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Abstract. This paper is concerned with the existence of solutions for a class of ®-Kirchhoff
type equations with critical exponent in Orlicz-Sobolev spaces. Our technical approach is

based on variational methods.

1. INTRODUCTION

In this article, we consider the existence and multiplicity of solutions for
the following nonlocal problems:

M ( fo (V) div (6 V) Vu) = Af (e, w)+ufulu i Q.
u=70 on 01,

where Q C RY is a bounded domain in RY with smooth boundary, \ is a
positive parameter, and the functions M, f, ¢ and ® will be specified later.
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Equation (1.1) has been widely studied in the case when ¢(t) = tP~2,
and corresponds to the well-known nonlocal problem involving the classical
p-Laplacian operator Apu = div(|Vu[P~2Vu):

- ( [ [Vupdz) Ay = Af (o) + a2,
Q
u=0 on 0.

(1.2)

The problem (1.1) becomes a nonlinear and non-homogeneous problem,
which has been received considerable attention in recent years and studied
by some authors in Orlicz-Sobolev spaces, We refer to the overview papers
3, 8, 14, 15, 16, 17, 18, 21, 22] for the advances and references of this area.

In the present work, motivated by results found in [11, 12], we generalize
the results of the paper [23, 25], in which the authors study a p-Kirchhoff
type equation involving the critical Sobolev exponent, to nonlocal problems in
Orlicz-Sobolev spaces with critical growth. So, we will show the existence of
infinitely many solutions for the nonlocal problem (1.1). The difficulty in this
case, is due to the lack of compactness of the imbedding Wol’(b(Q) — L®@)(Q)
and the Palais-Smale condition for the corresponding energy functional could
not be checked directly. To deal with this difficulty, we use a version of the
concentration compactness lemma due to Lions for Orlicz-Sobolev space found
in Fukagai et al. [10].

Throughout the sequel, we make that the function ¢ : (0,+00) — R is a
continuous satisfying

(¢1)
(p(t)t) >0, Vt>0. (1.3)
(¢2) There exist I,m € (1, N) such that
a(|t)t?
< < .
I < o) =™ Vit £ 0, (1.4)
where
i IN mN
o _ < * * * )
(t) ; (s)sds, 1<m<Il*, I N1 " N_m

Moreover, ¢, is such that the Sobolev conjugate function ®, of ® is its prim-
itive; that is, ®.(t) = folt‘ ¢« (8)sds.
Related to functions f: Q x R — R and M : Rt — RT, we assume that

(Mj) There exists mg > 0 such that M(t) > mg for all £ > 0.
(M3) There exists o > m/l* such that

—

M(t) > oM (t)t, Yt >0,
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where ]\/1\(15) = fot M(s)ds.
(f1) f(z,t) =o(o(t])|t]) as|t| — 0 uniformly in z € Q;
(f2) f(z,t) =o(o«(t])|t]) as |t| = +oo uniformly in 2 €
(f3) There exists 6 € (m/o,1*) such that

0 < O0F(x,t) <tf(x,t), Vt € R, a.e.x €,
where F(x,t) = fot f(x,s)ds, and o is given in assumption (M3).

The difficulty to prove main theorem is related to the nonlinearity of f
and her critical growth. In this case, it is not clear that functional energy
associated with (1.1) satisfies the well-known (PS) condition, once that the
embedding W1®(Q) < Lg, () is not compact. To overcome this difficulty,
we use a version of the concentration compactness lemma due to Lions for
Orlicz-Sobolev space found in Fukagai, Ito and Narukawa [10].

2. PRELIMINARIES ON ORLICZ-SOBOLEV SPACES

Here, we state some interesting properties of the theory of Orlicz- Sobolev
spaces that will be useful to discuss problem (1.1). To be more precise, let
¢ be a real-valued function defined in [0, c0) having the following properties:
¢ is nondecreasing, ¢(0) = 0, ¢(t) > 0if ¢ > 0 and lim;_,oc ¢(t) = o0, ¢ is
right continuous, that is, lim,_,;+ ¢(s) = ¢(¢). Then, the real-valued function

® defined on R by
It
O(u) = (s)sds
0

is called an N-function. We say that a N-function ® satisfies the As-condition
if, there exists tg > 0 and k > 0 such that

®(2t) < k®(t), V> to.

