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Abstract. This present paper extends some fixed point theorems in rectangular b-metric

spaces using subadditive altering distance and establishing the existence and uniqueness of

fixed point for Kannan type mappings. Non-trivial examples are further provided to support

the hypotheses of our results.

1. Introduction

In 1968, Kannan proved that a contractive mapping with a fixed point need
not be necessarily continuous and presented the following fixed point result.

Theorem 1.1. ([13]) Let (X, d) be a complete metric space and T : X → X

be a mapping such that there exists 0 < k <
1

2
satisfying

d(Tx, Ty) ≤ k[d(x, Tx) + d(y, Ty)], ∀x, y ∈ X.
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Then, T has a unique fixed point u ∈ X, and for any x ∈ X the sequence of
iterates {Tnx} converges to u and

d(Tn+1x, u) ≤ k(
k

1− k
)nd(x, Tx), n = 0, 1, 2, · · · .

The concept of metric space, as an ambient space in fixed point theory, has
been generalized in several directions. In particular, b-metric spaces were in-
troduced by Bakhtin [1] and Czerwik [2], in such a way that triangle inequality
is replaced by the b-triangle inequality:

d(x, y) ≤ b (d(x, z) + d(z, y))

for all pairwise distinct points x, y, z and b ≥ 1. Various fixed point results
were established on such spaces, see [3, 4, 5, 10, 11, 14, 15, 17, 18, 19, 20].

In this paper, we provide some fixed point results for generalized Kannan
type mapping in rectangular b-metric spaces. Moreover, an illustrative exam-
ples is presented to support the obtained results.

2. Preliminaries

Combining conditions used to define b-metric and rectangular metric spaces,
George et al. [9] announced the notions of b-rectangular metric space as follow:

Definition 2.1. ([9]) Let X be a nonempty set, b ≥ 1 be a given real number,
and let d : X ×X → [0,+∞[ be a mapping such that for all x, y ∈ X and all
distinct points u, v ∈ X, each distinct from x and y:

(1) d (x, y) = 0, if only if x = y;
(2) d (x, y) = d (y, x) ;
(3) d (x, y) ≤ b [d (x, u) + d (u, v) + d (v, y)] (b-rectangular inequality).

Then (X, d) is called a b-rectangular metric space.

Example 2.2. Let X = R. Define d(x, y) = |x − y| where x, y ∈ R. It
is easy to verify that d is a rectangular b-metric and (X,R, d) is a complete
rectangular b-metric space.

We try to extend the result of Kannan using the following class of subaddi-
tive altering distance functions.

Definition 2.3. ([12]) A function ϕ : [0,∞) → [0,∞) is said to be a subad-
ditive altering distance function if

(1) ϕ is an altering distance function (that is, ϕ is continuous, strictly
increasing and ϕ(t) = 0 if and only if t = 0),

(2) ϕ(x + y) ≤ ϕ(x) + ϕ(y), ∀x, y ∈ [0,∞).
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Example 2.4. The functions ϕ1(x) =
√
x, ϕ2(x) = 3x and ϕ3(x) = log(1+x)

are subadditive altering distance functions.

We note that, if ϕ is subadditive, then for any non negative real number
k < 1, ϕ(d(x, y)) ≤ kϕ(d(a, b)) implies d(x, y) ≤ k′d(a, b) for some k′ < 1.

3. Main result

Consider ϕ as a subadditive altering distance function and the b-metric d is
assumed to be continuous in the topology generated by it, we give some new
fixed point results.

Theorem 3.1. Let (X, d) be a complete rectangular b-metric space with co-
efficient b ≥ 1 and T : X → X be a mapping such that there exists p < 1

2b+1
satisfying:

ϕ(d(Tx, Ty)) ≤ p[ϕ(d(x, y)) + ϕ(d(x, Tx)) + ϕ(d(y, Ty))], ∀x, y ∈ X. (3.1)

Then, T has a unique fixed point u ∈ X, the sequence {Tnx} converges to u

and for q = 2p
1−p < 1 we have

d(Tn+1x, Tnx) ≤ qnd(x, Tx), n = 0, 1, 2, 3, · · · .

Proof. Let z = Tx for an arbitrary element x ∈ X. Then

ϕ(d(z, Tz)) = ϕ(d(Tx, Tz))

≤ p[ϕ(d(x, z)) + ϕ(d(x, Tx)) + ϕ(d(z, Tz)).

