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Abstract. The aim of this study is to establish some mean convergence theorems for
double array of fuzzy random variables in metric space endowed with a convex combination

operation under various assumptions.

1. INTRODUCTION

Mean convergence theorems for sequences of random variables have been
studied and extended to the array case by many researchers. For example,
Cabrera and Volodin [3] derived mean convergence theorems and weak laws of
large numbers for weighted sums of dependence random variables under the
condition of integrability and appropriate conditions on the array of weights,
Thanh [16] proved LP-convergence for double arrays of independent random
variables under the conditions that the series of p-th order moments is conver-
gent or the random variables are dominated in distribution. In addition, vari-
ous mean convergence theorems for arrays of random variables or arrays of ran-
dom elements in Banach spaces were also established in [1, 6, 8, 9, 13, 20, 21].

Recently, Thuan and Quang [18] have proved the mean convergence theorem
for sequences of pairwise independent random elements in convex combination
spaces under the condition that the sequence of random elements is compactly
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uniformly r-th order integrable in Cesaro sense (r > 1), this result extends the
corresponding result of Chen and Wang in [4] from Banach spaces to convex
combinatorial spaces. The convex combination space is a metric space endowed
with a convex combination operation and introduced by Terdn and Molchanov
[14]. The class of these metric spaces is not only larger than the class of Banach
spaces but also larger than the class of hyperspace of compact subsets, as
well as the class of upper semicontinuous functions (fuzzy sets) with compact
support in Banach space. Since Puri and Ralescu [10] introduced the concept
of fuzzy random variables as a natural generalization of random sets, several
authors have studied limit theorems for fuzzy random variables. Continuing
in this direction, in this study we establish some results on mean convergence
for double arrays of fuzzy random variables in a convex combination space and
with or without compactly uniformly integrable condition.

This paper is organized as follows: In Section 2, we state and summa-
rize basic results in a convex combination space and some related concepts.
Main results, some results on mean convergence theorems for double arrays
of fuzzy random variables are established in Section 3. First, we give mean
convergence theorem for double arrays of levelwise pairwise independent and
(o, at)-levelwise Cesaro r-th CUI (r > 1) fuzzy random variables. Then, we
establish necessary and sufficient conditions for mean convergence of double
arrays of fuzzy random variables under the restrictive assumptions.

2. PRELIMINARIES

Throughout this paper, (£2,.4, P) is a complete probability space. For no-
tational convenience, for a,b € R, max(a, b) and min(a, b) are denoted by a Vb
and a A b respectively. For A € A, the notation I{A} (or I4) is the indica-
tor function of A. At first, we present a short introduction to the approach
given by Teran and Molchanov [14]. Let (X,d) be a metric space. Based on
X, introduce a convex combination operation which for all n > 2, numbers
Ay oy Ay > 0 satisfying > ;A = 1, and all uq,...,u, € X, this operation
produces an element of X, which is denoted by [A;, u;]?_; or [A1, u1;...; A, U .
Assume that [1,u] = u for every u € X and the following axioms are satisfied:
(CC.) (Commutativity) [\, ui]i; = [Asi), Us(i)]izy for every permutation

oof {1,..,n};
(CC.i) (Associativity)

i ]2 = A 0155 Ay s Antt + Anz, [ 2s— 5124
(CC.ii) (Continuity) If u,v € ¥ and A®) — X € (0,1) as k — oo, then
AE) w1 — AB) o) — [\ us 1 — A ol
(CC.iv) (Negative curvature) If uj,ug,vi,v2 € X and A € (0,1), then
d([Aur; T = N ugl, [N v1;1 — X va]) < Ad(ug,v1) + (1 — N)d(ug,v9);
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1

(CC.v) (Convexification) For each u € X, there exists li_>m [n~ ", ul|?_,, which

will be denoted by Kxu (or Ku so no confusion can arise), and K is
called the convexification operator.

The metric space X endowed with a convex combination operation is referred
to as the convex combination space (CC space for short).

