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Abstract. This paper deals the existence of weak solutions of degenerate parabolic p-
q Laplacian equation with Dirichlet boundary condition using Galerkin’s approximation
method and semi-discretization process.

1. INTRODUCTION

In this paper, we consider the following degenerate parabolic p-g Laplacian
equation with Dirichlet boundary condition as follows:

up — Apu + a(x) [ulP? u — Agu+ b(z) [u]? 2 u
= f(u) +g($7t) in QT’
u=0onTI'p,
u(z,0) = up(z) on Q,
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where A,u = V- (|Vu|""2 Vu) for some integer r, Qr = Q2 x (0,T), 'y = dQ x
(0,7), p,q > 2,q < p, Qis open bounded domain in RY with smooth boundary
9Q € C! and ug(x) denotes the initial data. Assume that a(z),b(x) > 0. For
some elliptic type equations related to the above equations one can see [12, 13].

The p-q Laplacian equation has been receiving increasing attention during
the last decades, for example, one can see [12]-[15] and the references therein.
In particular Afrouzi et al. [1] established the existence and multiplicity of
solutions of some p-q Laplacian system using Ekeland’s variational princi-
ple, the mountain pass theorem and the saddle point theorem. Furthermore,
Afrouzi et al. [2] studied the existence results for a class of p-¢ Laplacian
system in which the proof depends on the local minimization method. Afrouzi
and Rasouli [3] proved the existence of nontrivial nonnegative solutions to a
multi-parameter nonlinear elliptic system. Cherfils and I’yasov [6] analyzed a
family of stationary nonlinear equations of p-g Laplacian with Dirichlet bound-
ary conditions which have a wide spectrum of applications in many areas of
science. Figueiredo proved the existence of positive solutions to the class of
elliptic problems with critical growth on R™ in [9]. He and Li [10] established
the existence of a nontrivial solution to the elliptic problem without the as-
sumption of the Ambrosetti-Rabinowitz condition. The existence of at least
three weak solutions is established for a class of quasilinear elliptic systems
involving the p-q Laplacian with Dirichlet boundary condition by Li and Tang
[11] and also Li et al. established the three solutions for p-¢ biharmonic sys-
tems in [14]. Li and Zhang [13] studied the existence of multiple solutions
for the nonlinear elliptic problem of p-q Laplacian type involving the critical
Sobolev exponent. Rasouli et al. [15] obtained the existence of positive weak
solution for a class of p-¢ Laplacian system with sign-changing weight by the
method of sub-super solutions. It is convenient to mention that the present
method and the problem is an extension our previous result in [5]. In con-
trast to the above mentioned results, in this work, we consider the degenerate
parabolic equations with p-¢ Laplacian and establish the existence of weak
solutions using semi-discretization process.

We now recall some function spaces to be used in this work. We suppose that
if X is a Banach space, then LP(a,b; X) denotes the space of all measurable
functions u from (a, b) to X such that ||u(-)||x belongs to L”(a,b). Throughout
this work, we use the generic constant C' instead of different constants. Finally,
the results of the paper are organized as follows. In section 2, we establish the
existence of weak solutions of steady-state problem of (1.1) using Galerkin’s
approximation method. In section 3, we prove the existence of weak solutions
of the given problem (1.1) using semi-discretization process.
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2. STEADY-STATE CASE

In this section, we consider the steady-state case of the original problem
(1.1) and establish the existence of weak solutions using Galerkin’s approxi-
mation method.

The steady-state version of the given parabolic problem (1.1) is as follows:

2.1
u = 0 on 0. (2.1)

{—Apu +a(x) [ulP % u — Agu+ b(x) [u|"?u = f(u) + g(z) in Q,
Definition 2.1. A function u € W(}’p(Q) N W, 9(Q), is said to be a weak
solution of (2.1) if

/ \Vu|P2VuV ¢dx + / a(z)|ulP2ugdx + / |Vu|T2VuV ¢pda
Q Q Q

+ /ﬂ b(x)|u|? 2updr = /Q f(u)pdx + /Q g(x)pd,

holds for each ¢ € Wy P(2) N Wy 9(Q) with f(u) € L' (Q) and g(z) € LI ()
where p/, ¢’ respectively denotes the Holder conjugate of p and q.

Lemma 2.2. ([4, 8]) Let F : RX — RX (K € N) be a continuous function
such that (F(r),r) > 0 on |r| = p. Then there exists z € B,(0) such that
F(z) = 0 for sufficiently large p.