Hence we have

ϕ(d(z, Tz)) ≤ qϕ(d(x, Tx)),

where q = 2p
1−p < 1, it implies that

d(z, Tz) ≤ q′d(x, Tx) (3.2)

for q′ < 1.
Without loss of generality, we assume q = q′. Let x0 ∈ X, consider the

sequence {xn} ⊂ X such that xn+1 = Txn for all n ∈ N. If there exists n ∈ N
such that xn = Txn. Then xn is a fixed point of T and the proof is finished.
Hence, we assume that xn 6= Txn for all n ∈ N. Then for m ≥ 1 and r ≥ 1, it
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follows that

d(xm+r, xm)

≤ b[d(xm+r, xm+r−1) + d(xm+r−1, xm+r−2) + d(xm+r−2, xm)]

≤ bd(xm+r, xm+r−1) + bd(xm+r−1, xm+r−2)

+ b[b[d(xm+r−2, xm+r−3) + d(xm+r−3, xm+r−4) + d(xm+r−4, xm)]]

= bd(xm+r, xm+r−1) + bd(xm+r−1, xm+r−2) + b2d(xm+r−2, xm+r−3)

+ b2d(xm+r−3, xm+r−4) + b2d(xm+r−4, xm)

≤ bd(xm+r, xm+r−1) + bd(xm+r−1, xm+r−2) + b2d(xm+r−2, xm+r−3)

+ b2d(xm+r−3, xm+r−4) + · · ·+ b
r−1
2 d(xm+3, xm+2)

+ b
r−1
2 d(xm+2, xm+1) + b

r−1
2 d(xm+1, xm)

≤ d(x1, x0)(bq
m+r−1 + b2qm+r−3 + · · ·+ b

r−1
2 qm+2 + bqm+r−2

+ b2qm+r−4 + · · ·+ b
r−1
2 qm+1 + b

r−1
2 qm)

=

r−1
2∑

k=1

bkqm+r−(2k−1)d(x1, x0) +

r−1
2∑

k=1

bkqm+r−2kd(x1, x0) + b
r−1
2 qmd(x1, x0)

→ 0 as m→∞.

Therefore, {xn} is a Cauchy sequence in X. By completeness of X, there
exists an x ∈ X such that

limn→∞ xn = limn→∞ Txn−1 = x.

Since

d(Tx, x) ≤ b[d(Tx, Txn) + d(Txn, Txn+1) + d(Txn+1, x)],

ϕ(d(Tx, x)) ≤ bp[ϕ(d(x, xn)) + ϕ(d(x, Tx)) + ϕ(xn, xn+1) + ϕ(d(xn, xn+1)

+ ϕ(d(xn, xn+1)) + ϕ(d(xn+1, xn+2))] + bϕ(d(Txn+1, x)).

Then

(1− bp)ϕ(d(Tx, x)) ≤ bp[ϕ(d(x, xn)) + ϕ(xn, xn+1) + ϕ(d(xn, xn+1)

+ϕ(d(xn, xn+1))+ϕ(d(xn+1, xn+2))]+bϕ(d(Txn+1, x))

→ 0 as n→∞.

This implies that Tx = x, it means that that x is a fixed point of T .

Now if y( 6= x) is an another fixed point of T , then

ϕ(d(x, y)) ≤ p[ϕ(d(x, y)) + ϕ(d(x, Tx)) + ϕ(d(y, Ty))],
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it implies that

ϕ(d(x, y)) ≤ pϕ(d(x, y)).

Since ϕ is strictly increasing and p < 1
2b+1 , d(x, y) = 0, therefore the fixed

point of T is unique. From (3.2) we have

d(Tn+1x, Tnx) ≤ qd(Tn−1x, Tnx),

where q = 2p
1−p < 1, that is,

d(Tn+1x, Tnx) ≤ qnd(x, Tx)

for all n = 0, 1, 2, · · · . This completes the proof. �

Example 3.2. Let X = R and (X, d) the complete rectangular b-metric space
as given in Example 2.2.

Define T : X → X, by Tx =
x

3
for all x ∈ X and ϕ(t) = 2t, we have

ϕ(d(Tx, Ty)) <
1

6
(ϕ(d(x, y)) + ϕ(d(x, Tx)) + ϕ(d(y, Ty))), ∀x, y ∈ X.