Note that, based on the inductive method and (CC.ii), we can be extended
(CC.iv) to convex combinations of n elements, as follows: if u;,v; € X, \; €
(0;1), >0 Xi = 1, then d([Ai, wi]?_q, [N, villy) < >y Aid(ui, v3). From ax-
iom (CC.v) we see that if X is linear space, then K is the identity operator.
In a general X it is well possible that [n~!, u]"_; # u, so Ku and u may be not
identical. If [\, u]l"; = w for all n > 2 and Ay,..., A\, > 0 with > | A\ = 1,
then u will be called convezly decomposable element (or convexr element) of X
and K (X) coincides with the family of convexly decomposable elements of X.
Moreover, if (X, d) is a separable and complete CC space, then so is (K (X), d)
(see Proposition 2.1 [17]). The axioms (CC.i)—(CC.v) imply the following
properties:

(1) For every uii, ..., Umn € X and a1, ..., oo, B1, ..., B > O with 37" a; =
ST B =1 h
i1 Bj = 1, we have

[, 185, “ij]?:1]§11 = [0y 5j, uzy]sz;n

(2) The convex combination operation is jointly continuous in its 2n ar-

guments.
(3) The convexification operator K is linear, that is K([Aj,u;]j—;) =
[)‘ijuj]?:l-

(4) T u € X and A,y Ay > 0 with 327 0 = 1, then K([Aj,u]?,) =
Ku=[Aj, Kul}_,.
(5) For every A1, A2, A3 > 0 with A\ + X2+ A3 =1 and u,v € X,

A1, u; Ao, Kv; Az, Kv] = [Aq,u; (A2 + A3), Kvl.

(6) The mapping K is nonexpansive with respect to metric d, which means
that d(Ku, Kv) < d(u,v), for all u,v € X.

A mapping X : Q@ — X is called an X-valued random element (or .A-
measurable) if X~1(B) € A for all B € B(X), where B(X) is the Borel o-
algebra on X. When an X-valued random element X takes finite values, it is
called a simple random element.

The collection of X-valued random elements {X; : i € I} is said to be
independent (pairwise independent, respectively) if the collection of o-algebras
{o(X;) : i € I} is independent (pairwise independent, respectively), where
o(X)={X"YB):BecBX)}.
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Next,we assume that (X, d) is a separable and complete CC space. If X is
a simple random element that takes a distinct value z; € X for each non-null
set Q;, i = 1,...,n, the expectation of X is defined by EX = [P(€;), Kx;]" ;.

We fix uyp € K(X) (by (CC.v), K(X) # 0) and ug will be considered as the
special element of X. An X-valued random element X is said to be integrable if
Ed(up, X) < co. Note that this definition does not depend on the selection of
the element ug. The space of all integrable X-valued random elements will be
denoted by L, and the metric on £} is defined by A(X,Y) = Ed(X,Y). By
continuity of all Borel functions X € E%E, then for X € E%E, the expectation of X
is defined as the limit of the expectations sequence of simple random elements.
Note that, if X,Y € £} then d(EX,EY) < Ed(X,Y), and EX € K(X)
if X € L%E. Moreover, Corollary 4.2 [17] shows that, if X, Xy € [,%6 and
A, Ao € (0; 1),)\1 4+ Ao = 1, then E[)\l,Xl; )\Q,Xg] = [)\1,EX1;)\2,EX2]. By
axiom (CC.ii), we also have E[\;, X;|"; = [\, EX;]",, for all X; € £} and
i€ (0;1),> 0 N =1,

Let £(X) be the set of nonempty compact subsets of X and denote by dy
the Hausdorff metric on k(X), that is

dr (A, B) = max{sup inf d(a,b),sup inf d(b,a)}
acAbEB beB acA
for A,B € k(X). It follows from Theorem 6.2 [14] that if X is a separable
complete CC space then the space k(X) with the convex combination

A, Ailiey = {[ N, wi]iey s u; € Ay, for all i}

and Hausdorff metric dg is a separable complete CC space, where the convex-
ification operator K ] () is given by

Ky x)A =c0KxA= co{Kyu:u € A},

where coK y A denotes the closed convex hull of Ky A. Based on this property,
if a result holds for elements in CC space X then it can be uplifted to the
space of nonempty compact subsets k(X). We denote the expectation of an
integrable random element X in (k(X),dgy) by By )X

The notion of compactly uniformly integrable in Cesaro sense for a sequence
of random elements taking values in Banach space was discussed by many
authors (for example, see [2, 4]). To this end the summary, we introduce this
notion for double array of random elements in metric space, which is also
naturally extended from Banach space to metric space. Let » > 0. Then a
double array {X,,, : m > 1,n > 1} of X-valued (k(X)-valued, respectively)
random elements is said to be compactly uniformly r-th order integrable in
Cesaro sense (Cesaro r-th CUI for short) if for every e > 0, there exists a
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compact subset K. of X (k(X), respectively) such that

n

1 m
7531;1 mn S j=1 [ o J) { ’ ’ EH ]