Theorem 2.3. Under the assumption for some ag, by > 0 such that a(x) > ag,
and b(x) > by and further assume that there exists positive constants My, Ms
and m such that |f(s)| < My|s|™ 4+ Ma, where either m < p/p’ or m < p/p
with My small enough. the steady-state problem (2.1) has a weak solution u
in the sense of Definition 2.1.

Proof. In order to prove the existence of solutions of the steady-state problem
(2.1), we use the Galerkin’s method of approximate solutions (see [4]). The
material presented here is standard (see [7, 8]), and we have included it just
for the sake of completeness. To use the Galerkin’s method, we are in need of

and s € N. Then

N
the specific basis. Let r > 0 be such that r < p* = N P

W5 (Q) € Wy () € L7(Q) © (Wg™)'(@)

with continuous and dense inclusions. Now, let us introduce the spectral
problem, find w € WOS’Q(Q) and A € R such that

(W, B2y = Aw,d)pze), forall ¢€Wy?(Q),
w = 0 on 0.
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where (-, -)WS,Q(Q) and (-, -)r2(q) denotes the inner products of WS’Z(Q) and
0

L?(Q) respectively. The above problem gives a sequence of non-decreasing

eigenvalues {\;}7°, and a sequence of corresponding eigenfunctions {e;};°,

forming an orthogonal basis in W () and orthonormal basis in L2() (see
[16].

For each n € N, define the subspace V,, = span{ey,- - ,e,}. It is well known
that (V4,, | -]|) and (R™,|-|) are isometrically isomorphic by the natural linear

map T : V,, = R" given by z = > die; —» T(2) =d = (dq,--- ,dy,) (see [4]).
i=1
So ||z|| = |T'(2)| = |d|, where | - | and || - || denote the usual norms in R" and

Vo (§2) respectively. We look for the function w, € Wol’p(Q) N Wol’q(Q) of the
form

n
Upn = Zdn,lel(x)a
=1

where we need to determine the co-efficients r,; so that, for k =1,2,--- ,n.
/ |V, |P~2Vu, Verds +/ a(x)|un P 2unepds + / |V, |92V, Verds
Q Q Q
—i—/ b(x)[un| T Punepdr = / f(up)erdz + / g(x)erdz in . (2.2)
Q Q Q

Using Holder’s, Poincaré’s and Young’s inequalities and from the assumption
of f(u), we get

\ [ 1wuds] < 1) o il
< el W)l g | Vll ()
< ) f Wl ) + EHVUHIZ/P(Q)
< el Ml + M) da + | V]
< (oM /Q " dz + c() + €[ Tull g,
< 0(5)+€HquZ[),p(Q) (2.3)

Now let us consider the following function G : R” — R" given by

G(d) = (hi(d), -, hn(d))
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where

p—2 1

Z dnJVel(:c)Vek
=1

p—2 n

D dngei(x)er
=1

hk(d):/g[

+a(x)

Z dmlvel(.%')
=1

> dnger(x)
=1

q—2 n

Z dn,lVel(x) Z dnJVel(x)Vek
=1 =1

n q—2 n
D dnger()| Y dnier(x)en
=1 =1

—f ( Z dmlel(:c)) er — gek} dz,
=1

_l’_

+b(x)

for each point d = (dy,--- ,d,,) € R™. Then from (2.3), we get

@z [

~+bo

P p q
+ ap +

Z dn,lVel(a:)
=1

> dngei(x)
=1

Z dnylel(x)
=1

q
—c@xumean-%n>dx

Z dnylvel(l')
=1

This shows that (G(d),d) > 0 if |d| = p provided p > 0 sufficiently large

enough. Hence it follows from the Lemma 2.2, that for each n € N, there exists

un, € V, satisfying F(u,) = 0, ||un| < p. This proves that, given absolutely
n

continuous co-efficients b, ;, we set ¢, = > by je;(x) such that
=1

/|Vun|p_2VunV¢ndx+/a(x)\unp_Zunqﬁndx—i-/ Vi, |72V u, Vo, dx
Q Q Q

—|—/Qb(:n)|un|q_2un¢nd$:/Qf(un)éndm—k/ﬂg(z)@ldx in Q. (2.4)

holds with ||uy| < p, for all n € N. Taking ¢, = u, in (2.4) and using the
Poincare’s, Young’s inequalities with the assumption of f(u) we get,

