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Abstract. We obtained results on upper hemi-continuous and pseudo-monotone type two
mappings for sets which are not compact. M.S.R. Chowdhury and K.-K. Tan’s improved

result on Ky Fan’s minimax inequality will be used.

1. INTRODUCTION

We have derived an advanced form of variational-like inequalities for up-
per hemi-continuous and (3, g)-pseudo-monotone type II and strong (S, g)-
pseudo-monotone type II operators on compact domains in topological vector
spaces(TVS). These advanced form of variational-like inequalities are exten-
sions of more general form of variational inequalities. In 1985, the generalized
quasi-variational inequalities problem was first introduced in [24]. During the
last three decades many authors obtained the results on generalized quasi-
variational inequalities and generalized quasi-variational-like inequalities and
biquasi-variational inequalities (see [4], [6]-[17], [19], [21], [24]-][25]). Gener-
alized quasi-variational-like inequalities are advanced form of variational in-
equalities and extends the definitions of generalized variational inequalities
and generalized quasi-variational inequalities in T'VS.
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We shall use the definition of generalized quasi-variational inequalities given
in [7]. In 1998, Chowdhury [6] obtained generalized quasi-vriational inequali-
ties for upper hemi-continuous and pseudo-monotone type Il and strong pseudo-
monotone type II operators in non-comact domains. We will derive some
results on an advanced form of quasi-variational-like inequalities for (S, g)-
pseudo-monotone type II and strong (f3, g)-pseudo-monotone type II opera-
tors in non-compact domains. We refer to [7] for the definition of generalized
quasi-variational-like inequalities problem.

For more results on generalized quasi-variational-like inequalities, readers
can look into [4], [19], [21] and references therein.

Readers can look into [7] for preliminary background. Moreover, we will use
the definition of (53, g)-pseudo-monotone type II (resp., a strong (/3, g)-pseudo-
monotone type II) operator given in [7] extensively in obtaining the our results
of this paper on non-compact domains. This definition was originally given in
[16] and was derived from the demi-operator [6] and pseudo-monotone type II
operators [5].

Chowdhury and Tan obtained a more general form of minimax inequality
in [10] which generalized the inequality of minimax given by Ky Fan in [18].
This is a main tool for our research findings given below:

The definition of 0-diagonally concave function [22] and the 0-diagonally
concave relation [17] will be required (in Section 3) in addition to the definition
of upper hemi-continuous given in [11] and in [13].

2. PRELIMINARIES

The Lemma 1 in [24], Lemma 3 in [23], and the Lemma 3 in [25] will be
used in our research findings. Next, we are giving the proof of a lemma used
in [7] which extended one lemma in [16] and Lemma 4.2 in [13]. Please note
that we also used this Lemma in [7] but we did not give its proof there.

Lemma 2.1. Let G be a TVS over ¥ and we consider a subset of G which is
both convex and nonempty. Suppose that H is a vector space with the scalar
filed W. We then equip H with the o(H,G) topology such that we have a
continuous function a — Re(w,a) for allw € H. Let J : A — 28 be upper
hemi-continuous in some subsets of A which are only line segments in A. Let
B Ax A — G be such that, for each fized b € A, [(-,b) is continuous
and, for each fized a € A, B(a,-) is affine. Suppose that g : A x A — R is
a mapping. We assume that for all b € A, arbitrarily fized, g(-,b) is lower
semi-continuous and convex on co(B) for all B € F(A) and for all a € A
arbitrarily chosen. Also we assume that g(a,-) is concave and g(a,a) = 0,
B(a,a) =0 and J,  have the 0-diagonally concave relation. Let b e A be such
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that inf,c () Re(u, B(b,a)) < g(a,b) for all a € A. Then we have
inf Re(w, §(b,a)) < g(a. §
weJ(b)
for all a € A.

Proof. Suppose that

~

inf Re(u, B(b,a)) < g(a,b)

u€J(a)
foralla € A. Let a € A be arbitrarily fixed and let z, = ta+(1—t)b = b—t(b—a)
for all t € [0,1]. Then z € A since A is convex. Let M = {z : ¢t € [0,1]}.

