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Abstract. The purpose of the present paper is to estimate some real parts for certain
analytic functions with some applications in connection with certain integral operators and
geometric properties. Also we extend some known results as special cases of main results

presented here.

1. INTRODUCTION

Let U= {z € C: |z| < 1}. We denote by P the class of analytic functions
p: U — C of the form

o
p(z) =1+ anz”
n=1

with Rep(z) > 0 for z € U. This class P is known as the Carathéodory class or
the class of functions with positive real part [3, 4], pioneered by Carathéodory.
The theory of Carathéodory functions plays very important role on geometric
function theory. For recent developments, the readers may refer to the works
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of Kim and Cho [5], Kwon and Sim [7], Nunokawa et al. [14], Sim et al. [1§]
and Wang [21]. Let A denote the class of analytic functions f in the open unit
disk U with the usual normalization f(0) = f/(0) — 1 = 0. Let $*(«) denote
the subclass of A consisting of starlike functions of order « in U. The class
S* of starlike functions is identified by $*(0) = S*. A function f € A is said
to be in B(a, 8,7) if

2f'(z)
Rel ) 7 <)
for some g € §*(a) and v (v > 0), B (0 < g < 1). Furthermore, we denote
by B1(0,3,7) the subclass of B(a,,v) for which g(z) = z. We note that
B1(8,0) = S*(B) and By(f, 1) is the subclass of A consisting of functions such
that Ref’(z) > B (2 € U) (see, for details [1, 16, 19, 20]). Many authors (for
example, see, [2, 6, 8, 9]) have studied the integral operators of the form:
1

Tepu(f) = (C+“/Ozt°—1f“(t>dt>”, (1.1)

ZC

where ¢ and p are suitably chosen real constants and f belongs to some
favoured classes of univalent functions.

Motivated by the works mentioned above, in the present paper, we obtain
some estimates of real parts for certain analytic functions. Also we give various
applications for functions belonging to .4 and integral operator given by (1.1).

2. MAIN RESULTS
In proving our results, we shall need the following lemmas due to Miller and
Mocanu [11] and Nunokawa [12], respectively.
Lemma 2.1. Let ¢(u,v) be a complez-valued function,

¢:D —C (DCC? C isthe complex plane)

and let u = uy + iug, v = vy + ive. Suppose that the function ¢(u,v) satisfies
the following conditions:

(1) ¢(u,v) is continuous ;
(2) (1,0) € D and Re{¢(1,0)} >0 ;

(3) for all (iug,v1) € D such that vi < —(1 4+ u2?)/2, Re{d(iug,v1)} <O0.

Let p(z) = 1 +p1z+p2z® +- - be regular in U such that (p(z),zp'(z)) € D for
all z € U. If Re{p(p(2), zp'(2))} > 0 (2 € U), then Re{p(z)} > 0 (z € U).
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Lemma 2.2. Let p be analytic in U with p(0) = 1 and p(z) # 0 in U. Suppose
that there exists a point zy € U such that

|arg{p(2)}| < ga for |z| < |z (2.1)
and
|arg{p(z0)}| = ga 0<a<l). (2.2)
Then we have
zo0p'(20) o
) P (23)
where
k> % <a + i) when arg{p(zo)} = ga, (2.4)
k< —% (a + clz) when arg{p(zo)} = —ga (2.5)
and
{p(z0)}= = +ia (a > 0). (2.6)

With the help of Lemma 2.1, we now derive the following theorem.
Theorem 2.3. Let p be analytic in U with p(0) = 1. If
1
Re{p(z) + r(2)zp'(2)} > —5(5 (0<d<1; z€ D),
where r is analytic in U with Re{r(z)} > 9§, then Re{p(z)} >0 (z € U).

Proof. Let us put

o) = 5o {p<z> () (=) + ;6} |

+6
Then ¢ is analytic in U with ¢(0) = 1 and Re{q(2)} > 0 (= € U).
Let

o(u,v;2) =

Then ¢(u, v; z) satisfies

2 1
2+5{u+r(z)v+25}.