Then T is a continuous map satisfying (3.1) and 0 is a unique fixed point of

T and the sequence {Tnx} = { x
3n
} for any point x ∈ X converges to 0.

Corollary 3.3. Let (X, d) be a complete rectangular b-metric space and let
T : X → X be a mapping such that

d(Tx, Ty) ≤ p[d(x, y) + d(x, Tx) + d(y, Ty))], ∀x, y ∈ X,

where p < 1
2b+1 . Then, T has a fixed point in X.

Proof. From Theorem 3.1 if we take ϕ(x) = x, we obtain the result. �

Theorem 3.4. Let (X, d) be a complete rectangular b-metric space with co-
efficient b ≥ 1 and T : X → X be a mapping such that there exists p1, p2, p3
with p1 + p2 + p3 < 1 and bp2 < 1 satisfying

ϕ(d(Tx, Ty)) ≤ p1ϕ(d(x, y))+p2ϕ(d(x, Tx))+p3ϕ(d(y, Ty)), ∀x, y ∈ X. (3.3)

Then T has a unique fixed point u ∈ X, and for any x ∈ X the sequence of

iterates {Tnx} converges to u and for q =
p1 + p2
1− p3

,

d(Tn+1x, Tnx) ≤ qnd(x, Tx), n = 0, 1, 2, · · · .

Proof. Similary to the proof of Theorem 3.1 if we consider a metric space
(X, d) and ϕ(x) = x. �
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Example 3.5. Let X = [0, 1] and d : X × X → [0,∞[ defined as d(x, y) =

|x − y|2 is a rectangular b-metric and T : X → X defined by Tx =
x

2
; if

x ∈ [0, 1[ and T1 =
1

3
. If we put p1 =

1

2
, p2 =

1

3
and p3 =

1

9
and ϕ(x) = x,

we obtain that T satisfies (3.3) then T has a unique fixed point.

We can easily prove the following two theorems.

Theorem 3.6. Let (X, d) be a rectangular b-metric space with coefficient b ≥
1, if every mapping T : X → X satisfying

ϕ(d(Tx, Ty)) ≤ p[ϕ(d(x, y)) + ϕ(d(x, Tx)) + ϕ(d(y, Ty))], ∀x, y ∈ X,

for some 0 ≤ p <
1

2b + 1
, then X is complete.

Theorem 3.7. Let (X, d) be a complete rectangular b-metric space with coeffi-

cient b ≥ 1, and T : X → X be a mapping such that there exists 0 ≤ p <
1

2b + 1
satisfying

ϕ(d(Tx, Ty)) ≤ p(ϕ(d(x, Tx)) + ϕ(d(y, Ty))), ∀x, y ∈ X.

Then T has a unique fixed point u ∈ X and the sequence {Tnx} converges to
u.

By the proof of Theorem 3.1, we get the following result which is the Kannan
theorem as a consequence.

Theorem 3.8. Let (X, d) be a complete rectangular b-metric space with co-

efficient b ≥ 1, and T : X → X be a mapping such that there exists p <
1

2b
satisfying

ϕ(d(Tx, Ty)) ≤ p(ϕ(d(x, Tx)) + ϕ(d(y, Ty))), ∀x, y ∈ X. (3.4)

Then T has a unique fixed point u ∈ X, and for all x ∈ X the sequence {Tnx}
converges to u and for q =

p

1− p
< 1,

d(Tn+1x, u) ≤ qnd(x, Tx), n = 0, 1, 2, · · · .

Proof. Let x0 be an arbitrary point of X. Consider the iterative sequence
{xn}, where xn = Txn−1 for n ∈ N. Then we have

ϕ(d(xn, xn+1)) = ϕ(d(Txn−1, Txn))

≤ p[ϕ(d(xn−1, Txn−1)) + ϕ(d(xn, Txn))]

≤ p[ϕ(d(xn−1, xn)) + ϕ(d(xn, xn+1))].
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Hence, we get

(1− p)ϕ(d(xn, xn+1)) ≤ pϕ(d(xn−1, xn)),

that is,

ϕ(d(xn, xn+1)) ≤
p

1− p
ϕ(d(xn−1, xn)).

From (3.2), we get

d(xn, xn+1) ≤
p

1− p
d(xn−1, xn) = qd(xn−1, xn)

≤ qnd(x0, x1)

→ 0 as n→∞.