Thus, for any ¢ € [0,1],

Since, for each b € A, g(-,b) is convex and, for each a € A, g(a,-) is affine, we
have

for all t € (0,1] and so

ueigl(th)[Rew,tﬁ(B, a) + (1= 1)B(b,b))] < t(g(a,b)),

that is, )
inf t[Re(u, 5(b,a))] < t(g(a,b)).

u€J(z¢)
This implies that inf,c (., Re(u, B(b,a)) < g(a,b) for all ¢ in (0,1]. Because
J is upper hemi-continuous on M, fg(s.q) : M — (—00, +0c] as given below
a = inf R ) Aa
fﬁ(a,a) (Zt) uel?(zt) e(“’ B(a CL)>
for each z; € L is lower semi-continuous on M. Thus the set

A={z €M : fga,0(2) < g(a, 3)}

is a subset of M which is closed in its topology. Then z; — b in M because ¢
converges to 01. Because z; € A for all t € (0, 1], clearly be A. Consequently,
fﬁ(&ya)(i)) = infueJ(i)) Re(u, B(a,a)) < g(a,b). Since a € A is arbitrary, we have
inf_Re(w, 8(5,0)) < g(a,b)
weJ(b)
for all a € A. Hence the proof of this lemma is completed. O

Finally, for our research findings a minimax theorem of Kneser in [20] and
of Aubin in [1] will be extensively used.
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3. GENERALIZED QQUASI VARIATIONAL-LIKE INEQUALITIES FOR UPPER
HEMI-CONTINUOUS AND (3 — ¢)-PSEUDO-MONOTONE TYPE II OPERATORS

We derive some new findings on a more advanced variational inequalities for
upper hemi-continuous operators and (3, g)-pseudo-monotone type II (resp.,
strong (f3, g)-pseudo-monotone type II) operators J with non-compact domain
in a locally convex topological vector spaces which is also Hausdorff. Our
findings will be extensions of similar findings in [24].

In the beginning we start with the following findings:

Theorem 3.1. Suppose that G is a locally convex topological vector space
over W which is also Hausdorff and A is a nonempty para-compact subset of G
which is also a convex subset and a bounded subset of G. Suppose also that H
is a vector space over U with the topology o(H,G), where (-,-) : HxG — VU is
a bilinear functional. This bilinear functional separates points on H such that
for allw € H, we get the continuous function a — Re({w,a). Let L : A — 24,
J:A—=2H B:AXxA— G andg: G x G — R be the mappings such that

(1) L is upper semi-continuous and each L(a) is a compact subset of A
which is also convex;

(2) g(A, A) is a bounded subset of R;

(3) J is a (B, g)-pseudo-monotone type II (resp., a strong (B, g)-pseudo-
monotone type I ) operator which is also upper hemi-continuous on
a subset of A which is also a line segment in A. We assume that H
has the topology o(H,G) so that J(a) is a compact subset of H in the
topology o (H,G) and is also a convex subset of H. Further we assume
that J(A) is a bounded subset of H in the strong topology §(H,G);

(4) J and 8 keep the property of 0 diagonally concave relation, also we
assume continuity of 3;

(5) for all B € F(A), a — g(a,b), g(-,b) is lower semi-continuous on
co(B), for all a € A arbitrarily chosen, also g(a,-) and (B(a,-) are
concave and B(a,-) is affine and g(a,a) =0, B(a,a) =0 for alla € A
arbitrarily chosen;

(6) the set X = {b € A :sup,ecpp)[infucs) Reu, B(b,a)) + g(b,a)] > 0} is
a subset of A which is also open in its topology;

(7) for all B € F(a) and b € co(B) there exist a € A and u € J(a) such
that

do(b)[Re(u, (b, a)) + g(b, )] + Enec+on(b) Relh, 5(b, a)

)
for every family {0g, 0, : h € G*} of functions from A into [0,
are real-valued and non-negative;
(8) the bilinear functional (-,-) defined on the compact subset [Upeo(p)J (b)] X
B(co(B) x co(B)) of H x G is continuous for all B € F(A);

<0
1] which
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(9) there exists a nonempty compact subset K of A and a point ag € A
such that ap € K N L(b) and min,¢ y(q,) Re(u, B(b, ag)) + g(b,ap) > 0
forallbe A\ K.

Then there exists a point be K such that
(a) b e L(b); A
(b) there exists a point w € J(b) such that

Re(i, B(b, a)) + g(b,a) <0

for all a € L(b).

