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Abstract. Kirk and Xu introduced the concept of asymptotic pointwise contractions and
proved the existence of a fixed point of asymptotic pointwise contractions in Banach space.
V. V. Chistyakov proposed the concept of modular metric spaces. In this paper, the ex-
istence of fixed points for asymptotic pointwise contractions is studied in modular metric
spaces. Moreover, the fixed point theorem for asymptotic pointwise nonexpansive mappings
in modular metric spaces is also studied. The results improve and extend the results of Kirk
and Xu [W. A. Kirk, Hongkun Xu, Asymptotic pointwise contractions, Nonlinear Anal.,
69(2008)4706-4712] to modular metric spaces.

1. INTRODUCTION

In [1, 2], Kirk and Xu introduced the following concepts of asymptotic
pointwise contractions and gave the theorem of existence of a fixed point of
asymptotic pointwise contractions in a Banach space.

Definition 1.1. Let K be a weakly compact convex subset of a Banach space.
A mapping S : K — K is said to be an asymptotic pointwise contraction if
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there exists a function a : K — [0, 1) such that, for each integer n > 1,
15"z = S™yl| < anllz —yl, v,y € K. (1.1)

where «,, — a pointwise on K.

Definition 1.2. Let K be a weakly compact convex subset of a Banach space.
A mapping S : K — K is said to be pointwise asymptotically nonexpansive
if, for each integer n > 1,

15"z = S"y|| < anllz —yll, Va,y € K. (1.2)

here «,, — 1 pointwise on K.

Theorem 1.3. Let K be a weakly compact convexr subset of a Banach space
and let S : K — K be an asymptotic pointwise contraction. Then S has a
unique fized point z € K, and for each x € K, the sequence of Picard iterates,
{T"z} converges in norm to z.

In [3, 4, 5, 6], Vyacheslav V. Chistyakov introduced the following concepts
of metric modular and modular metric spaces.

Definition 1.4. Let X be a nonempty set. A function w : (0,00) x X x X —
[0, o0] is said to be a metric modular on X (or simply a modular if no ambiguity
arises) if it satisfies the following three axioms:

(i) given z,y € X, wy(z,y) = 0 for all A > 0 if and only if z = y;
(il) wa(z,y) = wa(y,x) for all A > 0 and z,y € X
(ill) wrp(z,y) < wr(z,2) +wu(y, z) for all A, >0 and z,y,z € X.

If, instead of (iii), we have conditions (i)(ii) and the following (iii’)
(ii") wrgp(z,y) < ﬁ/\uw)\(:v, z)+ ﬁw”(y, 2) VA u>0,2,y,2 € X, then w
is said to a convex (metric) modular on X.
If, instead of (i), we have only the condition
(i) wx(z,z) =0 for all A > 0 and = € X, then w is said to be a (metric)

pseudomodular on X.

Motivated by the above ideas, we investigate fixed point theory of asymp-
totic pointwise contractions in modular metric spaces and obtain the existence
and unique of fixed point.
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2. PRELIMINARIES

Throughout the paper, we assumed that X is a nonempty set.

Definition 2.1. Let (X, w) be a modular metric space.
(1) The sequence {z,} in X, is said to be w-convergent to z € X if
wx(zp,x) =0
for all A > 0 as n — oo.
(2) The sequence {z,} in X, is called w—Cauchy sequence if
wx(Tn, Tm) — 0
for all A > 0 as n,m — oo.
(3) A subset C of X,, is called w—closed if the w—limit of a w—convergent
sequence of C always belongs to C.
(4) A subset C of X, is called w—complete if any w—Cauchy sequence in

C is w—convergent and its w—limit is in C.

(5) A subset C of X,, is called w—bounded if

0w (C) = sup wy(z,y) < +o0,
z,yeC

where 0,,(C) is called the w—diameter of C.

Definition 2.2. The metric modular w has the Fatou property if and only if
wy(z,y) < liminf wy(x,, y),
for all y € X,, and A > 0, where {z,,} w—convergent to x.

Definition 2.3. Let C' be a nonempty subset of a modular metric space X,
the self—map T : C — C is said to be a w—pointwise contractions if there
exists a function a: C' — [0, 1) such that, for all z,y € C

wy(Tz, Ty) < a(z)wx(z,y).

Definition 2.4. Let (X, w) be a modular metric space and C' be a nonempty
subset of X,,. The self-map T : C — C is said to be a w—asymptotic
pointwise contractions if there exists a function «a,, : C' — [0, 1) such that, for
each integer n > 1,

wx(T"z, T"y) < ap(v)wi(2,y), Y2,y € C

where «,, — « pointwise on C'.
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3. MAIN RESULTS

Theorem 3.1. Let (X, w) be a modular metric space. Assume that w is convex
and C is a w—sequentially compact convex subset of X,,. Let f : C — C be a
w—asymptotic pointwise contraction. If a sequence f"(x) is w—bounded, then
f has a unique fized point.

Proof. For a fixed z € C, define the following function g as
g(p) = limsup wx(f"(z),p),p € C. (3.1)
n—o0

Since C' is a w-sequential compact convex subset of X, the following asymp-
totic center of the sequence f™(z) relative to C'

Ac(f"(z)) ={pe C:g(p) = rtréigg(f(t))} (3.2)

is a closed convex nonempty subset of C.
In the following we will show that f satisfies the property

g(f™(p)) < am(p)g(p),p € C.
Indeed, for fixed z € X,

g(f"(p) = limsupwi(f*(z), f"(p)
= lmsupus(f"(@), ()
= limsupwr(f7f"(x), f"(p) (3.3)
< limsupay (p)un (/")
= am(p)g(p)-
Taking p € Ac(f™(x)) and since f™(p) € C, we have, for m > 1,
9(p) < g(f™(p)) < am(p)g(p). (3.4)
Taking the limit in (3.4) as m — oo, we can obtain
9(p) < alp)g(p)- (3.5)

Since a(p) € [0,1), by (3.5), we have g(p) = 0.
For each p € C, since an(p) = a(p) < 1 and (3.4), we get

g(f™(p)) =0,¥ym >1

that is g(f(p)) = 0.
Thus, we obtain f"(z) — p and f"(z) — f(p). Hence

f(p) =p.
Therefore, p is a fixed point of f.
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In the following, we will prove that f has a unique fixed point. Indeed,
assume that ¢ € C' is another fixed point of f, then, for all n > 1,

wa(p,q) = wx(f"(p), [*(2)) < an(p)wir(p, q). (3.6)
Taking the limit of (3.6) as n — oo, we have

wx(p,q) < a(p)wx(p, q).

Since a(p) < 1, we obtain p = ¢. Hence, f has a unique fixed point. This
completes the proof. O

Definition 3.2. Let C be a subset of a modular metric space X,,. A mapping
T : C — C is said to be w—pointwise asymptotically nonexpansive, if there
exist a sequence of mappings a,, : C — [0, 1) for each integer n > 1, such that

w(T"z, T"y) < am(z)wr(z,y),Vz,y € C,

where a,, — 1 pointwise on C.

Remark 3.3. It is not hard to see that if C is bounded, then w—pointwise
asymptotically nonexpansive mapping 7' is asymptotically nonexpansive type
[7]; that is there exists a sequence {k;,} of positive numbers with the property
k, — 1 as n — oo and such that

w)\(Tnx7 Tny) < knw/\(xv y)

for all n and z,y € C. Therefore, it is immediately that an asymptotically
nonexpansive mapping is pointwise asymptotically nonexpansive.
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