For an N-function ® satisfying As-condition and an open set Q C RY, the
space Lg(€2) is the vectorial space of the measurable functions u : Q@ — R such

that
/ B(|ul) < 0.
Q

The space Lg(£2) endowed with Luxemburg norm,

Hu\|<p—inf{7>0:/Q<I>(|Tu’)§l}

is a Banach space. The complement function of ®, denoted by ®(s), is given
by the Legendre transformation,

D(s) = — > 0.
D(s) ntazagc{st O(t)} fors>0
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The functions ® and ® are complementary each other. Moreover, we have the
Young’s inequality

st < ®(t) + (s), Vi, s>0. (2.1)
Using this inequality, it is possible to prove the Holder type inequality

’/ uv dx’g 2|ullsllvlz, Yu € Le(R2) and v € Lz(9Q). (2.2)
Q

We denote by I/VO1 ’q)(Q) the corresponding Orlicz-Sobolev space for problem
(1.1), defined by the completion of C5°(£2) with norm

[ullie = llulle + [IVullle

for all u € Wol’q)(Q), there is ¢ > 0 such that

lullo < c||Vullle, and / B(u)d < c/ (| Vul)dz.
Q Q

In this case, we see that |[u|| := |||Vu|||e and |.||1,¢ are equivalent norms in
Wol’q)(Q). In the following, we will use ||.|| instead of ||.|[;,¢ on X := W&"P(Q).

Another important function related to function ® is the Sobolev’s conjugate
function ®, of &, defined by

t o)
1 B

An important property is that: If & and d satisfy the As-condition, then
the spaces Lg(f2) and W1?(Q) are reflexive and separable. Moreover, the
As-condition also implies that

U = in Lo(Q) <= /<I>(|un—u|) 50 (2.3)
Q
and

Uy — u in WHe(Q) = / O (Jup, —ul) — 0 and / &(|Vu, — Vu|) — 0.
Q Q

(2.4)
Another important inequality was proved by Donaldson and Trudinger [7],
which establishes that for all open @ C RY and there is a constant S =
S(N) > 0 such that

[ulle, < Sllull, e X. (2.5)

This inequality shows the following embedding is continuous

Wo(Q) = La, ().
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If Q2 is a bounded domain and the two limits hold
(t) (1)

limsup —= < 400, limsup =0, 2.6
t—0 <I>(t) [t| =400 (I)*(t) ( )

then the embedding
Wy ®(9) = Ly (9) (2.7)

is compact.

The following four lemmas involving the functions ®, ® and ., are useful
in the proof of our results, and their proofs can be found in [10]. Hereafter,

® is the N-function given in the introduction and ®, ®, are the complement
and conjugate functions of ®, respectively.

Lemma 2.1. Assume (1.3) and (1.4). Then

0
(1) = /0 sé(s)ds

is a N-function with ®, ® € Ay. Hence, Ly(Q), WL2(Q) and Wol’q)(Q) are
reflexive and separable spaces.

Lemma 2.2. The functions ©, ®,, ® and O, satisfy the inequalities
B(P([t))t) < (2t),  Bu(bu([t])t) < Du(2t), VE>0. (2.8)
Lemma 2.3. Assume that (1.3) and (1.4) hold and let &y(t) = min{t!, t™},
&1(t) = max{t',t™} for allt > 0. Then
o(p)@(t) < @(pt) < &i(p)@(t)  for p,t >0,

So(llulle) < /Q‘P(U) <&(llulle) forue La().

Lemma 2.4. The function @, satisfies the inequality
/
— D.(t)
As an immediate consequence of the Lemma 2.4, we have the following
result

Lemma 2.5. Assume that (1.3) and (1.4) hold and let &(t) = min{t!", t™" },
&(t) = max{t"" ™"} for all t > 0. Then

§2(p)@4(t) < @u(pt) < &3(p)®u(t)  for p,t =0,

&x([lulls.) /Q Wiz < &(Julls.)  foru € Le.(Q).