H“n”wol’f’(g) + ||Un||LP(Q) + Hun”w(}»‘I(Q) + ||unHLq(Q) <ec.
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Let us assume that u € W, P(Q) N W,(R2) be the weak limit of {u,}, then
ther exists a subsequence which is also denoted by {u,} such that,

Up — U in LS(Q)f0r1<S<N_2,

U, — u weakly in Wol’p(Q) N Wol’q(ﬂ),
u, — u weakly in  LP(Q) N LI(§2),
V|2V, + |Vun |92V, — ¢ weakly in LP' () N LY (Q).

Recall the monotonicity property of p-Laplacian operator and by adopting
the technique proved in [8], one can easily obtain that (; = |Vul|P~?Vu +
|Vu|9=2Vu. Then taking limit as n — oo, we get

/|Vu|p_2VuV(;5d:c+/a(az)]u|p_2u¢d$+/ V|12V uV ¢dx
Q Q Q

+/ﬂb(x)u|q2ugz§dx:/ﬂf(u)d)dx+/ﬂg(x)¢dx in Q. (2.5)

Equation (2.5) holds for all functions I/VO1 Q)N VVO1 1(Q), as the function ¢ is
dense in the space. This proves that u is a weak solution of the steady-state
equation (2.1). O

3. PARABOLIC CASE

In this section, first we consider the semi-discretized problem of the original
problem (1.1) and establish existence of a weak solution. By using that, one
can show the existence of a weak solution of the given problem (1.1).

The semi-discretized problem of the given parabolic problem (1.1) is as
follows:

H(uk —wg1) = V- ([Vug[P 7 Vag) + a(e) |ugP 2wy
—V - (V]2 Vaug,) + b(z) |ug|? 2 ug = flup—1) + g in Q, (3.1)
up =0 on 09,

where U = u(m’kh)’ h = T/n and k = 1727 cee M.
Definition 3.1. A function u is defined as a weak solution for the problem

(1.1) provided u € C([0, T]; L2(Q))NLP(0, T; W, P (Q))NL(0, T; Wy U (Q)), us €
LY (0, T; W~ (Q)), and, for any ¢ € LP(0,T; Wol’p(Q)) N L0, T; Wol’q(Q)),
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T
/ (%,qﬁ)dt:— / \VulP~2VuV gpdxdt — / a(z) [ulP~2upddt
0 Qr

T

- / |Vu|12VuV ¢pdzdt — / b(x)|u|? 2updadt

T T

+/ (f(u) + g)pdxdt

holds (where (-,-) denotes the pair W1 (Q) and WP (Q)).

Theorem 3.2. Assume that the conditions of Theorem 2.3 are satisfied with
ug € L2(2) N Wol’p(Q) and f(-) € CY(R). Then the problem (1.1) has a weak
solution in the sense of Definition 3.1.

Lemma 3.3. Assume uy is a unique weak solution for the semi-discretized
problem (3.1). Then there exists a constant C > 0 such that

1
/ ]quder/ \Vuk|pd$+2/a(x)|uk|pdx+/ |Vug|9dx
h Q Q Q Q
1 1
+2/ b(z)|ug|lde < / |Vuk_1|pda?+/|uk_1|2d:c +C, (3.2)
Q 2 Jo h Jo

and

h o h
/|ui]2dx+2/\Vuk|pdx+/ [Vug|Pda
Q 2= Ja 2 Ja
+2hz/ a(q:)|uk|pd:c+h2/ |Vuk|qu+2h2/ b(z) |ug|?da
k=179 k=179 k=19

h
< /Q(|U0|2—|—2|VU()’p)d:E—|—TC, (3.3)

fork,i=1,2,--- ,n.