Proof. We shall complete the proof in several steps.
Step 1. We first derive that there exist b € A such that b € L(b) with

sup [ inf Re(u, 3(b,a)) + g(b,a)] <0.
acL(b) ueJ(a)

Suppose, we do not agree with the above outcome. Then, for each b € A, either
b & L(b) or there exists a € L(b) such that inf,c j,) Re(u, B(b,a))+g(b,a) > 0,
that is, for each b € A, either b € L(b) or b € ¥. If b ¢ L(b), we can use a
general form of Hahn Banach theorem to derive that there is a linear functional
h which is continuous on G such that

Re(h,b) — sup Re(h,z) > 0.
acL(b)

For each b € A, we define

n(b) := sup [ inf Re(u,B(b,a)+ g(b,a)],
acL(b) u€J(a)

Wo:=X={be A:n(b) >0}
and
Wy, :={be A: Re(h,b) — sup Re(h,a) > 0}.
acL(b)
Then we have
A=Wou |J W
heLF(G)

Here, we denote by LF(G) the set of all linear functionals on G which are
continuous. Now, by our assumption, Wy is an open set and each W}, is open
in A by Lemma 1 in [24]. So, {Wy, W}, : h € LF(G)} is an open covering for
A. But A is para-compact, hence there exists a continuous partition of the
unity {do,d, : h € LF(G)} for A subordinated to the open cover {Wy, W}, :
h € LF(G)}. We conclude that for all b € A, B € F(A) and a — g(a,b),
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g(+,b) is a continuous function on co(B) (for proof we refer to Cor. 10.1.1 in
[22]). Next, we construct the function below ¥ : A x A — R by

Y(a,b) = do(b)[minye j(q) Reu, B(b,a)) + g(b, a)]
+ 2 nerr(c) On(b)Relh,b — a)

for all a,b € A. Consequently, the following conclusions are derived:

(I) Since G is a Ty topological space, for all B € F(A) and a € co(B)
arbitrarily chosen, the below defined formula

b— inf Re(u,S(b,a))+ g(b,a)
ueJ(a)

is definitely a function which becomes continuous on co(B) by a lemma in
[10] and using the property that ¢ is a continuous function on co(B), and
consequently the below defined function

bi—s do(8){ min Re(u, B(b.a) + g0, )

is lower semi-continuous on co(B) by a lemma in [25]. Also, for each fixed
a € A,

b— Y on(b)Re(h,b—a)
heLF(G)

is a continuous function on A. Consequently, VB € F(A) and Ya € co(B)
arbitrarily chosen, the mapping b — v (a, b) is lower semi-continuous on co(B).

(IT) According to our assumption, {dg,dy : h € LF(G)} is a class of func-
tions from A into [0, 1] which are real-valued and non-negative, and so by our
assumption:

for all B € F(A) and b € co(B), there exist a in A and u in J(a) such that

)
So(b)[Re(u, B(b, a)) + 9(b,a)] + Sperr(c)0n(b) Re(h, B(b,a)) < 0.

Thus we have

uren}&) [00(b)(Re{u, B(b,a)) + g(b,a))] + Enerra)on(b)Re(h, B(b,a)) <0,

which implies that
do(b) [ugl}&)(Rew, B(b,a)) + g(b,a))] + Enerr(c)dn(b)Re(h, B(b,a)) < 0.

Therefore, we have

min[do(b) (ug&)(Re<u, B(b,a)) + g(b,a))) + Zherr(c)0n(b)Re(h, B(b,a))] < 0.

Thus we have minge 4 ¥(a,b) < 0 for each B € F(A) and b € co(B).
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(ITI) Suppose that B € F(A), a,b € co(B) and {bg}ger is a net in A
converging to b (resp., converging to b in weak topology) with ¢ (ta + (1 —
t)b,bg) <0 for all B € I and all ¢ € [0, 1].

Case 1. Let dp(b) = 0. Since dp is continuous and bg — b, we have
do(bg) — do(b) = 0. Note that d9(bg) > 0 for each § € I'. Since J(A) is
bounded in the strong topology and {bg}ger is a generalized sequence, that
is,, a net which is bounded and therefore we obtain

hmﬁsup[éo(bg)( ml%l)R6<u ,B(bs,a)) + g(bg,a))] = 0. (3.1)

Clearly,

o) min Re(u. 3(b.) + g(0.)] = 0.

Thus it follows from (3.1) that

litn sup5 60 (55 (it s Rea, B(bs, ) + (b, )]

+ 2 herr ) on(b)Re(h, b — a)
= Y herr(c) On(b)Re(h,b— a) (3.2)
= 00(b)[min,e y(q) Re(u, B(b, a)) + g(b,a)]

+ 2 herr(c) On(b)Re(h, b — a).