<m* fort>0.
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Lemma 2.6. Let ® be the complement of ® and put
€a(s) = min{sﬁ,s"%l}, &(s) = max{sﬁ,s%}, s> 0.
Then the following inequalities hold
Ea(r)®(s) < D(rs) < &(r)@(s), 7,5 > 0;
€a(llullz) < /Q‘f’(U)dm < &(llullg), we Lg(Q).

3. PROOF OF MAIN RESULT

In the sequel, we derive some results related to the mountain pass Theorem
and the Palais-Smale compactness condition. We define the energy functional
corresponding to problem (1.1) as Iy : X — R,

I(u) = 1\7(/ @(yvupdx) —)\/ F(x,u)dm—/q)*(u)dx.
Q Q Q
Clearly, I, € C'(X,R) with the derivatives given by

(I (u), v) :M(/ B(|Vul) dm /¢ (IVu]) VuVo

—)\/f:):uvdx—/qﬁ* |u|)uvdz,

for any u, v € X, and the critical points of it are weak solutions of problem
(1.1). For simplicity, we use ¢; (i = 1,2, ..), to denote the general nonnegative
or positive constant. The exact value may change from line to line.

Lemma 3.1. Under the conditions (M), (f1) and (f2), there exist B,0 > 0
such that I(u) > B for any u € X, with ||u|| = o.

Proof. By (f1) and (f2), it follows that for any € > 0, there exists C. = C(e) >
0 depending on ¢ such that

|F(z,t)| < e®(t) + CeP,(t) for all (x,t) € Q x R. (3.1)
Together with (M), we have

In(u) zmo/Q@(w)der/

Q

O(u)dr — (1 + )\Cg)/ O, (u)dz.

Q

Hence for e sufficiently small, we get

Iy(u) Zmo/Q<I>(|Vu])dx—(1—l—)\CE)/ O, (u)dz.

Q
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Due to (2.5) for the continuous embedding X — Lg,(2), and by Lemma
2.3 and Lemma 2.5, for ||u|| = ¢ with 0 < ¢ < min{1,1/S} and taking into
account the last inequalities, we deduce that

1*

Ix(u) = mollu|[™ — 1 fu

Since m < I*, there exists § > 0 such that Iy(u) > S for ||u|| = o, where p is
chosen sufficiently small. The proof of Lemma 3.1 is complete. O

Lemma 3.2. Assume that conditions (f2), (Ms) hold. Then for all X > 0,
there exists a nonnegative function e € X with |le|| > o (where ¢ is given in
Lemma 3.1) such that Ix(e) < 0.

Proof. Choose a nonnegative function vg € C5°(§2) with ||vg|| = 1. By inte-
grating (Ms), we obtain
— Mt
M(t) < 1(/;))75% = ¢cst!/? for allt >ty > 0. (3.2)
to

From (f3), for € > 0 there is a constant M, > 0 such that
F(x,t) > —M. — e®,(t) for all (x,t) € Q x R. (3.3)
Thus
1/o
L) < CS(/ a(|Vul)dr) "+ (e - 1)/ B, (u)dz + AM.|Q.
Q Q

By choosing € = %, for all t > 1, according to Lemma 2.5 we obtain

Vo 1,
IA(tvo)gc;;tm/"(/QCI’(IVvODd:L‘) - 5t /gzé*(vo)dac—i—)\Ms\Q]. (3.4)

Since o > m/1l*, I\(tvg) — —o0 as n — 0o, and the result follows by consider-
ing e = t,vg for some t, > 0 large enough. g

From Lemmas 3.1 and 3.2, using a version of the mountain pass theorem
due to Ambrosetti and Rabinowitz [2], without (PS) condition (see [24]), there
exists a sequence {u,} C H such that

In(un) — ¢y and I (uy,) — 0,

where

— inf I .
ex = inf max A(y(®)) >0 (3.5)

with
I'={yeC([0,1],H) : v(0) = 0, Ix(v(1)) < 0}.
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Lemma 3.3. If the conditions (My), (Ma) and (f1) — (f3) hold, then
li =0.
=0

Proof. For e € X given by Lemma 3.2, we have lim;_, 4 I)(te) = —o0, then
there exists ¢y > 0 such that I)(txe) = I?BOXI)\(te). Therefore,

M(/{)@(t,@Ve\)daz)/Q¢(|Vt)\e|)(t,\Ve)2da:
Y /Q F@ tre)tneds + /Q 6. ([tre]) (bre)2d.