For m ≥ 1 and r ≥ 1, it follows that

d(xm+r, xm)

≤ b[d(xm+r, xm+r−1) + d(xm+r−1, xm+r−2) + d(xm+r−2, xm)]

≤ bd(xm+r, xm+r−1) + bd(xm+r−1, xm+r−2)

+ b[b[d(xm+r−2, xm+r−3) + d(xm+r−3, xm+r−4) + d(xm+r−4, xm)]]

= bd(xm+r, xm+r−1) + bd(xm+r−1, xm+r−2) + b2d(xm+r−2, xm+r−3)

+ b2d(xm+r−3, xm+r−4) + b2d(xm+r−4, xm)

≤ bd(xm+r, xm+r−1) + bd(xm+r−1, xm+r−2) + b2d(xm+r−2, xm+r−3)

+ b2d(xm+r−3, xm+r−4) + .... + b
r−1
2 d(xm+3, xm+2)

+ b
r−1
2 d(xm+2, xm+1) + b

r−1
2 d(xm+1, xm)

≤ d(x1, x0)(bq
m+r−1 + b2qm+r−3 + ... + b

r−1
2 qm+2

+ bqm+r−2 + b2qm+r−4 + ... + b
r−1
2 qm+1 + b

r−1
2 qm

=

r−1
2∑

k=1

bkqm+r−(2k−1)d(x1, x0) +

r−1
2∑

k=1

bkqm+r−2kd(x1, x0) + b
r−1
2 qmd(x1, x0)

→ 0 as m→∞.

Therefore {xn} is a Cauchy sequence in X. By completeness of X, there exists
an x ∈ X such that

lim
n→∞

xn = lim
n→∞

Txn−1 = x.

From

d(Tx, x) ≤ b[d(Tx, Txn) + d(Txn, xn) + d(xn, x)],

we have
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ϕ(d(Tx, x)) ≤ bp[ϕ(d(Tx, Txn)) + ϕ(Txn, xn) + ϕ(d(xn, x)).

≤ bp[ϕ(d(x, Tx)) + ϕ(d(xn, Txn))]

+ bϕ(d(Txn, xn)) + bϕ(d(xn, x)).

Hence, we have

(1− bp)ϕ(d(Tx, x)) ≤ b(p + 1)ϕ(d(Txn, xn)) + bϕ(d(xn, x))

→ 0 as n→∞.

This implies that Tx = x, it means that x is a fixed point of T .

Now, if y(6= x) is an another fixed point of T , then

ϕ(d(x, y)) ≤ p[ϕ(d(x, Tx)) + ϕ(d(y, Ty))].

Hence,
ϕ(d(x, y)) ≤ p(ϕ(d(x, x)) + ϕ(d(y, y))) = 0,

then d(x, y) = 0. Therefore, the fixed point of T is unique. From (3.2), we
have

d(Tn+1x, Tnx) ≤ qd(Tn−1x, Tnx),

where q = p
1−p < 1, that is,

d(Tn+1x, Tnx) ≤ qnd(x, Tx)

for all n = 0, 1, 2, · · · . �

Example 3.9. Consider the complete rectangular b-metric space (X, d), where
X = R and d(x, y) = |x− y| for all x, y ∈ X. Define the mapping T : X → X
by

T (x) =

{
0, if x ≤ 1,

−1

3
, if x > 1.

Then T is not continous at 1. For ϕ(x) = 3x, we have

3d(Tx, Ty) ≤ 3p(d(x, Tx) + d(y, Ty)).

For x ≤ 1 and y ≤ 1,

d(Tx, Ty) = 0 ≤ p[d(x, Tx) + d(y, Ty)]

= p[|x|+ |y|]
and

ϕ(d(Tx, Ty)) ≤ p[ϕ(|x|) + ϕ(|y|)].
For x > 1 and y > 1,

d(Tx, Ty) = 0 ≤ p[d(x, Tx) + d(y, Ty)]

= p

[∣∣∣∣x +
1

3

∣∣∣∣+

∣∣∣∣y +
1

3

∣∣∣∣] ,
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0 ≤ p

(
x + y +

2

3

)
and

ϕ(d(Tx, Ty)) ≤ 3p

(
x + y +

2

3

)
.