( sup L Z ZE[d}"{({uo},Xij)I{Xij ¢ K.} <e, respectively).

mn
m,n>1 i=1 j=1

3. MEAN CONVERGENCE THEOREMS FOR DOUBLE ARRAY OF
FUZZY RANDOM VARIABLES

In this section, we will establish mean convergence theorems for double
arrays of fuzzy random variables in convex combination space. For ug is a
fixed element of K (X), which is mentioned in Section 2. We denote ||z||y, :=
d(x,u0), |All{uoy = du(A,{uo}) for all x € X, A € k(X). First, we introduce
some related concepts.

Let F(X) denote the family of all fuzzy set v : X — [0, 1] that satisfy the
following properties:

(i) v is a upper semicontinuous function,
(ii) v is normal, that is, there exists z € X such that v(z) =1,
(iii) suppv = cl{z € X : v(z) > 0} is compact in X, where cl(A) denotes
the closure of A in X.

For v € F(X), its a-level set is denoted by Lov = {z € X : v(z) > a} € k(X)
with o € (0,1]. We also denote Lv = cl{z € X : v(xz) > a} for a € [0,1),
and especially Lg{v = supp v.

Theorem 3 [15] shows that if X is a convex combination space then the space
F(X) with the convex combination operator given by

La([Ai, vilizy) = [Ai, Lavilizy, a € (0,1]

and the metric

doo(Ula '02) = Ssup dH(La'Ula Lo/UQ)
a€e(0,1]

is a convex combination space, where the convexification operator K FX) is
given by
La(Kzxyv) = Ky xyLav = ©0Kx(Lav), o € (0,1].

Furthermore, Theorem 4 [15] also shows that the space F(X) with the same
convex combination operation described above and the metric

1 1/p
dp(v1,v2) = (/0 d%(Lavl,Lavg)da)
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is a convex combination space, where K F(X) is given by

LQ(K]_-(%)’U) = Kk(.’{)LO‘fU’ [eAS (0, 1]

A mapping X : Q — F(X) is called a fuzzy random variable (also called
fuzzy random set) if X is (F(X),dp)-valued random variable, for any p > 1.
Note that this condition is equivalent to the condition: L,X is k(X)-valued
random variable for all a € (0,1] (see Theorem 5 [15]).

A fuzzy random variable X is called integrably bounded if | L§ X | uoy € Eﬁ%,

and we denote X € L1(F(X)). Also in [15], Terdn and Molchanov define the
expectation of X € L1(F(X)) as follows. For X € L}(F(X)), the expectation
of X is a fuzzy set, denoted by EF(:{)X, such that for each a € (0, 1]

Lo(Brx)X) = By x)(LaX).

Proposition 3.1. ([19]) For a € [0,1), we have
(2) L ([ viliey) = i, Ly viliey, for vi € F(X);
(2) LE(EpxyX) = Eyx) (LX), for X € LY(F(X)).

A collection {X; : i € I} of fuzzy random variables is said to be levelwise
independent (resp. levelwise pairwise independent) if {L,X; : i € I} is a
collection of independent (resp. pairwise independent) k(X)-valued random
elements for each a € (0,1]. Note that, if {X; : i € Z} is a collection of
levelwise independent (resp. levelwise pairwise independent) fuzzy random
variables, then {L} X, : i € T} is also collection of independent (resp. pairwise
independent) k(X)-valued random elements for each o € (0, 1] (see Lemma 4.3
19]).

A collection {X; : i € T} of fuzzy random variables is said to be (a, a™)-
levelwise Cesaro r-th CUI if {LyX; : i € T} is k(X)-valued Cesaro r-th CUI
for each o € (0,1] and {L}X; : i € T} is k(X)-valued Cesaro r-th CUI for
each a € [0,1). Note that, the concept of (c,a™)-levelwise Cesaro r-th CUI
extends really the concept of CUI which has been introduced in [5, 7].

We now present some lemmas which will be used later.