Proof. As in the steady-state case, one can show that there exists a weak
solution wuy, € W, P(2) N W, 9(2) N L2(Q) satisfying

1

/(uk—uk1)¢dx+/]Vuk]p_2VukV¢dx+/ a(z) |up|P~ 2uppda
h Ja Q Q

—I-/ |Vuk|q_2VukV¢d:r—|—/ b(x)|ug |7 *uppd
Q Q

- /Q (Flup) + g)ddz, (3.4)
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for each ¢ € C§°(Q). Then taking ¢ = uy as the test function in the above
equation, one can obtain

1
1 / g [2de + / VuglPdz + / o) uxlPdz + / Vg |7dz + / ()| dz
h Ja 0 0 Q Q
1 1
< / |Uk|2d$+/ |uk—1|2d90+/ f(Uk—l)ukd$+/gukd$. (3.5)

Then, by using Hoélder’s, Poincaré’s and Young’s inequalities and from the
assumption of f(u), we get

1 1
‘ f(kal)ukd:U‘ < SVl + 7 IVue-1llisq) + C-
o 2 4

Using the above said inequalities and the assumption of g, it is easy to obtain
the following estimate

1 1
| [ guda] < G190 + l9lr

Substituting the above two estimates in (3.5), one can easily obtain (3.2).
To prove (3.3), take summation from k = 1 to 7 on both sides of the inequality
(3.2) to get

hz/ \uk\Qda:—i—Z/ ]Vuk\pdx—i—QZ/ a(2)|ug Pda
k=179 k=17 k=17
+Z/ ]Vuk]qu—i-QZ/b(x)\uk\qd:c
k=17 k=179
1 A ) 1 % 7
< = _1fdr + = _1|Pd
_h;/g\uk 1 x+2;A|vuk 1 a:—i—;C,

for i € {1,2,--- ,n}. Noticing that ih < T and using simple calculation leads
to (3.3).

To prove the uniqueness of the weak solution, let us assume that v; and vy
are two solutions of (3.1). Then the difference of two solutions satisfying the
following equation,

1
7 /(vl — v9)pdr + / (|Vv1|p_2Vv1 - |Vv2|p_2Vv2)V¢d1:
Q Q
+/(|Vvl\q2Vvl — \va]qQva)V¢da:+/ a(a:)(\v1|p*2v1 — ’1)2|p721)2)d)d:13
Q Q

—i—/ b(z)(Jvr |97 201 — |va|T 2vg) pda
Q
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for each ¢ € C§°(€2). Then, taking ¢ = v1 — vy in the above equality and using
the monotonicity inequality, one can get, v1 = v9 a.e in €. O

Definition 3.4. ([17]) Let us define the first kind of approximate solution as
follows:

w(n) (.%', t) = Z Xk(t)uk(x)’ (36)
k=1
where x(t) is the characteristic function of the time interval ((k — 1)h, kh],
for k=1,2,--- ,n.

Lemma 3.5. Let ug € L*(Q) N Wol’p(Q) and f(-) € CY(R). Then the approzi-
mate solution (3.6) satisfies the following estimate

”w(n)HLO"(QT;LQ(Q)) + Hw(n)||Lp(07T;W01aP(Q)) + Hw(n) ”L‘I(O,T;Wol’q(Q))
+Hf<w(n))HLP'(QT) + W™ oo,y + 1W™ || Lo, r20(0)
+ | V™ !pisz(")HLp’(QT) + H!Vw(")|q72vw(")HLq'(QT) <C. (3.7)

Proof. For any t € (0,T), there exists some k € {1,2,--- ,n} such that t €
((k —1)h, kh]. By using the definition of approximate solution (3.6) and from

steady-state case one can have Hw(")H%Q(Q) = > ||uk(x)H%2(Q) < C which
k=1

leads to Hw(n)HLoo(O,T;L2(Q)) < (C. Taking i = n in the inequality (3.3), we
obtain

h & h
/|Un\2d$+2/ |Vuk|pd:n—|—/ IV, |Pda
Q@ 2= /e 2 Ja

+2h2/a(aﬁ)]uk]pdx+h2/ ]Vuk]qu—i—QhZ/b(x)\uk\qu
k=17 k=179 k=17

h
g/]u0|2da:+/ |Vug|Pdz + TC.
Q 2 Jo

From the above inequality,

n
/ V™ Pdzdt = 3 / VuglPdz < C.
T k=17

The above inequality shows the following result,

™ oz iy < ©

Similarly one can prove

[w™ || o 07510(0) < C Hw(n)||Lq(07T;Wol’q(Q)) =¢
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and
1w || Lago,rsza0)) < C-

From the assumption of f(u) it is easy to understand that

Hf(w("))HLp/(QT) <C.