Thus, T satisfies (3.4). Therefore, T has a unique fixed point x = 0.

Theorem 3.10. Let (X, d) be a rectangular b-metric space with coefficient
b ≥ 1, if every mapping T : X → X satisfying

ϕ(d(Tx, Ty)) ≤ p(ϕ(d(x, Tx)) + ϕ(d(y, Ty))), ∀x, y ∈ X

for some p <
1

2b
, has a unique fixed point, then X is complete.

In 1975, Subrahmanyam [21] proved that a metric space (X, d) is complete
if and only if every Kannan mapping has a unique fixed point in X. Later
on, Fisher [7] and Khan [16] proved two important fixed point results related
to contractive type mappings on compact metric spaces. They proved that
a continuous mapping on a compact metric space (X, d) has a unique fixed
point if T satisfies

d(Tx, Ty) <
1

2
(d(x, Ty) + d(y, Tx))

or

d(Tx, Ty) < (d(x, Tx)d(y, Ty))
1
2

for all x, y ∈ X with x 6= y respectively.

Since sequentially compact rectangular b-metric spaces are complete, the
completeness condition in Theorem 3.8 may be replaced by sequential com-
pactness.

A bounded compact metric space [6] is a metric space X in which every
bounded sequence in X has a convergent subsequence. The same notion may
be defined in the case of rectangular b-metric spaces. The class of bounded
compact rectangular b-metric spaces is larger than that of sequentially compact
spaces as the rectangular b-metric space R of real numbers with the usual
metric is not sequentially compact but bounded compact. In the next result,
p is independent of the coefficient b of the rectangular b-metric space.

Theorem 3.11. Let (X, d) be a bounded compact rectangular b-metric space

and T : X → X be a continuous mapping satisfying (3.4) for some 0 ≤ p <
1

2
.

Then T has a unique fixed point u ∈ X and for every x0 ∈ X, the sequence
{Tnx0} converges to u.
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Proof. Let x0 ∈ X be an arbitrary point. Consider a sequence {xn}, where
xn = Tnx0 for all n ∈ N. Then by (3.4) we have

ϕ(d(xn, xn+1)) = ϕ(d(Tnx0, T
n+1x0))

= ϕ(d(T (Tn−1x0), T (Tnx0)))

≤ p(ϕ(d(Tn−1x0, T
nx0)) + ϕ(d(Tnx0, T

n+1x0)))

= p(ϕ(d(xn−1, xn)) + ϕ(d(xn, xn+1))).

It implies that

(1− p)ϕ(d(xn−1, xn)) < pϕ(d(xn, xn+1)), ∀n ∈ N.
Since 1− p ≥ p,

d(xn, xn+1) < d(xn−1, xn), ∀n ∈ N.
This means that the sequence {d(xn, xn+1)}n∈N is strictly decreasing and hence
convergent, so there exists t ≥ 0 such that limn→∞ d(xn, xn+1) = t.

For m,n ∈ N with n < m, we have

ϕ(d(xm, xn)) ≤ ϕ(d(xm−1, xm) + ϕ(d(xn−1, xn))),

and hence ϕ(d(xm, xn)) ≤ ϕ(t) as m,n→∞. This implies that d(xm, xn) ≤ t
as m,n → ∞, therefore, {xn} is a bounded sequence. Hence, {xn} has a
subsequence which converges to u, that is, limk→∞ xnk

= u. By the continuity
of T we have Tu = T (limk→∞ Tnkx0) = limTxnk+1x0 = u, thus, u is a fixed
point of T .

Next, we show the uniqueness of the fixed point ot T . Let z(6= u) be an
another fixed point of T . Then

ϕ(d(Tz, Tu)) ≤ p(ϕ(d(z, Tz)) + ϕ(d(u, Tu))),

it implies that

ϕ(d(z, u)) ≤ p(ϕ(d(z, z)) + ϕ(d(u, u))),

which is a contradiction. Hence, u = z. This completes the proof. �

Example 3.12. Let (X, d) a bounded compact rectangular b-metric space,
where X = [0,∞[ and

d(x, y) =

{
(x + y)2, if x 6= y,
0, if x = y.

Define T : X → X by

Tx =


1

3
, if 0 ≤ x ≤ 2,

1

x
, if x > 2.
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Then, for ϕ(t) = 3t, we have

d(Tx, Ty) <
1

2
(d(x, Tx) + d(y, Ty)).