Lemma 3.2. ([11]) Let v € F(X). Then for eache > 0, there ezists a partition
O=ap<ag <---<ap,=10f[0,1] such that

max dg (L}

v, L, v) <e.
1<k<p s U L 0)

The next lemma is extended from Theorem 3.4(b) [18] to the case of double
arrays.
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Lemma 3.3. Let {X;; :i > 1,j > 1} be an array of pairwise independent and
Cesaro r-th CUI (r > 1) X-valued random elements. Then

Ed"([m™1,[n7, Xijlioality, [m~t, [nt, EXi;l54]i%) — 0 as mVn — oo.

Proof. For € > 0 arbitrarily small, by Cesaro r-th CUI hypothesis, there exist
a compact subset K. of X such that for all m,n

1 m n
— S E(I1Xiln I{Xy ¢ Ke}) <e
i=1 j=1
By the compactness of K., there exists {c1, ca, ..., ¢p} C K¢ such that
P
Ke € U B(e,€), where B(c,e) ={z € X : d(z,¢t) < €}.
t=1
For each ¢ > 1,5 > 1, we define the X-valued random elements as follows:
Co ‘= Uug, if Xij(w) ¢ /CE
Yij(w): cq, leZ](w) GB(Cl, )ﬂK:
¢y, if Xij(w) S B(Ct, ) N {Ut L B(Ck,E)}C NKe,t=2,...,p

Xii(w), if X;(w) e K.
Zig(w) = {uo,]( | if Xij-gwi ¢ Ke.
By triangular inequality, we have
d([m™", [n", Xijlj=1liz1, [m~", [n7", EXijli-]izq)
< d([m_l, nt Xij]? i ImTh I Zgl )
+d([m, ! s Zigliality, [m _17[71_175/1‘1']?:1]?;1)
+d(fm™ [ Yl I [T K Y000
+d([m~ 17[” KY%J]] iy, [m _17[ - E}/ZJ]? 1it1)
+d(fm™ [T BY )it [ T EZg) )
+d([m~ [” EZZ]]] ity [m 17[" , B X j:l]i:l)
= (N1) + (I2) + (I3) + (Ia) + (I5) + (L6)-

Let us estimate the parts above as follows:
For (1), we have

n

(<23 Sz - - D il X # K
J

i=1 j=1 =1
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By Cesaro r-th CUI hypothesis and Jensen’s inequality,

B < B(— 3 Xl X ¢ K23)'

i=1 j=1

1 &
= %ZZE(HXUHZOI{XU ¢K}) <e.

i=1 j=1
For (I2), by the definition of Y;; and Zj,

(I2) < % > > dZi,Yy) <e.

i=1 j=1
For (I3), we will prove that (I3) < ¢ for all w € © when m V n is sufficiently
large. Indeed, for t = 0,1, ..., p, we put

m n
b =card{(i,j):1<i<m,1<j<nY; :ct}:ZZI{YZj =},
i=1 j=1

Ton ={t:0<t<p, QL >0}; m,n>1.
By properties (2.1) and (2.4),

t
[m=, [, Vi i )i = [(mn) 7 Qs [( tn) L e e
and
t
[m=", [n KYy)5 00 = [((mn) 7' Qs [( b)) LK) e

Therefore,
(I3) = d(fm™", [0 Yyl b o K Yl
Qi G
< D ([(Q) el K.

t€Tmn m
By the definition of K, we have

lim d([n~", ey, Kep) = 0.

n—o0

Thus, there exists n1(e) € N such that
d([n™t, e]?y, Key) < % for all n > ny(e) and for all ¢t =0,1,...,p.
p

We put

Mt (6) - 1§£‘lan)f(€) d([k ) Ct]7,=17 KCt), M(&‘) Orgz?é) Mt (E)

and choose the smallest integer number n(e) such that

n(e) > e (p+ 1)M()n(e).
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Now, for all m VvV n > n(e):
If QY > ni(e), then

t

_ t € . -1 —
o d((( Q) el Ker) < g (since mTInTlQL, <),
If 0 < Q%,, < mni(e), then
¢
mn g t -1 Qi (W) K nl(g)M < €
mn ([( mn) 7Ct]z ct) ’I”L(e’:“) (6) “p+1
Hence, for m V n > n(e) and for all w € Q
t
1 Qb €
o Q) By K <
This implies that
> L) )
I3) < mnd([( mn)_ ) €
t€Tmn mn t=0 p+

for values of m V n that are sufficiently large.
For (1), by property (2.1) and Lemma 3.3 [12],

(L) = d(fm™", [n ™!, KYi i )iy, [m ™ [0 BYi)i]i,)

