, VkeN; (212)
d(fTm)y—15 fTn)—1) — A(fm k)flvfxn(k N < dppy-1, YEeN.
By means of (2.10)-(2.12), we obtain that
e = Hm d(femm), fonm) = B d(fme), fEnm)-1) o3

= lm d(femg)-1, fenr) = Um d(fTmm)-1; fEnm)-1)-

On account of (1.8), (2.2), (2.10) and (2.13), we receive that
My(Z (k) Tr(k)) = maX{d(QJUm(k) IZn(k))> Af T(kys 9Tmk))> A f Ti) s 9Tn()) s

[ ([ Tk, 9Zn(r)) + A(GTm@)s fTn))]s
(f Tin(k)s 9T (k) A ITm(k)s fTn(k))
L+ d(f ks fTn) ’
(L4 d(f (k) 9Tm))A(fTr(h)> 9Tn (k)
1+d(f$mk),fl‘n ) 7
A(fTm(kys 9Tmk)) L + A(fTnhys 9Tn(k))]
L+ d(fTm), [Tn) ’
[1+ d(fTmw), gwn(k))]d(gxm k) fTn(k))
2+ d(fTm)s frnr)) ’
A(fTm(kys 9Tnk))[L + A(GTm(k), fTna))]
2+ d(fTm)s fTnr)) 7
(L + d(f Ty 9Tn(k))]A(GTmi)s fTn(k))
2 + d(9T (k) 9Tn(k)) 7
A(fTm(kys 9Tn(k))[1 + d(GTm@)s fTn(r))] }
2 + d(9Z k), 9Tn(k))

g2 1+4e 14e 14e 1+c¢
— max < €,0,0, ¢, ,0,0, €, g, g, €
1+4+¢ 24¢ '24¢ 24¢ 2+4¢

=e ask — oco.
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Set

lim inf o) (M1 (2 k), Tn(r))) = B- (2.14)

Then, there exist two subsequences {me(kj)} jen € {[L‘m(k)} ren and
{xn(kj)}jeN C {xn(k)}keN such that

Hm (M1 (T (;)s Tn(ry))) = B (2.15)

Jj—00

Since 1) is lower semi-continuous, it follows from (2.13)-(2.15) that 8 > ¢ (e) >
0. On the basis of (2.1), (2.13)-(2.15), (¢, ¢,7) € &1 x P2 x &3 and Lemma
1.1, we deduce that

0< ¢></06 ga(t)dt)

= limsup ¢ ( / (p(t)dt)

j—0o0 0
M (T (i) Tn (k) YM (T (k) Tk )))
< lim sup [(b(/ <p(t)dt> —/ o(t)dt
Jj—00 0 0
M (@ (k) @n(kj)) YM1 (T () Tk )))
< limsup¢</ go(t)dt) —liminf/ o(t)dt
j—oo 0 170 Jo

_ ¢( / ) @(t)dt) -/ oy
< ¢>< | sO(t)dt) - " oy
< ¢( / Eso(t)dt)

which is a contradiction. Hence { fzy, }nen, is a Cauchy sequence. Since g(X)
is complete, it follows that there exist u,v € X with

lim fz, = lim gz, = u = gv. (2.16)
n—oo n—oo

Suppose that fv # u. Note that
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M; (v, zy,) = max {d(gv,g:pn), d(fv, gv),d(fxn, gzn),

1 d(f%gwn)d(gufwn)
§[d(fv,gmn) + d(gv, fxy)], T d(fo, fr)

[1 + d(fU, gv)]d(fa:n, g:vn) d(f”? g’U)[l + d(fl’n, gl‘n)]

1+ d(fov, fn) ’ 1+d(fv, fzn) ’
[1 + d(fU, g:cn)]d(g’u, fl'n) d(f”? g$n)[1 + d(gv, fx’fl)]
2+ d(fov, fn) ’ 2+ d(fv, fzn) ’

[1 + d(fU, gxn)]d(gv, fxn) d(f”? gm'ﬂ)[l + d(gv, fl'n)] }
2+ d(gv, gzn) ’ 2+ d(gv, gzn)

— max {d(u, w), d(fu,u),d(u,u), %[al(fv7 u) + d(u, u)],

d(fu,u)d(u,u) [1+d(fo,u)]d(u,u) d(fo,u)[l+ d(u,u)]
1+d(fo,u) ’ 1+d(fo,u) 14+d(fo,u)
14 d(fv,u)]d(u,u) d(fv,u)[l+ d(u,u)]
2+d(fo,u) 2+d(fo,u)
14 d(fv,u)]d(u,u) d(fv,u)[l+ d(u,u)] }
2+ d(u,u) ’ 2+ d(u,u)