Taking ¢ = uy, as test function in (3.4) and the definition of w(™), we get
1 1
/ lw™ 2dzdt — / luo|?dx —I—/ IVw™ [P=2Vw™ V™ dzdt
T 2 Ja Qr

2
+/ a(x)\w(")|pdfcdt+/ V™ |12V ™ V™ dzdt
T T

+/ b(z)|w™|2dzdt

T

= F(w™)w™ dzdt —|—/ gw™dadt.
Qr T
Hence, from the above inequality, it is easy to obtain the results

IV P20 g, < € and [0 120 ) < C.

0

Definition 3.6. ([17]) The second kind of approximate solution is defined as

follows:
u™ (2,8) =Y xr®MeOur(@) + (1 = Me()u—r(z)],  (3.8)
k=1

L t e ((k—1)h, kh),

where A\ (t) = )
0, otherwise.

Lemma 3.7. Let ug € L*(Q) N Wol’p(Q) and f(-) € CL(R). Then there exists

a constant C > 0 such that the following estimate
< C, (3.9)

(n)
|5

)
ot o oy 1 limazia

holds, for u™ in (3.8).
Proof. Differentiating the second kind of approximate solution with respect to

t, we get
ol "
5 > xw(up(z) — wer(2)). (3.10)
k=1

SR

n)
— =
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Substituting (3.10) in (3.1), we get

Au(™
o)
== Z Xk (t) /Q |VugP~2Vu, Vodr — Z Xk (t) /Q a(x)|up|P 2 uppdr
k=1
— Z Xk (t) / |Vug |72 Vu Vodr — Z Xk (t /ﬂb(m)]uﬂunkqﬁdx
k=1 k=1

+;Xk(t)/Qf(uk;—l)ﬁbdz—kgxk(t)/gg(bdx.

For any ¢ € C3°(£2), from the Lemma 3.5, we get

%

<C.
ot ¢

LY (0,T;W 12" (Q)) —

Then, from the definition of the second kind of approximate solution «(™ and
(3.3), we have

1w 012200

c" /OT(/Q|U(”)|2dx)T/2dt

_cr / T( / ‘ixk(t)[/\k(t)uk(m)—i—(l—)\k(t))uk1(x)]‘2da:)r/ “a
_crz/ . /‘)\k e (1—Ak(t))uk_l(gc)]fdx)”zdt
<crzh( [ u@P + s )yaz) ™

<CrrRT,
where C' > 0 is independent of » > 1. Therefore one can have
1™ oo mz2()) = Jim 1™ 1 (0.7 12(2y) < C-
O

Proof of Theorem 3.2. By the Lemma 3 5, there ex1sts a subsequence of w(™
(which is also denoted by w™), ¢ € L¥ (QT) N LY (Qr) such that

w™ — y weakly* in L>®(0,T; L*(2))
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and
VW™ [P=2vuw™ 4 |V™ (9729w — ¢ weakly in LP (Qr) N LY (Qr),

as n — o0o. From the Lemma 3.7, we can find an integer s > 0 such that
W= (Q) < H~5(Q) (for more details see [18]) and from Aubin’s type lemma
with the compact imbedding H{(Q) — L*(Q) — H%(f2), we can conclude
that there exists a subsequence of u(™ (which is also denoted by u(™) such
that

(n)
agt — gt weakly in L (0, T; W~ (Q)),

u™  —~  pweakly* in L>(0,T; L*(Q)),
u™ = pstrongly in C([0,T]; L*(Q2)), and

u™ = p a.ein Qr,

as n — oo. Further, from the definitions (3.6) and (3.8), we have

| / (1w —ul™)pded]

_ /Q ZXk )(1 = () — 1)l

T k=1

h / ( / |Vw(")]p_2Vw(")V¢dw’+‘ / a(x)|w(”)\p_2w(")¢dx’
0 Q Q

+‘/ |Vw(”)|q_2Vw(”)qudaz‘+‘/b(az)]w(”)|q_2w(”)¢d$‘
Q Q

+‘/Qf(w(”))¢d:r‘+’/ﬂf(uo)d)da:‘%—’/ﬂgd)dm‘)dt

IN

for any ¢ € C5°(Q7). From Lemma 3.5, we get

'/ ¢dxdt’<Ch—>0asn—>oo
T

This shows that p = u a.e in Q7. Therefore f(w™) = f(u) a.e in Q7 due to
the continuity of f. Also we have | f(w™ )HLP (@) < 00, by Lemma 3.5, so
we get

f(w™) = f(u) weakly in L” (Qr).
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From (3.10) and (3.6), we have
T
ou™
— dt
/O < T , >
< - / (V™ P2V pdadt — / a(z)|w™ P~ 2w ™ pdrdt

