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Abstract. Fixed point theory has been a flourishing area of mathematical research for
decades, because of its many diverse applications. In this paper, we present a fixed point
theorem for s — p—contractive type multi-valued mappings in modular spaces which will

generalize some old results.

1. INTRODUCTION

The concept of fixed point plays a key role in analysis. Also, fixed point the-
orems are mainly used in existence theory of random differential equations, nu-
merical methods like Newton-Rapshon method and Picards existence theorem
and in other related areas. Fixed point theorems based on the consideration
of order have importance in algebra, the theory of automata, mathematical
linguistics, linear functional analysis, approximation theory and theory of crit-
ical points. Fixed point theorems play a key role in applications of variational
inequalities, linear inequalities, optimization techniques and approximation
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theory. Thus the theory of fixed point has been studied by many researchers
extensively.

By a contraction on a metric space (X,d), we understand a mapping 7" :
X — X satistying for all z,y € X: d(Tx,Ty) < kd(z,y), where k is a real in
[0,1).

In 1922, Banach proved the following theorem.

Theorem 1.1. ([3]) Let (X,d) be a complete metric space. Let T : X — X
be a contraction. Then:

(i) T has a unique fized point x € X.
(ii) For every xo € X, the sequence {x,}, where ,4+1 = Tx,, converges
to x.
(iii) We have the following estimate: For every xz € X,

kTL

1-k

d(xp,x) < d(xo,z1), n€N.

The previous theorem has been extended and generalized in different di-
rections. Recently, Azennar [1] gave some fixed point results for generalized
a—contraction.

In 1969, Nadler [12] extended the result of Banach to the case of multi-
valued mappings by using the Hausdorff metric on closed and bounded subsets
of a given metric space. Fixed point theory in modular function spaces is
closely related to the metric fixed point theory, in that it provides modular
equivalents of norm and metric concepts. Modular spaces are extensions of the
classical Lebesgue and Orlicz spaces, and in many instances conditions cast
in this framework are more natural and more easily verified than their metric
analogs.

The fixed point results in modular function spaces were obtained by Khamsi
et al. [7]. Taleb and Hanebaly [16] obtained a fixed point theorem of Banach
type in modular space, where they have used some convenient constants in
the Banach contraction assumptions and studied the generalization of Banach
fixed point theorem in some classes of modular spaces. As an application they
also studied the existence of a solution for an integral equation of Lipschitz
type in Musielak-Orlicz spaces.

Kutbi and Latif [10] studied some fixed point results of multi-valued map-
pings in modular function spaces and proved the existence of fixed points for
contractive type and nonexpansive type multi-valued maps in these spaces
For some more interesting results on different types of mappings in modular
function spaces, we refer the reader to [5, 8, 13, 14].
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In this paper, we present a generalization of fixed point theorem of multi-
valued mappings in modular spaces, where the modular is s-convex, having
the Fatou property and satisfying the As-condition.

2. PRELIMINARIES

We begin by recalling some basic concepts of modular spaces, for more
information, we refer to the books by Musielak [11] and Kozlowski [9].

Definition 2.1. Let X be an arbitrary vector space over K(= R or C). A

functional p : X — [0, +o0] is called modular if, for any x,y € X, the following
hold:

(1) p(x) =0 if and only if x = 0.
(2) plaz) = p(x) for a € K with |a| = 1.
(3) plax + By) < p(z) + p(y) provided that « + =1 and «, 5 > 0.

The modular p is called an s-convex modular if
plax + By) < a’p(x) + Bp(y) for a, B > 0,a° 4+ B° = 1 with an s €]0,1]
If s =1, pis called convex modular.
The vector space X, given by
X, ={z € X,p(Ax) = 0as A = 0}
is called a modular space. Generally, the modular p is not subadditive and

therefore does not behave as a norm or a distance.

Modular space X, can be equipped with the norm called the Luxemburg
norm defined by

]|, = inf{a > 0,p (g) < 1} .