If we make t = 1, then we see that ¢ (a,bg) <0 for all 8 € T', that is,

50(b5) [minueJ(a) Re(u, 5(b57 a)> + g<b57 a’)]
+ 2 nerr(c) 0n(bg)Relh, bg — a) (3.3)
<0

Consequently, the equation (3.3) gives

lim Supg [50(bﬁ)(minuej(a) Re(u, B(bﬂ7 a)) + g(bﬂv a))l
+lminfs[d 0, cp ey Onlbg) Relh, by — a)]

< lim Supg [do (bﬁ)(minueJ(a) Re(u, ﬁ(bﬁ’ a)) + g(bﬁ7 a))
+ X herr(c) On(bg)Re(h, bg — a)]

<0,

and so

lim sup[do(bg) (minye 7(q) Relu, B(bg, a)) + g(bs, a))]
+ X heLr (@) 5h(b)Re(h b—a) (3.4)
< 0.

Hence, by (3.2) and (3.4), we have v (a,b) < 0.

Case 2. Let do(b) > 0. Since 4y is continuous, do(bg) — do(b). Again, since
do(b) > 0, exists A € I" such that dy(bg) > 0 for all 3 > A. If we make t = 0,
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then we see that 1(b,bg) < 0 for all 8 € I, that is,

%0(bs)[ min. Re(u, B(bg,b)) +g(bs,b)] + > In(bg)Re(h,bg —b) <0
W) heLF(G)
for all B8 € I', and so
lim Supg [50(bﬁ)(mlnu€T(y) Re(u, ﬁ(bﬁv y)) + g(bﬁv y))

+ X herr ) on(bg)Relh,bg — )] (3.5)
<0.

Hence, by (3.5), we have

lim sup[do(bg) (minye ¢y Refu, B(bg, b)) + g(bg, b))]
+liminfs[d e (g Onbs) Re(h, bg — b))

< lim supg[do(bg) (minye ¢y Refu, B(bg, b)) + g(bs, b))
+ 2 herr) on(bg)Re(h, bg — b)]

<0.

Since iminf[} 0,1 () On(bg) Re(h, bg — b)] = 0, we have
hmﬂsup[%(bﬂ)( Join Re(u, B(bg, b)) + g(bs, b))] < 0. (3.6)
J(y

Since do(bg) > 0 VB > A, we conclude that

50(b) lim sup s [mine s ) Reu, Bb, 1)) + g(bs.b)]
= lim sup[do(bg) (minye 5(,) Re(u, B(bg, b)) + g(bg, b))].
Since dg(b) > 0, by the equations (3.6) and (3.7), the following is obtained

limsup[ min Re(u, 5(bg, b)) + g(bg,b)] < 0.
B ueJ(y)

(3.7)

Since J is an operator which is (8, g)-pseudo-monotone type II, the following
is derived

lim Supg [minuEJ(a) Re(u, ﬁ(bﬁv (I)) + g(bﬂa (l)]

> minuEJ(a) Re(u, 5(b7 a)) + g(b7 CL)

for all a € A. Since 6p(b) > 0, we have
60 (6)lim sup (minge s oy Reu, Bbs, 0)) + g(bs, @)
> do (b) [minueJ(a) Re(u, /B(b7 a)> + g(bv (L)],
and thus
do(b)[lim supz(miny,e 7o) Re{u, B(bg, a)) + g(bs, a))]
+ 2 nerr(c) On(b)Reh,b —a)
> 6o(b) [minye j(q) Re(u, B(b, a)) + g(b, a)]
+ 2 herr(c) On(b)Reh, b — a).
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If t = 1, then we can derive that 9 (a,bg) < 0 for all § € I, that is,

d0(bg)[minye (o) Re(u, B(bg, a)) + g(bg, a)] + X pepp(c) On(bg) Re(h, bg — a)
<0

for all 8 € T and so, by (3.8),

)
02 lim s s 5) ity e 35 0) +9(5)

+ 2 heLr(@) (bﬁ)R€<h bﬁ - a)]

> T sy 3o (bs) (w5 R, B(bs, @) + g(bs, )]
+liminfg [ZheLF @) (5h(b5)R€<h, bg — a)]

= 0o (b)[lim supg(min,e y(q) Re(u, B(bg,a)) + g(bs, a))]
+ X herr ) on(b)Re(h, b — a)

> 6o(b) [minye y(q) Re(u, B(b, a)) + g(b, a)]
+ X herr ) on(b)Re(h, b — a).