For x 6= y and x, y > 2, we have

d(Tx, Ty) =

(
1

x
+

1

y

)2

< 1

and
1

2
(d(x, Tx) + d(y, Ty)) =

1

2

((
x +

1

x

)2
+
(
y +

1

y

)2)
> 1.

Similary, for 0 ≤ x ≤ 2 and y > 2, we have

d(Tx, Ty) =

(
1

3
+

1

y

)2

and

1

2
(d(x, Tx) + d(y, Ty)) =

1

2

(
(x +

1

3
)2 + (y +

1

y
)2
)

>

(
1

3
+

1

y

)2

.

Thus, T has a unique fixed point x = 3.

Garai et al. [8] defined T -orbitally compact metric spaces and derived a
fixed point result for the same. The definition of T -orbitally compactness can
be extended to rectangular b-metric spaces as follows.

Definition 3.13. Let (X, d) be a rectangular b-metric space and T be a self-
mapping on X. The orbit of T at x ∈ X is defined as

Ox(T ) = {x, Tx, T 2x, T 3x, ...}.

If every sequence in Ox(T ) has a convergent subsequence for all x ∈ X, X
is said to be T -orbitally compact.

It is easy to see that every compact rectangular b-metric space is T -orbitally
compact. Also the bounded compactness and T -orbitally compactness are
totally independent. Moreover, T -orbitally compactness of X does not give to
be complete.

Theorem 3.14. Let (X, d) be a T -orbitally compact rectangular b-metric space

and T satisfying (3.4) with p <
1

2
and bp < 1. Then T has a unique fixed point

u and

lim
n→∞

Tnx = u, ∀x ∈ X.
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Proof. Let x0 ∈ X be arbitrary but fixed, and consider the iterative sequence
{xn}, where xn = Tnx0 for each n ∈ N. We denote dn = d(xn, xn+1) for
n ∈ N. Then, by (3.4) we have

ϕ(dn) ≤ p(ϕ(dn−1) + ϕ(dn)),

it implies that
(1− p)ϕ(dn) ≤ pϕ(dn−1).

Since 1−p ≥ p, p < 1
2 and ϕ is strictly increasing, we get dn < dn−1, this show

that {dn} is a strictly decreasing sequence of non negative real numbers and
hence convergent. Since X is T -orbitally compact, so {xn} has a convergent
subsequence {xnk

} with limk xnk
= u

lim
k

dnk
= lim

k
d(xnk

, xnk+1
) = d(lim

k
xnk

, lim
k

xnk+1
) = 0.

Therefore, limn→∞ dn = 0.
We have for n,m ∈ N,

ϕ(d(xn, xm)) ≤ p(ϕ(d(xn−1, xn)) + ϕ(d(xm−1, xm)))

= p(ϕ(dn−1) + ϕ(dm−1))

→ 0 as n,m→∞,

this implies d(xn, xm) → 0 as n → ∞. This means that {xn} is a Cauchy
sequence and xn → u as n→∞. Also we have

ϕ(d(u, Tu)) ≤ ϕ(b(d(u, xn) + d(xn, xn+1) + d(xn+1, Tu)))

≤ bϕ(d(u, xn)) + bp[ϕ(d(xn−1, xn)) + ϕ(d(xn, xn+1))

+ ϕ(d(xn, xn+1) + ϕ(d(u, Tu)))].

This implies that

(1− bp)ϕ(d(u, Tu)) ≤ bϕ(d(u, xn)) + bp[ϕ(d(xn−1, xn))

+ ϕ(d(xn, xn+1)) + ϕ(d(xn, xn+1)]

→ 0 as n→∞.

Therefore, Tu = u.
Next, let u∗ be an another fixed point of T . Then, we have

d(u, u∗) = d(Tu, Tu∗) <
1

2
(d(u, Tu) + d(Tu∗, Tu∗)) < 0,

which is a contradiction. Hence, T has a unique fixed point. �

Let us point out that Theorem 3.14 does not hold for p ≥ 1

2
.

To find a solution we assume that T is an asymptotically regular mapping,
that is, limn→∞ d(Tnx, Tn+1x) = 0.
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Theorem 3.15. Let (X, d) be a complete rectangular b-metric space and T :
X → X be an asymptotically regular mapping satisfying (3.4) for some p with
bp < 1. Then T has a unique fixed point.