By (M3), (f3), Lammas 2.4 and 2.5, it follows that, for ¢ty > to,
AN / P, (e)dxr < I / D, (tre)dx
Q Q
3 [ tateneds [ ol (teds
Q Q
- M(/ cp(mve\)dx)/¢(\vme|)(twe)2dx
Q Q
mM(/@(tﬂVe\)dx)/<I>(t>\|Ve])dac
Q Q
mﬁ(/ (13| Vel
o Q
mes m/o 1/o
< TSy (/<I>(|Ve|) . (3.6)
Q

—t
o

IN

IN

IN

Since I* > m/o, {t)\} is bounded, there exists a sequence \,, — +oo and ¢, > 0
such that t), — t. as n = oo. Hence, there exists c5 > 0 such that

M(/{Z@(tknWeDdx) /qu(|Vt>\e)(t)\nVe)2 <5 foralln,
which yields,
)\n/Qf(m,tAne)t)\neda:—i—/Qqﬁ*(]tAne|)(t,\ne)2da: <c¢s forall n.
We claim that t, = 0, otherwise, if ¢, > 0 then the last inequality becomes
An /Q f(z,ty, e)ty edx —i—/ﬂgé*(|t>\ne\)(mne)2dx — 400, asn — 0o,

which is impossible, so t, = 0.
Now, let us consider the path v,(t) = te for ¢ € [0, 1], which belongs to T,
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thus

0 < ex. < max I(va(ty,) = I(tr.€) < A?(/ D1, | Vel)dr).
>0 Q

tap >

Since ty, — 0 from (3.6) we obtain

lim ]\7(/9<I>(t>\n|Ve\)dx) —0,

A—00

which leads to limy_,o, ¢y = 0. Il

As consequence of the above Lemma 3.3, there exists A, > 0 such that

1 1 m
ey < (0 - l*) SNméV/ for every A\ > A,. (3.7)

Now we are in a position to prove the main theorem.

Theorem 3.4. Suppose that (M) — (M) and (f1) — (f3) hold. Then, there
exists Ay > 0, such that problem (1.1) has at least one nontrivial solution for
all X > X,

Proof. From Lemmas 3.1 and 3.2, there exists a bounded sequence {u,} C X
such that

I\(un) — ¢y and I4(uy,) — 0.

First, let us show that the sequence {u,} is bounded in X. Indeed, from (f3),
for n large enough, it follows from (M;) and (Ms) that

c+ 1+ ||uyll

> Iy(un) — (14 (). )

0
- 3 ( /Q B V)i ) — M /Q O Vo)) /Q O(|Vun) (Vun) Pz

~ [ @tumar+ 5 [ ol +r [ (;ﬂx,umun—F(x,un))das

> (a—rg)M(/ﬂ <1>(|vun|)dx)/ﬂ¢(|vun|)(wn)2dx+(g—1)/Q<1>*(un)dx
> mg (o~ 2o (llualle) + (% 1) /Q(b*(un)d:cdx.
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Since 0 € (m/o,1*), {u,} is bounded. So, up to subsequence, we may assume
that

Up — u in WOI’CD(Q);
Up = u in Lg, (Q);
Up = u in Lg(Q);

un(z) = u(x) a.e. in Q.

From the concentration compactness lemma of Lions in Orlicz-Sobolev space
found in [10], there exist two nonnegative measures u, v € M(RY), a countable
set J, points {z;};es in © and sequences {y;}jc7,{vj}jes C [0,+00), such
that

O(|Vun|) = 4> (|Vul) + Y pjds;,  in M(RY), (3.8)
jeJ
() = v =Tu(u) + Y vis; in M(RY), (3.9)
JjET
Lr w1 mt
l/j S ma‘X{Sé\f’u]’l 7S]1<f1 :u]l 755\7”;7175% :u’]m }7 (310)

where Sy satisfies (2.5).
Now, we claim that u, — u in Lg,(2). To prove this, let ¢ € C5° (RY)
such that
0<¢ <1, $=1inBp(0), @ =0inRY\B(0).