= d(fm ™ [ Yy = e}, Kel 25,
o I [P(Y = e, Ked Tl ]im)
<SS (¥ = e} — PV = ) letlug
t=0 i=1 j=1
<O NS (1Y =} - PY = )|
t=1 i=1 j=1

where C' = maxj<i<p ||ct||u,- Hence, Jensen’s inequality yields
<p 0 Yy

BULY < Oy 12E)—ZZ Iy —ct}—P{Y;j:ct})’T

i=1 j=1
<w”2—ﬂZZHm4gmm%M
i=1 j=1
<e S (]S (10 = e - piv = [)
i=1 j=1

< C«rpr(mn)—l/%
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For (I5), by the definition of Y;; and Z;;,

1 m n
(I5) < — > d(EY:j, EZy)
i=1 j=1

% Z ZECZ(Y;]‘, Zij) <e.

i=1 j=1

IN

For (Is),

(Is) < % > d(EZyj, EXy)

i=1 j=1

% > ) Ed(Zij, Xij)

i=1 j=1

_ % SN E(I1Xijllu I{X5 ¢ K<)

i=1 j=1

IN

By Cesaro r-th CUI hypothesis and Jensen’s inequality again

(Zs)" < [% Yo BNl H{Xi ¢ ’Ca})y
i=1 j=1

< % > Byl Xy ¢ Ke}) <e.

i=1 j=1
Combining the parts above and for mVn large enough, by Jensen’s inequality,
we obtain
Ed ([m™", [n"", Xijlj=1liz1s [m=", [n, EXilia0i%)
<6 'E(L) +EL)" +E(L)" +E(I3) + E(ly)" + E(I5)" + E(Is)"]
<6t [2e + 3" + Crpr(mn)_l/z].

Letting mVn — oo and by the arbitrariness of €, we derive the conclusion. [

Remark 3.4. Lemma 3.3 extends Theorem 1.2 [4] for sequence of pairwise
independent and Cesaro r-th CUI (r > 1) random elements in Banach space to
double array of pairwise independent and Cesaro r-th CUI random elements
in CC space.

In the first theorem, we establish mean convergence conditions for double
array of levelwise pairwise independent and («, a™)-levelwise Cesaro r-th CUT
(r > 1) fuzzy random variables.
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Theorem 3.5. Let {X,,, : m > 1,n > 1} be an array of levelwise pairwise
independent and (o, a™)-levelwise Cesaro r-th CUI (r > 1) fuzzy random
variables, and for each € > 0, there exists a partition 0 = qp < a1 < -+ <
ap =1 of [0,1] such that for all m,n

-1 -1

max dy (LY [m

n
1<k<p Xk—1 |

Er ey Xijli=1li,

Lo, m™ ", [n 1,Ef(3€)Xij]?=1]?l1) <E.

Then

Ed([m™", [n ™ X j )iy, [m ™ [0 By Xigljoa]iZe) — 0
as mVn — oo.

Proof. By condition (3.1), for € > 0, there exists a partition 0 = ap < a1 <
- < ap =1 of [0, 1] such that for all m,n,

+ 1, 1
121’?;(de([/¢% Am™ L n 7E;(j{)Xij]?:1]?lla

-1

Ly, [m ,[n_l,E}-(%)Xz’j]?:ﬂ?ll) <E.

Note that if A, A1, As, B, B1, By are compact sets such that A1 C A C Ay and
By C B C By, then

ClH(A, B) S max{dH(Al, BQ), dH(AQ, Bl)}
< dg (A1, By) +du(Asz, By).
We have
sup  dy(La[m™", [0 Xy)i 1y, Lalm™ [0, Er ) Xijli=1liZ1)

ap_1<alag

< dp (Lo [m™, [n 71, ’Lj]g iy, LY 1[m_17[n_laE]:(:f)Xij]?:l]?il)
(L b 0, X, Loy, 7, By Xl 1)

= dy(Lay [m™", [n7, ] iy, [m™ [nflaEk(j{)L;rk,le‘j]?zl];il)
+dg([m™, [0 g, Xl iy, m” [n7! Ek(%)Lasz‘j]?zl]?il)

< dag (Y, 0, L Xig oo, [ 7Y, By L Xi o)
g e L Xl e o B L X2 )