Proof. Let x ∈ X and define the sequence xn = Tnx, n ∈ N. Since T is an
asymptotically regular mapping, we get for m > n,

ϕ(d(Tn+1x, Tm+1x)) ≤ p(ϕ(d(Tnx, Tn+1x)) + ϕ(d(Tmx, Tm+1x)))

→ 0 as n→∞,

it implies that

d(Tn+1x, Tm+1x)→ 0 as n→∞.

Thus {xn} is a Cauchy sequence and convergent in X with limn→∞ xn = u.
Hence, we have

ϕ(d(u, Tu)) ≤ ϕ(b[d(u, Tnx) + d(Tnx, Tn+1x) + d(Tn+1x, Tu)])

≤ bϕ(d(u, Tnx)) + bϕ(d(Tnx, Tn+1x)) + bϕ(d(Tn+1x, Tu)))

≤ bϕ(d(u, Tnx)) + bp[ϕ(d(Tn−1x, Tnx)) + ϕ(d(Tnx, Tn+1x))

+ ϕ(d(Tnx, Tn+1x)) + ϕ(d(u, Tu)),

this implies that

(1− bp)ϕ(d(u, Tu)) ≤ bϕ(d(u, Tnx))

+ bp[ϕ(d(Tn−1x, Tnx)) + 2ϕ(d(Tnx, Tn+1x)))].

When n→∞, we obtain d(u, Tu) = 0. Therefore, u is a fixed point of T .
Let u∗ be an another fixed point of T . Then

d(u, u∗) = d(Tu, Tu∗) < P (d(u, Tu) + d(Tu∗, Tu∗)) = 0,

which is a contradiction. Hence T has a unique fixed point. �

Example 3.16. Let (X, d) be a complete rectangular b-metric space and T :

X → X be an asymptotically regular mapping satisfying Tx =
x

3
for all

x ∈ X and d(x, y) = |x − y|2, b = 2 and p <
1

2
. Then for ϕ(t) =

√
t, we have

|x− y| < 2(|x|+ |y|). Therefore, T has a unique fixed point x = 0.

Theorem 3.17. Let (X, d) be a complete rectangular b-metric space and T :
X → X be an asymptotically regular mapping satisfying:

ϕ(d(Tx, Ty)) ≤ p[ϕ(d(x, y)) + ϕ(d(x, Tx)) + ϕ(d(y, Ty))], ∀x, y ∈ X

for some p with bp < 1. Then T has a unique fixed point.
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Proof. Let x ∈ X and define the sequence xn = Tnx, n ∈ N. Since T is an
asymptotically regular mapping, we get for m > n,

ϕ(d(Tn+1x, Tm+1x)) ≤ p(ϕ(d(Tnx, Tmx)) + ϕ(d(Tnx, Tn+1x))

+ ϕ(d(Tmx, Tm+1x)))

→ 0 as n→∞.

Thus, {xn} is a Cauchy sequence and convergent in X with limn→∞ xn = u.
Also, we have

ϕ(d(u, Tu)) ≤ ϕ(b[d(u, Tnx) + d(Tnx, Tn+1x) + d(Tn+1x, Tu)])

≤ bϕ(d(u, Tnx)) + bϕ(d(Tnx, Tn+1x)) + bϕ(d(Tn+1x, Tu)))

≤ bϕ(d(u, Tnx)) + bp[ϕ(d(Tn−1x, Tnx))

+ ϕ(d(Tn−1x, Tnx)) + ϕ(d(Tnx, Tn+1x))

+ ϕ(d(Tnx, u)) + ϕ(d(Tnx, Tn+1x)) + ϕ(d(u, Tu))],

this implies that

(1− bp)ϕ(d(u, Tu)) ≤ b(1 + p)ϕ(d(u, Tnx)) + 2bp[ϕ(d(Tn−1x, Tnx))

+ 2ϕ(d(Tnx, Tn+1x)))].

When n→∞, we obtain d(u, Tu) = 0. Therefore, u is a fixed point of T .
Let u∗(6= u) be an another fixed point of T . Then

d(u, u∗) = d(Tu, Tu∗) < P (d(u, Tu) + d(Tu∗, Tu∗)) = 0,

which is a contradiction. Hence, T has a unique fixed point. �
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