(1) ¢(u,v;2) is continuous in D =C x C ;

(2) (1,0) € D and Re{¢(1,0)} =1>0;
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(3) for all (iug,v1) € D such that v1 < —(1 + ug?)/2,

Re{o(iug,v1;2)} =

5
5 g Relr)} + 575
_(1+u22)5+ 5
= 240 246
<0.

Thus we see that ¢(u,v;z) satisfies the conditions in Lemma 2.1. Therefore
this shows that Re{p(z)} >0 (2 € U). O

Corollary 2.4. Let f,g € A and

Re{ 9(2) }25 0<6<1; 2eU).

z29'(2)
If
f'(z) 1
Re{g’(z) > p 26(1 B) (0<pB<1; z€l),
then i)
z
Re > 06 (ze€l).
{g<z> } =et
Proof. Let
Then p is analytic in U with p( H ence we obtain
1 (f(z) > 9(2)
—_— — =plz)+ zZp (%).
5 (55 -8) =+ Skt
Therefore, applying Theorem 2.3, we have the result. U

Remark 2.5. Taking 6 = 0 in Corollary 2.4, we have the result obtained by
Libera [8], MacGregor [10] and Sakaguch [17].

Corollary 2.6. Let ¢ and p be real numbers with ¢ > 0, pu > 0, respectively
and let f € A. If

/ pn—1
Re{W}>ﬁ —(c+pn)(1=p5) (0<c+u<l; B<1; z€l),

then

Re { 2(en()) T (f)

M

}>B (2 €U),

where J.,, is the integral operator defined by (1.1).
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Proof. 1t follows form (1.1) that

2(Jue(f))
W +edli(f) = (p+c) f(2). (2.7)
Let
W) = (e,
where
_ 1 (Jue () c ¢
M(z) = 3 (U:cf))l_“zw — Bzit
and

N(z) = 2t
Then p is analytic in U with p(0) = 1. From (2.7), we have

MGE 1 e
N T | ()

z

Applying Corollary 2.4, we have
1 p—1
Re { (Jep(F) T } - 4.

A

Theorem 2.7. Let p be analytic in U with p(0) = 1. If

2p'(2) gl , ,
Re{p(z)_{_ﬂp(z)—k'y} >_W (B>7 v=>0; ze ),

then Re{p(z)} >0 (z € U).

Proof. Let us put
2 { 2P/ (2) v }
z) = pz)t+ 7"+ % -
96 = 5 P Pp(z) +v 20
Then ¢ is analytic in U with ¢g(0) = 1 and Re{g(2)} > 0. Let

2P v g
)= {4 s )

Then ¢(u,v) satisfies
(1) ¢(u,v) is continuous in D = (C\ {—~/8}) x C ;
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(2) (1,0) € D and Re{¢(1,0)} =1>0;

(3) for all (iug,v1) € D such that v1 < —(1 + ug?)/2,
. 2p? Y1 g
R = I
e{¢(zu2avl)} 7+252 {,}/2 _’_52u22 + 2/82
< 232 {_ (1 + up?) 'y}
Ty +2p? 2(72 + B2ug?)  2p2
<0.

Thus we see that ¢(u, v) satisfies the conditions in Lemma 2.1. This completes
the proof. O

If we take § = 1 and v = 0 in Theorem 2.7, we can get the following
corollary.

Corollary 2.8. Let p be analytic in U with p(0) = 1 and satisfy the differential
equation:

B(2)p(z) +zp'(2) =1 (2 € U),
where B is analytic with B(0) = 1. If Re{B(2)} > 0 for z € U, then
Re{p(z)} > 0 for z € U.