+ 2dH([m_1’ [n_l? Ek(%)L(—)tk_lXU] 1]1 1 [ _17 [?7,_1, Ek(%)LakXU]?zl];il)
< dH([m_la [n_l Lasz'j]?:ﬂZLa [m_lv [n_la Ek(}:)LakX’LJ]?:I];nll)
Fdp(m™ [ LY Xl [m ™ 7Y By L, Xl =1 )i) + 26
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Therefore

doo([m ™", [0 Xy j ]y, [ In 7 By Xiglj—a i)

= dg (L “LipTlx g m
1rgl?§pak7181<lg§ak i(Lalm™", [ zJ]]—l]l—l’

Lofm™, [0 By Xiglj1 i)

< 1211?%(;) dH([mila [nilv LakXij]?:l]?ila [m717 [nilv Ek(%)LakXij]?zl]?;l)

-1 -1
+ max dy([m™, (v Lo, X[y,

-1 1,,—1
[m ) [n 7Ek(%)L;—k,1Xij]?:l];ll) + 2e.
Using the above estimation and Jensen’s inequality, we have

Bl (m™ [ X Py b [ E e X i )

—1 -1 _ _
< B( max drr(fm ™", 1" Lo Xigljea ey, ™ 7 By e Loy Xliali)

—1 _
+ lrélg%(p dH<[m ’ [TL 1’ Lgtk—lXij]?Zl]?;la

[m=t, [n7L, Ek(%)L+

O —1

'
Xijlj=1lizq) + 25)

P
< E(Z dH([m_17 [n_17 LakXij];L:l]?ila [m_la [n_17 Ek(%)LakXZJ]?zl];il)
k=1
p
+ Z dH([m_la [n_lv L;tk_lXij]?:l]gla
k=1
[ I By L, X i) + 2¢ )
p
<3 (Y du(m ™ 0 Lo X )i,
k=1
™ 0 By L Xl i)
p
+B( Y du(m™ 7 LE, L Xulio ],
k=1

[ I By L Xali i)+ (22)']
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p
<3 Y By I L Xl ),
k=1
[, [n ", Ey ) Lo Xigli=1li%1)

A —1

p
+pr_1ZEd§{([m_la [n_17L+ Xij]?zl]zr’ilv
k=1

[~ ™Y By oy L X)) + (22)7
Note that {Lq, Xmn : m > 1,n > 1} and {L;Fk_len :m > 1,n > 1}

are arrays of pairwise independent and Cesaro r-th CUI (r > 1) k(X)-valued
random elements, for all £k = 1,2,...,p. Thus, applying Lemma 3.3 to these
arrays, we get
Edyy([m™, [n7", Loy Xijlj— iy, [m ™ [0 By gy Lag Xiglj=alit1) — 0
as mVn — oo, and
Ed?j‘[([m_lv [n_1> L(—)tk_lXij]?zl]?lb [m_17 [n_1> Ek(%)L(—;k_lXi]’]?zl]?ll) —0
as mV n — oco. Hence

timsup B (I~ [0~ X iy, b ) B Xl i)

<31 (2¢)".
By the arbitrariness of €, the proof is completed. U
In the next theorem, we will establish necessary and sufficient conditions

for mean convergence of double arrays of fuzzy random variables under the
restrictive assumptions without Cesaro r-th CUI hypothesis.

Theorem 3.6. Let {X,,, : m > 1,n > 1} be an array of fuzzy random
variables. Suppose that for each € > 0, there exists a partition 0 = ay < a1 <
- < ap =1 of [0,1] such that for all m,n

E 1@?§de(Lgk_1[m_l7[n_lXij]?ZI]?ll?Lak [m_lv[n_lXiﬂ?:ﬂZL)} <e.
(3.2)

Then
Edoo([m™, [n™ ' Xi 5[ [ [ By Xiglj—liZ) = 0
as mVn — oo, if and only if for each o € [0;1]
Edp ([m™, [n7 Lo X)), Im ™Y [n 7 By gy LaXiglj—1[i21) — 0

as mVn — oo.