As a classical example, we would like to mention the Musielak-Orlicz space
denoted by L? [11] and the modular function space denoted by L” [9].

Definition 2.2. Let X, be a modular space.

(1) A sequence {z,} in X, is said to be :
(i) p-convergent to x if p(z, —x) — 0 as n — oco.
(ii) p-Cauchy to z if p(x,, — ) — 0 as n,m — oo.
(2) X, is p-complete if any p-Cauchy sequence is p-convergent.
(3) A subset B C X, is said to be p-closed if for any sequence {z,} C B,
if z, — x then z € B. B” denotes the closure of B in the sense of p.
(4) A p-closed subset B C X, is called p-compact if any sequence {x,} C
B has a p-convergent subsequence.
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(5) A subset B C X, is called p-bounded if

6p(B) = sup p(z —y) < oo,
z,yeB

0,(B) is called the p-diameter of B.
(6) Define the p-ball, B,(z,r), centered at x € X, with radius r as

Bp(z,r) ={y € Xp;p(x —y) <r}.
(7) Let H,(,) be the p-Hausdorff distance on X, that is,
H,(A, B) = max {sup dist,(z, B), sup distp(y,A)} , A BeX,
z€A yeB
(8) We say that p has the Fatou property if
p(z —y) <lim p(zn — yn),

whenever z,, % z and Un LN 4y as n — oo.
(9) p is said to satisfy the Ag-condition if:

p(2z,) — 0 as n — oo  whenever p(x,) —0asn — o0

(10) Let X, be a modular space. We say that T : X, — X, is p-continuous
when if p(x, — ) — 0, then p(T'z, — Tx) — 0 as n — oo.

Example 2.3. The Orlicz modular is defined for every measurable real func-
tion f by the formula

o(f) = /R S B )dm(t),

where m denotes the Lebesgue measure in R and ¢ : R — [0, 0o[ is continuous.

We also assume that ¢(u) =0 iff v =0 and ¢p(t) = oo as t = oo.
The modular space induced by the Orlicz modular p, is called the Orlicz
space L¥.

Definition 2.4. Let X, be a modular space, an element x € X, is said to be
a fixed point of a multivalued mapping 7" : X, — 2%e if x € T(x).

Theorem 2.5. ([16, Theorem 1.2]) Let X, be a p-complete modular space.
Let {F,} be a decreasing sequence of nonempty p—closed subsets of X, with
3y (Fp) = 0 as n — oo. Then N, F, is reduced to one point.
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3. MAIN RESULTS

Definition 3.1. Let X, be a modular space. Let B be a p-closed subset of
X,, we assume that p is a s-convex. A multi-valued mapping 7" : B — 2B is
s — p—contractive type if there exist ¢,k € RT, ¢ > max(1, k) such that for
any x,y € B and for any X € Tz, there exists Y € T'y such that

p(c(X —Y)) < k°p(z — y). (3.1)

Remark 3.2. By the s-convexity and the monotonicity of p, the contraction
(1.1) is also true for any constant ¢y such that 1 < ¢ < c.

Kutbi and Latif [10] have proved that every p-contraction, T : C' — F,(C)
has a fixed point where p is a convex function modular satisfying the so-called
Ag-condition, C' is a nonempty p-bounded p-closed subset of L, and F,(C) a
family of p-closed subsets of C.

Taleb and Hanebaly [16] have proved generalization of Banach’s fixed point
theorem in some classes of modular spaces, where the modular is s-convex,
having the Fatou property and satisfying the As-condition.

We present a generalization of [16] and [10], where the modular p is s-convex,
having the Fatou property and satisfying the As-condition.

Theorem 3.3. Let X, be a modular space. Assume that p is an s-convex
modular satisfying the Ao-condition and has the Fatou property. Let B be a
p-closed subset of X, andT : B — 28 be a multi-valued s — p— contractive type
mapping. Then T has a fixed point.