Hence we have 1 (a,b) < 0.

(3.9)

(IV) Using our given assumptions in the statement of the theorem we see
that there exists a nonempty subset K of A which is both compact and closed,
and there exists ag € A such that ap € K N L(b) and

min Re(u, B(b,ap)) + g(b,ap) >0
u€J(ap)

forall be A\ K. Thus, for all b € A\ K, we have

sup [ min Re(u, 5(b,a)) + g(b,a)] > 0.
acL(b) u€J(a)

Hence b € Wy and

6O(b)[ min Re(u, B(b7 a0)> + g(ba aO)] >0
ueJ(ap)
for allb € A\ K whenever do(b) > 0 and Re(h, (b, ap)) > 0 whenever o5,(b) > 0
for any h € LF(G). Consequently, we have

w(a(ﬁ b) - 50(b) [minuEJ(ao) Re<u7 5(1)7 a0)> + g(b7 aO)]
+ 2 herr(c) On(b)Reh, b — a)
>0

for all b e A\ K. (If J is an operator which is strong (3, g)-pseudo-monotone
type II, we can consider a topology on G which is called weak.) Consequently,
we have shown that all assumptions of Theorem 1.1 in [10] are fulfilled by the
the function ¢. So, using the Theorem 1.1 in [10], we obtain b € K such that
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Y(a, 13) < 0 for all a € A, that is,

80 (b) [minye s(a) Re(u, B(b,a)) + g(b,a)]
+ Y herr(c) On(b)Re(h,b — a) (3.10)
<0
for all a € A.
If 6(b) > 0, then b € Wy = X so that ~v(b) > 0. Choose a € L(b) C A such

that

min Re(u, B(b, a)) + g(b, a) > v(b)/2 > 0.
ued(a

As a consequence, we obtain

So(b) | min, Re(u, B(b, a)) + g(b, @)] > 0.

If 65, (b) > 0 for some h € LF(G), then b € W}, and hence

Re(h,b) > sup Re(h,a) > Re(h,a),
acL(b)
which implies that Re(h,b— a) > 0. Then we see that &y, (b)[Re(h,b— a)] > 0

whenever d5(b) > 0 for all h € LF(G). Since dp(b) > 0 or dp(b) > 0 for some
h € LF(G), we derive that

(@, b) = do(b) [ min Re(u, B(b,a)) + g(b, @)] + Sherrc)On(b)Re(h,b— a) > 0.

But this is contrary to our equation (3.10). So, we have proved our first step
of this proof.
Consequently, we derived the conclusion that there exists b € A such that
be L(b) and
sup | inf Re(u,3(b,a)) + g(b,a)] < 0.
acL(b) u€J (@)

Step 2. Now, we show that

inf Re(w,ﬁ(i), a)) < g(a, 3)
weJ(b)

for all a € L(b). From Step 1, we know that b € L(b), which is a convex subset
of A, and

inf Re{u, (b)) < g(a,b)
ueJ(a)
for all a € L(b). Hence, by applying Lemma 2.1, we obtain

inf Re(w, 8(5,a)) < g(a,b)

weJ(b)

for all a € L(b).
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Step 3. There exists a point w € J(b) with Re(w, 8(b,a)) < g(a,b) for all

a € L(b). From Step 2, we have

sup [ inf Re(w,3(b,a)) + g(b,a) <0, (3.11)
a€L(b) weJ(b)

~

where J(b) is a subset of the Hausdorff TVS (H,o(H,G)) and is a convex
subset of G which is also compact in the topology o (H, G).

Now, we define a mapping f : L(b) x J(b) — R by
f(a,w) = Re(w, 3(b,a) + g(b, a)

~ ~ A~

for each a € L(b) and w € J(b). Then, for each fixed a € L(b), the mapping

w — f(a,w) is convex and continuous on J(b) and, for each fixed w € J(b),

the mapping = — f(a,w) is concave on L(b). Finally, using a theorem of
minimax in [20] derived by Kneser, we conclude that

min  sup [Re(w, B(b,a)) + g(b,a)] = sup [ min [Re(w, B(b,a)) + g(b,a)].

weJ(b) geL(b) acL(b) weJ(b)
Hence, by (3.11), we obtain

min  sup [Re(w, B(b,a)) + g(b, a)] < 0.
weJ(b) ueL(b)