634 P. T. Nguyen

Proof. The necessity is obvious. To prove the sufficiency, for € > 0 arbitrarily
small, there exists a partition 0 = ap < a1 < -+ < a = 1 of [0, 1] such that
condition (3.2) is satisfied. First we have following estimations

sup  dp(Lalm ™, [ Xylfoa)fty, Lalm ™ 7 Ep gy Xiglj—1li21)

ap_1<alog

< sup  dy(fmT 7t La X ) Im T 7 Doy Xiglfa)7)
ap_1<a<lag

(im0 Ly X b [0, By Lo X l)
+ sSup dH([milv [nilﬂEk;(%)LakXij]?zl]?lla

ap_1<a<oy
L By LaXijljz]ith)
=dp([m™, [0, L Xigli )iy, [m=", [, Loy Xiglj=1liz1)
+dg(m™' [n7, Lo, Xij|7-1]i%4, ', [n7, Ek(x)LakXij]?:l]?ll)
+du ([ [0 By gy Loy Xl

[ [t By g L, Xisli=ali2)-

Therefore

o (™", [0 X ) [ I B X[ 12

= E|: a. S d L —1 _IX' X n_ rnri
112’“%{17 ak—lggﬁak H( a[m ’ [n ”}3—1]%—1’

Lalm™, [n_lE}‘(%)Xi ']?:1];‘11)]

< B[ max du(im ™ 07 L8, Xl i 7 o X i)

+ 8| max dpg(fm ™" (07" Lo Xiglj ],

[ I, By Ly Xig i)

+ 121]?2(10 dH([m_17 [n_lv ELakXij]?:l];ila

[milv [nilﬂ Ek(:{)LIk,lXij}?zl];’il)

For (II1), by (3.2) we have (I]}) < ¢.
For (I13), by assumption we have (II3) — 0 as m V n — oo.
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For (I13), by (3.2) we have
(I13) = max dp(Ey g [m™, 07 Lo, Xijlj- )i,

1<k<p
Ek(%)[m_la[ ! Lilk 1Xij]?:1];11)

< fgl?prdH([m_lv[n_17LakXij}j:1]znilv[m_l [ - L;xi_k 1XZJL 1]7, 1)
+ -1 -1
< B[ masx dp(LE,, fn ™ I Xyl

Lak [m_1’ [n_17Xij]7j1:1]zn;1) <e&.
Combining the parts above, we obtain

limsup Edeo([m ™", [0 Xyj)jy iy, [m ™ 07 Ep gy Xiglj—1li2) < 26

mVn—o0

This completes the proof. O

Applying Theorem 3.6, we obtain the following corollary.

Corollary 3.7. Let {X;, = m > 1,n > 1} be an array of fuzzy random
variables. Suppose that for each € > 0, there exists a partition 0 = oy < a1 <
- < op =1 0of [0,1] such that for all m,n

E[max di(LE X, Loy Xon)| < €. (3.3)

1<k<p et
Then
Edoo([m™", [0, Xigljoa )iy, [m ™ [ Epy Xigli=a]iZe) — 0
as mV n — oo, if and only if for each a € [0;1]
Edy([m™, 7Y, LaXijlj_)iy, [m ™ 07, By ey LaXiglj—1)i1) = 0
as mVn — oo.

Proof. We have

+ 1, -1 n o m IR Y
E [ Joax du (L, [m™ " [In7 0, Xyl 1%, Lag [m™ 7 [n7 7, Xigl 7= 1)
< E[l@ggpm;;dH f— 1ijuLaszJ):|

_l’_
SmZZE[f%??de X LX)
=1 j=1

Thus, if (3.3) holds then so does (3.2). The proof is completed by applying
Theorem 3.6. 0
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In the case, the expectations of double arrays of fuzzy random variables are
convergent, we obtain the following result.

Theorem 3.8. Let {X,, : m > 1,n > 1} be an array of fuzzy random
variables. If there exists v € F(X) such that

doo(fm™1, [n 71, E]:(j{)Xij]?:ﬂ?ip v) = 0 as mVn— oo, (3.4)
then
B (™, ™, Xyl I [0, By Xl J20) — 0
as mV n — oo, if and only if for each a € [0;1)
Edy([m™, 7Y, LaXijlj_ )iy, [m ™ 07, By ey LaXig)j—1)i21) = 0
as mVn — oo, and for each o € (0;1]

Edg([m™, In ' LEX]0 ) m™ [n B,

j=1 X)L;rXij]?:l]?ll) —0

(

as mVn — o0.

Proof. The necessity is obvious. To prove the sufficiency, it suffices to prove
that

Edoo([m_l, [n_lXij]?zl]ﬁl,v) —0asmVn— oo.