Proof. Let {e,} be a decreasing sequence of positive numbers such that
lim,, 00 €n = 0, and consider the sets defined by
M, ={z € B |3y € Ta,p(L(z —y)) < en},
where L = max{c,2a} and « is the s-conjugate of ¢, i.e. C—lg + % =1.
First notice that {M.} is decreasing, because (g,,) is decreasing. We will
show that M, satisfies the hypotheses of the Theorem 2.5.

Let xg € B. Without loss of generality, assume that x( is not a fixed point
of T. Then there exists z1 € T (xg) such that x1 # xo. Hence p (g — z1) > 0.
Since T' is s — p—contractive type, there exists xo € T (x1) such that

plc(z1 —22)) < k°p(zo —21)
By induction, one can easily construct a sequence {x,,} C B such that z,1 €
T (z,,) and

p(c(Tnt1 — zn)) < K°p (20 — Tn—1).
By the monotonicity of A — p(Az) (A > 0) and for any n > 1.
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In particular by iteration, we have

p(clnr — ) < (k)sm_np<xy—x@

c

and since & < 1 we have p (¢ (zn41 — ) — 0 as n — oo.
Thus by Ag-condition p (L (xp4+1 — zp)) — 0 as n — oo. Hence there exists
q € N* such that p(L (zq11 —x4)) < €n. Then for y = 2441 € Ty and
T =ux4 € M,.

Let’s show that M., is p-closed.

Let {z,} be a sequence in M,,. Then there exist y, € Tz, such that

Assume that {z,} is p -convergent to x € X, since (z,), C B and B is
p-closed, it follows that € B. We have p(x, —z) — 0 as n — oo, by
Ao-condition, we have that

p(L(xp,—x)) =0 as n — oo.

So, T is s — p—contractive type and y,, € Tx,, then there exists y € T'(z) such
that

kE°p(xy — )
B p(L(wn — 7)),

p(c(yn —v))

IA A

Then p (¢ (yn —y)) — 0 as n — oo.

Again by Ag-condition p (L (y, —y)) — 0 as n — oo. The Fatou property
implies that

p(L(z —y)) <limp (L (2n — yn)) < €n.

Finally, there exists y € Tz such that p(L(x — y)) < &,. Therefore x € M,
and hence M, is p-closed.

We still have to show that 6, (M.,) — 0 as n — oo.
Let x,2' € M., . Then there exist y € Tx and y' € Tz such that

p(L(z —y)) <&y
and

p(L(z' —y)) <éen.
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Since « is the s-conjugate of ¢, and T is a s-p-contractive type multi-valued
mapping, by As-condition, we show that

pla—a) = p (a(xa y) <y ; ) a(y’a fc’)>
< %p(a(w —y) +aly —2)+ c%ﬂ(fi(y ~))
S geep2a(e ) + 5pale’ —y)) + plely — )
< 251068 (p(L(z = y)) + p(L(z" = ¢))) + Zplely = y)
e (B e
< g2l CCSS_ ]:s.

Then 6, (Me,,) = sup, gepr., p( —2') — 0 asn — oo. From Theorem 3.3, we
have N, M., = {z} and for all n € N,z € M, , therefore there exist y € Tz
such that

p(L(z —y)) < en =0,
this means that y = z. Hence, we have z € T'z. O

Corollary 3.4. ([16, Theorem 1.1]) Let X, be a modular space. Assume that p
s an s-convex modular satisfying the Ao-condition and has the Fatou property.
Let B be a p-closed subset of X, and T : B — B be an s — p—contractive type
mapping. Then T has a fized point.

Corollary 3.5. ([10, Theorem 2.1]) Let X, be a modular space. Assume
that p is an 1-convex modular satisfying the As-condition and has the Fatou
property. Let B be a p-closed subset of X, and T : B — 28 be a multi-valued
1 — p—contractive type mapping withc =1 and 0 < k < 1. Then T has a fixed
point.
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