Since J(b) is compact, there exists w € J(b) such that
Re(w, B(b,a)) + g(b,a) <0
for all a € L(b). Hence our proof is completed. O

In conclusion, we say that if every open subset U of A and for all a,b € U,
B(a,b) = a — b and there exist ¢’ : A — R such that g(a,b) = ¢'(a) — ¢'(b),
and if the mapping L : A — 24 is, in addition, lower semi-continuous and, for
all b € X, J is upper semi-continuous for some a in L(b) with

inf Re(u,(b,a)) + g(b,a) >0,
ueJ(a)

then we can derive that X is an open subset of A in our last Theorem 3.1.
This conclusion leads us to the result given below:

Theorem 3.2. Let G be a locally convex topological vector spaces over ¥ which
s also Hausdorff, A a nonempty para-compact and convex subset of G which
is also bounded and H a vector space over U with o(H,G)-topology, where
(-, : Hx G — VU is a bilinear functional separating points on H such that
for each w € H, the function a — Re{w,a) is continuous. Let L : A — 24,
J:A=2H B AXx A= Gandg:GxG— R be mappings such that

(1) L is continuous such that each L(a) is compact and convex;
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(2) g(A, A) is bounded;

(3) J is a (B, g)-pseudo-monotone type II (resp., a strong (B, g)-pseudo-
monotone type II) operator and is upper hemi-continuous on a subset
of A which is also a line segment in A with the o(H,G)-topology on
H such that each J(a) is o(H,G)-compact and conver and J(A) is
0(H, G)-bounded;

(4) J and B have the 0-diagonally concave relation and B is continuous;

(5) for each fized b € A, a — g(a,b), g(-,b) is lower semi-continuous on
co(B) for each B € F(A) and, for each fized a € A, g(a,-) and ((a,-)
are concave, [3(a,-) is affine, g(a,a) =0 and p(a,a) = 0;

(6) for each open subset U of A and a,b € U, B(a,b) = a —b and there
exists ' : A — R such that g(a,b) = ¢'(a) — ¢'(b);

(7) for each b€ ¥ = {b € A :sup,epp)linfuesa) Re(u, B(b,a)) + g(b,a)] >
0}, J is upper semi-continuous at some point a in L(b) with

inf Re(u,(b,a)) + g(b,a) > 0;
ueJ(a)

(8) for each A € F(A) and b € co(B), there exista € A and u € J(a) such
that

do(b)[Re(u, B(b,a)) + g(b,@)] + Xherr()on(b)Re(h,y —a) <0
for any family {09,dn : h € LF(G)} of non-negative real-valued func-
tions from A into [0,1];
(9) for each B € F(A), the bilinear functional (-,-) is continuous over the
compact subset [Upeeo(p)J (b)] X B(co(B) x co(B)) of H x G.
Further, suppose that there exist a nonempty compact subset K of A and a
point ag € A such that

ap € KN L(b), g}n )Re(ujﬁ(b, ap)) + g(b,ap) > 0
u ag

for allbe A\ K. Then there exists a point be K such that
(a) be L(b);
(b) there exists a point w € J(b) with Re(w, B(b,a)) + g(b,a) < 0 for all
a e L(b).

Proof. The proof is similar to the proof of Theorem 3.2 in [15] and so omitted.
O

Remark 3.3. (1) Theorems 3.1 and 3.2 of this paper are further general-
izations of the results obtained in [15, Theorem 3.1] and in [15, Theorem
3.2], respectively, into generalized quasi-variational-like inequalities of (8, g)-
pseudo-monotone type II operators and strong (3, g)-pseudo-monotone type
II operators on non-compact sets;
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(2) In 1985, Shih and Tan [24] obtained the results on generalized quasi-
variational-like inequalities in locally convex topological vector spaces and
their results were obtained on compact sets where the set-valued mappings
were either lower semi-continuous or upper semi-continuous. Our present
paper is another extension of the original work in [24] using (5, g)-pseudo-
monotone type II and strong (3, g)-pseudo-monotone type II operators on
non-compact sets;

(3) The results in [15] were obtained on non-compact sets where one of
the set-valued mappings is a pseudo-monotone type II operators which were
defined first in [6] and later renamed as pseudo-monotone type II operators in
[5]. Our present results are extensions of the results in [15] using an extension
of the operators defined in [5] (and originally in [6]).
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