= max {0, d(fv,u),0, %d(fv, u),0,0, m,
d(fv,u)

1
0, Wa 0, id(f% U)}

=d(fv,u) asn— oo.
Put

lim inf ¢ (M (v, zy,)) = 7.

n—o0

Obviously, there exists a subsequence {,,x) }ren of {Zn}nen, such that

lim ¢(M1(U7xn(k))) =72 w(d(fvvu)) > 0.

k—o00

In accordance with (2.1), (2.16), (¢, ¢, %) € ®1 X Pg x 3 and Lemma 1.1, we
arrive at
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d(fo,u)
0< gb(/o go(t)dt)

d(f’”vfzn(k))
= limsupqS(/ cp(t)dt)
0

k—o00

Ml(vvxn(k)) w(Ml(vvxn(k)))
< limsup [gb(/ cp(t)dt) —/ (p(t)dt]
k—o00 0 0

M (v,251)) (M1 (v, 2 (1))
< limsup¢</ cp(t)dt) — lim inf p(t)dt
0

k—o0 k—oo  Jg

d(fv,u) v
=¢< / @(t)dt> - [ oty
d(fo,u) W(d(fo,u))
< ¢</O w(t)dt> —/O p(t)dt

d(fo,u)
< ¢< / @(t)dt>,

which is impossible. Consequently, u = fv = gv.
Note that f and g are weakly compatible. It follows that

fu= f2v = fgu = gfv = g*v = gu. (2.17)

Suppose that u # fu. In view of (1.8), (2.1), (2.17) and (p, ¢,9) € ®1 x
®y x P3, we give that

Mi (0, gv) = max {d<gv, §20),d(fo, gv), d(Fgv, g),

1 d(fv, g*v)d(gv, fgv)
i[d(f’U?gZU) —i—d(gv,fgv)], 1 +d(fv,fgv)
[1+d(fv,gv)ld(fgv,g*v) d(fv,gv)[1+d(fgv,g%v)]

1+ d(fv, fgv) ’ L+d(fv, fgv) 7
[1+d(fv,g%v)]d(gv, fgv) d(fv,g*v)[1 +d(gv, fgv)]

2 +d(fv, fgv) ’ 24 d(fv, fgv) ’
[1+d(fv,g*v)ld(gv, fgv) d(fv,g*v)[1+ d(gv, fgv)] }

2+ d(gv, g?v) ’ 2+ d(gv, g?v)
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= max {d(u, fu),d(u,u),d(fu, fu), %[d(u, fu) + d(u, fu)],

d*(u, fu) 1+ d(u, w))d(fu, fu) d(u,u)[1+d(fu, fu)
Crd fu) Ltdw e L4dwfu)
[1+d(u, fu)ld(u, fu) d(u, fu)[l + d(u, fu)]

2+ d(u, fu) ’ 2+ d(u, fu) ’
[1+d(u, fu)ld(u, fu) d(u, fu)[l + d(u, fu)] }
2+ d(u, fu) ’ 2 + d(u, fu)

= d(u, fu)

and

which is a contradiction. That is, u = fu = gu. Consequently, f and g have
a common fixed point v € X. This completes the proof. O

Similar to the proof of Theorem 2.1, we have the following results and omit
their proofs.

Theorem 2.2. Let (X,d) be a metric space, f and g : X — X be weakly
compatible mappings satisfying

d(fz,fy) Ma(z,y) P(Ma(z,y))
¢< / s0(7f)dt> < ¢< / so(t)dt>— / o(t)dt, o,y € X,
0 0 0

(2.18)
where (p,p,1) € &1 x &y x 3. If f(X) C g(X), g(X) is complete and
Ms(z,y) is defined by (1.9). Then f and g have a unique common fized point
mn X.

Theorem 2.3. Let (X,d) be a metric space, f and g : X — X be weakly
compatible mappings satisfying

d(fz,fy) M3(z,y) (M3 (z,y))
¢< / so(t)dt> < ¢< / sO(t)dt) -/ (Ot Va,y € X,
0 0 0
(2.19)
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where (@, ¢,1) € @1 x Oy x @3. If f(X) C g(X), g(X) is complete and
Ms(z,y) is defined by (1.10). Then f and g have a unique common fized point
mn X.

Theorem 2.4. Let (X,d) be a metric space, f and g : X — X be weakly
compatible mappings satisfying

d(fx,fy) M4((E,y) w(M4(m7y))
¢< / so(t)dt> < ¢< / so(t)dt) - / o(t)dt, Va,y € X,
0 0 0
(2.20)

where (o, ¢, 1) € @1 x Oy x ®3. If f(X) C g(X), g(X) is complete and
My(z,y) is defined by (1.11). Then f and g have a unique common fized point
mn X.