For € > 0, by Lemma 3.2, there exists a partition 0 =g < o1 < --- < ap =1
of [0;1] such that

+
lglggde(Lakilv,Lakv) <e. (3.5)

By condition (3.4), there exists N € N such that for all & € [0;1] and mVn >
N,

dp([m™, 07!, LaE gy Xijl—1)it1, Lav) <€ (3.6)
and

d([m™, 07! LY Ep 3y Xijlj=alis, L{v) < e. (3.7)
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Now, by (3.5), (3.6) and (3.7), for m Vn > N, we have

sup  dpg(La[m™, [n7", Xij)jy )12y, Lav)

ap_1<alog

<dp(Lay[m™", [0, U]j it LS, )
+dp (L,  [m™ 7 Xl i 17Lakv)
= dy([m™*,[n~ Laka] it L, )
+dp([m™t [0 L Xilfa )i Layv)
<dp([m™ [0, Loy Xyglja]i2e, L )
+dp(m™ [0 LE, Xyl l]z 1 L ) +2du(Lg, v, Layv)
<dg([m™',[n7! Laqu] 1215 Layv)
+dp([m™" 7 LY, X)) ]Z 1 ak1)+2s
<dg(Im™", [n7! LakX’U] iy, Im™ nh La, E F(X) Xijl=11i%y)
+dp(fm™ [T L X,
[, [nt Ly 1Ef(%)Xij]j=1]?l1)

+dH([m7 7[”7 vLakEf(X)Xij]?zl]?ipL U)
+ dH([m717 [nil?szflEf(x)X'U]] 1]1 17L;;k 1 ) + 26

< (" 10" Loy Xy I 0 Ly B X1 10)

+du(fm™' [n~ LE Xl
LN U 2 VEr ey Xiglj=alita)
+ 4e.

Thus for mVn > N,

doo ([m ™", [ XG55 )20 0)

= ma S di(Lom™ Y In~ L X1 ™. L
1111]{:3:1)0% 1Eg<ak H( a[m 7[77/ ) 1]]]—1]2—17 a’U)

< max dH([m_l, [n_l,LakXij]?:l];‘ilv

1<k<p
[ [0 Loy B Xig o Jia)
+11£3%{de<[ - [ - sz 1Xij]?=1]?;17

[t [0 LS, By Xaglia i) + 4e.

637
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Therefore, by the assumption we obtain
-1, -1
EdOO([m ) [Tl Xij]?:l]?ila U)

< B[ max dyr(fn ™" [0 Lo, Xl

[, [n 7, LOékE}'(%)Xij]?zl]?ll)]

+ E |: lrgl?é(p dH([m_l’ [n_l’ L;tk—lxij]?:ﬂ?lla

[m=t, [n~ 1 LY Ef(%)Xij}?zl]ﬁl)} + 4e

)T
p
< Z EdH([m_17 [’I’L_l, LakXij]?:l];ila [m_la [n_17 LOlkE}'(:f)Xij]?ZI];zl)
k=1
p
+ > Edu(fm™ [0 L, Xylia iy,
k=1
[0 L, By Xag o) + e

=o0(l)+4e as mVn— oo.

The proof is completed. O

Applying Theorem 3.8, we obtain the following corollary.

Corollary 3.9. Let {X;nn : m > 1,n > 1} be an array of identically dis-
tributed fuzzy random variables with X1, € LY(F(X)). Then

Edoo([m™1, [nil,Xij]?zl]?;l,E}-(%)Xu) —0asmVn— oo

if and only if for each o € [0;1)

Edg(Im™', n7!, Lo Xijljo1lize, By x)LaX11) = 0 as mVn — oo
and for each a € (0;1]

EdH([m_l, [n_lL;'Xij];-‘zl];il, Ek(:{)Lan) —0asmVn— .
Proof. The necessity is obvious. To prove the sufficiency, we note that

Lo(Exx)X11) = By x)(LaX11) € Ky %) (k(X)), for all a € (0;1].
Therefore, for all m,n,

doo([m ™", [0 B )Xo )iy, Br ) X11)

= S dp(La[m™, [0 By XiglioaliZes La B g ) X11)
ac(0;

= Sl(lg)l] dH([m_l’ [n—l7 LQE}—(%)Xll]gL:I]?;D LQEI(%)Xll) = 0.
ac(0;
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On the other hand, we have

doo([m ™, 0™, Xy )i Iy, Erx)Xu)

< oo (I I, Xy Iy I I By X )

-1

+doo([m ™!, [n s Er iy Xiglj=1lizi, Ex ) Xu)-

The proof is completed by applying Theorem 3.8. O
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