For ¢ > 0 and j € J denote

.Cl?—xj

¢g(x):¢< ) for all z € RY.

Because {u,1!} is bounded for each j € 7, (I3 (un), un ) = o, (1), that is,

M( [ @(ul)dr) [ 6(Vun)(Tu o2
_ _M</Qq>(|vun|)d;c)/Q¢(yvun|)unvunwg
+/Qd)*(\un\)uiwgdx—1—)\/Qf(:r,un)unwgd:r+on(1)- (3.11)
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By Hélder inequality and the boundedness of {u,} and Lemma 2.3, 2.5, 2.6,
we have

0 < lim lim ‘/<I>(|Vun|)dx>/¢(|Vun|)unVunV1/Jg (3.12)
e=>0n—oco | [o Q
< 26| Vulle) lim Tim (Jlun Ve llo (1 Vun]) Viunll5)
) 1 N~ ) =
< 202601V ul)6s ()& Tullg) lim (I962)5) =0.
By the compactness lemma of Strauss [5], we obtain
lim /f(x,un)unqﬁgdx:/f(x,u)uq’)gdx. (3.13)

Since qﬁg has compact support, n — oo in (3.11), from (3.12) and (3.13), we
obtain

. 1/o . 1/N
mo [ Glduzes( [ e(vaae) ([ velas)
Q Be(z;) Be(z;)

+/ gbgdu—l—)\/ f(z, u)uglde.
Q Be(x4)

Letting ¢ — 0, we derive mopu; < v;. Therefore,

*

l*
l* e *
v; <max{Syu, , SN K,

m*
m

* K *
SN, SR )

V; «, Vi _1* * «, Vi _1* «, Vi ~.m*
< J Sl J 71 qm -1 Sl J \—=—1 gm J
=~ mo max{ N(mo) y PN (m()) ) N(mo)m y N (

)
N/

mo
Then either v; = 0 or v; > SNmO ™. We assert that v; = 0 for each j. If not,

assume that v; > SV mév /™ for some Jj, then because {uy} is a Palais-Smale
sequence, we have

ex = Iy (un) — %(Ig\(un),u@ +on(1)
—]\7</Q<I>(|Vun|)d:v) —;M(/vaunpdx)/Q¢(yvuny)(vun)2dx
- [ @twdnt G [ onlfualydas
+ )\/Q (;f(a:, Up Uy — F(x, un)) dx + o, (1)
> m()(% - %) /ch(yvuny)dx +/Q (; - zl> O, (un)dz

+ )\/Q (;f(:n,un)un _ F(x,un)> di + o (1),



660 M. Haddaoui, N. Tsouli and A. Zaki

From (f3) and the fact that 6 € (m/o,l*) we obtain

oy > /Q (; _ ;) B, (un)dz + on(1).

Using the concentration compactness lemma of Lions in Orlicz-Sobolev, we
have

¢y > lim (é - l1*> D, (up)dz
Q

n——+oo

Hence for mg > 1

which contradicts to (3.7), and so v; = 0 for all j € J. Hence

lim Q*(un)daﬁ—/i)*(u)da:.
Q Q

n—-+oo
This implies ngrfw Jo @s(Jun — ul)dz = 0, we deduce
up, = u in Lg,(Q).
Now, using again the Holder type inequality, it follows that

li n|)tn (Un = d I ) (U, — u)dz = 0.
n_l)riloo/gb|u\u —u)dr =0 an n_l)r_ir_loo/gf(a:u)(u u)dr =0

(3.14)
On the other hand, we have

(T (), i — 1) = M(/ (| Vul)dz) /¢|Vu| YV (uy — 1)

—)\/fxu —udw—/¢*\u| — u)dw

_On

Moreover, from the contlnulty of M and the boundedness of {u,} in X, we
may find cg > 0 such that

M(/Q<I>(|Vun|)dx) — M(cs) > 0.
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Combining the last limit with (3.14) we give

/Q¢(]Vu\)VuV(un —u)dz =0,

finally we conclude that

up, = u in X. (3.15)

This completes the proof. O
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