T T
— / V™ |12V ¢drdt — / b(z)|w ™)1 2w™ ¢dadt
T T

T
(n) —
# ) Gt s godaa b [ sgods— [ [ sunjodsar,

for any ¢ € C5°(Qr). Letting n — oo, we get

T
/0 %’@dt ~ o (Vodzdt — / Ta<w)|u|p—2u¢d:cdt

— / b(x)|u|T2updzdt + / f(u)pdadt
T Qr

+ / godadt.
T

Next we will show that ¢ = |Vu[P~2Vu + |Vu|9™2Vu. For that take ¢ = u as
the test function in (3.4), to obtain
1

7 /(uk — ug_1)udx + /]Vuk]p2Vuk:Vudx +/ a(x)ug [P 2upud
Q Q Q

+/ \Vuk\qQVukVudx—i-/b(x)uquukudm
Q Q

:/Qf(uk_l)udx—i—/ggudx.

Multiply by x (), take summation on both sides over the limits £ = 1 to n
and use the definition of w(™ to get

1
/ (w™ —uo)udxdt—}—/ V™ P20 ™ Vudzdt
h Jor Qr

+/ a(:n)|w(")|p_2w(”)ud:ndt—l—/ IVw™ |92V ™ Vudzdt
T

T

+/ b(z)|w™ 20w udadt
T

= [ fw™)udzdt + h / f(uo)uodz
Qr Q
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T
—/ /f(un)undazdt—}-/ gudzdt. (3.11)
(n—1)h JQ Qr

Taking limit as n — oo, we have

1 1
/|u(x,T)|2dx/|u0|2d:p+/ (Vudxdt
2J)a 2 Jo -

+/ a(x)|u|pdmdt—|—/ b(x)|u|tdzdt
T Qr

= f(u)udxdt—i—/ gudzxdt. (3.12)
Qr T

Putting « = w™ in (3.11), one can obtain

1 1
- / lw™ (z, T)?de — = / g |?dx + / (V™ [Pdzdt
2 Ja 2 Ja Qr

+ / a(z)|w™ Pdzdt + / (V™ |dadt + [ b(a)|w™ |9dadt
T Qr QT

:/ (f(w™) + g)w (”)d:rdt—i—h/fUO ugd

/(n . / F(un)undzdt. (3.13)

Consider the elementary inequality [7] as follows:

T
| [Gar=2a = 828)(@ = 8))+ (41" = 1617-20)(y = )] daat

where «, 8,7,6 € R™.
In the above inequality, substitute a = vy = Vw(™ and § = § = V(u — €¢),
to get

/ (V™ P72V — 9 (u = ) 72V (u = 6)) (V'™ = V(u — )

+(IVw™ |12 w™ — |V (4 — €¢)|7 2V (1 — €6)) (V™ =V (u — e))dzdt
> 0.
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Further, doing simple calculations and using (3.13), we obtain

1 1
—/WW@ij+/Mﬁw—/‘MMMWMMt
2 Ja 2 Ja -
—/ b(z)|w™|2dzdt + f( ™))™ d:cdt+h/ f(uo)uodx
T

T
—/ /f(un)undxdt+/ gquw™dzdt
(n—1)hJQ -

—/ (IV(u— €d|P2V (u — €¢) + |V(u — €¢)|7 2V (u — €¢)) V™ dadt

+/ Wm-wwmw+/ IV (u — e¢)|9dzdt

—/ﬁﬂVwWWQVwWLHVwWPZVwWﬂNu—meﬁZO

T
Taking limit as n — oo in the above inequality, using (3.12) and simple calcu-
lation lead to

— ¢(Vudzdt — / |V (u—ep)Pdxdt — / |V (u—ep)|?dxdt

Qr T Qr

+/ |V(u—e¢)|pd:vdt—|—/ |V (u—ep)|?dxdt

+6/ \V(u— )PV (u — e¢)Vodrdt + | (Vudzdt
T Qr

ﬁ/WW%@qWW—@WMMFé/CWMﬁSO
T Qr
Taking € sufficiently small and simplifying, we get

!/(HMPQVu+RMHQVu—QVWMﬁ§O

QT

For any ¢ € C§°(Qr), we get
IVulP2Vu + |Vu|T>Vu = ¢ a.e in Qr.
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