Remark 2.5. It is clear that Theorem 2.3 extends Theorem 1.5 and Theorem
2.4 generalizes Theorems 1.3 and 1.4. Example 2.1 below shows that Theorems
2.1 and 2.2 differ from Theorems 1.1-1.5, respectively.

Example 2.6. Let X = R be endowed with the Euclidean metric d(x,y) =
|z —y| for all x,y € X. Let f,g: X — X be defined by

4 X 1
fx:{’ Vo € X\{3}, g:czzxz Vo € X.

7 . ’
bR .fL'—3,

Clearly, f(X) = {%,4} C Rt = g(X), g(X) is complete and f and g are
weakly compatible.

Firstly, we prove that Theorems 1.1 and 1.3 cannot be applied to verify the
existence of fixed points of the mapping f in X. Suppose that there exist
c € [0,1) and ¢ € ®; satisfying the conditions of Theorem 1.1. In virtue of
(1.1), c € ]0,1) and ¢ € ®1, we get that

3 A(f3.13)
0 </ p(t)dt :/ o(t)dt
0 0
1

d(3,3) 3 3
< c/ (t)dt = c/ p(t)dt < / e(t)dt,
0 0 0

which is absurd.
Suppose that there exists ¢ € ®5 satisfying the conditions of Theorem 1.3.
In light of (1.3), we deduce that

1 7 7 7 1 1 1
smilmrg) = a(53) = (0(03)) 3+ () <3

which is a contradiction.
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Now we claim that Theorem 1.2 cannot be used to prove the existence of
common fixed points of the mappings f and g in X. Suppose that there exist
c € [0,1) and ¢ € ®; satisfying the conditions of Theorem 1.2. By means of
(1.2), c€]0,1) and ¢ € ®1, we infer that

1

3 d(£3,fV7)
0 < / o(t)dt = / o(t)dt
0 0
1

d(g3.9v/7) 1 1
<c / o)t = ¢ / o(t)dt < / o(t)dt,
0 0 0

which is impossible.

Next, we certify that Theorems 1.4 and 1.5 cannot be used to prove the
existence of fixed points of the mapping f in X. Suppose that there exists
(p,1) € &1 x Dy satisfying the conditions of Theorems 1.4 and 1.5. On the
basis of (1.4), we deduce that

3 a(f3,£3)
0 </ go(t)dt:/ o(t)dt
0 0

d(3,2) P(d(3,2))
s/ w@ﬁ—/ o(t)dt
0 0

:/Oégp(t)dt—/j(;)go(t)dt</o o(t)dt,

which is impossible.
Using (1.5), we have

(o) el Dt a1 2) o) o3
S MR )

N[

and

dt</ ,

1
c\‘
S
=
QU
~
|
\
M\H

which is absurd.
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Finally, we prove the existence of common fixed points of the mappings f
and g in X by employing Theorems 2.1 and 2.2, respectively. Define ¢, ¢, :
R+t — RT by

B B . o vtelo b,
p(t) =2t, o(t)=t, VteR" and w(t){},,, vt € [§,+00).

It is obvious that (o, ¢,1) € @1 x &y x B3, h(t) < t for each t € RT. Let
z,y € X. In order to collate (2.1) and (2.18), we consider the following three
possible cases.

Case 1. z,y € X\{3} or z =y = 3. It follows that for i € {1,2}
d(fz,fy) ) )
o [ etoir) =0.< (iw)? - @O )

Mi(xry) ¢(Mz($7y))
_ ¢( / w(t)dt) -/ o(t)dt:
0 0

Case 2. x =3 and y € X\{3}. It follows that

Mi(3,) > d(f3,63) = d(;Z) =2 ey

d(£3.fy) d(5.4) 1 25 1 2
¢</ so(t)dt> = / © otdt = 1< H_1_20
0 0

M;(3,y) P(M;(3,y))
< ¢</ <p(t)dt> —/ o(H)dt, i€ {1,2);
0 0

Case 3. y =3 and x € X\{3}. It follows that

Mi(2,3) > d(f3, g3) = d<;, Z) - Z ic{1,2)

M;(x,3) P(M;(,3))
< qb(/ go(t)dt) / p(t)dt, ie€{1,2}.
0 0
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Consequently, (2.1) and (2.18) hold. That is, the conditions of Theorems 2.1
and 2.2 are satisfied. Hence, each of Theorems 2.1 and 2.2 guarantees that f
and ¢ have a unique common fixed point 4 € X.
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