Putting p(z) = zf/(2)/f(2), B = 1/a and v = 0 in Theorem 2.7 or p(z) =
f(2)/zf'(z) in Corollary 2.8, we have the following result.
Corollary 2.9. Let f € A and o > 0. If

Re {(1 —a) Z;éi? +a (1 + Zﬁ;g))} >0 (zeD),

then f € S*.

Corollary 2.10. Let f € A and let 4> ¢ (¢ > 0). If
Zf’(Z)} ¢
Re >——= (z€0),
{ f(2) 2z €U
then J.,(f) € 8*, where J.,(f) is the integral operator defined by (1.1).

Proof. Setting

then we obtain
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Taking logarithmic derivatives and multiply by z, after some simple calcula-
tions, we have

w'(z) _ paf'(z)

= — pp(2).
WO +en - 1@ M
. re) @)
zf'(z zp'(z
=p(z) + ==
& O ) e
Therefore by using Theorem 2.7, we have desired result. U

Taking 5 =1,v=1/a—1 (a > 0) and p(z) = zf'(z)/f(z) in Theorem 2.7,
we have the following corollary.

Corollary 2.11. Let fe Aand 0 < a < 1. If

az(zf'(2)) + (1 — a)zf'(2) a—1
Re{ azf'(z)+ (1 —a)f(2) } - 20 (z€ 1),

then f € S*.

Proof. Putting

then we have
az(zf'(2)) + (1 - a)zf'(2)
= azf(2)p'(2) + azp(2)f'(2) + (1 — a)p(2) f(2)
= {azp'(2) + p(2)(ap(2) + (1 — a))} f(2)
and
azf'(z) + (1 —a)f(2) = (ap(z) + (1 — a)) f(2).

Hence, we obtain
az(zf'(2) + (1 —a)zf'(2)  azp'(z)+p(z)(ap(z) +1 — )

azf'(z) + (1 —a)f(2) ap(z) +1—«
zp'(2)
=p(2)+ ————F 17—
p(z)+ (5 —1)
Therefore, applying Theorem 2.7, we have desired result. O

Next, by virtue of Lemma 2.2, we now prove the following theorem.

o0
Theorem 2.12. Let p(z) =1+ Y ¢,2" be analytic in U. Suppose that

n=1

()| _ ARE-1) -
Re{p(z)+ () }< 23-1) (8>1; z€ ),
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and for arbitrary real number r (0 < r < 1), p(z) satisfies the following con-
dition:

Max Re{p(2)} = |Z53T{p(20)} # p(20)-

|z|<r
Then
Re{p(z)} <8 (2 €U).

Proof. From the assumption of Theorem 2.12, we see that
p(z) £0 (2 € D).
Let us put

(B>1; ze€U).

Then ¢(z) is analytic in U with ¢(0) = 1. If there exists a point zg € U such
that

Re{q(2)} >0 for |z] <]z
and

Re{q(z0)} =0,

then from the assumption of Theorem 2.12, we obtain that ¢(zp) # 0. Hence
from Lemma 2.2 with o = 1, we have

0 (z0) _ g
q(z0)
where
ks>t lar i) s s {qzo)t =T
=~ 2 a a = or al"g q 20 = 2,
1 1 T
kg—2Q+a)g—1fm arg{a(z0)} = .
and

q(z0) = *ia, a > 0.
For the case argq(zo) = 7/2, it follows that

20q'(20) _ —zo0p'(20) _ i
q(z0) B — p(20)
and
_zop'(20) . —(B—1ak _ B+i(B—1a

o) B—iB-Da_ Er(p-Da P
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Therefore, we have

Z()p,(Z()) ﬁ(,@ — 1) CL2 +1
Re{ p(20) } =2 G-

While, the function
(a) a?+1
a) =
M-
is increasing for @ > 0 and 8 > 1. Therefore, we obtain that

Re{zlﬁﬁff )} > 531y

and so

/
zop' (20) B B(28 —1)
Re ¢ p(20) + } > B+ = .
{pteor+ 2205 251~ 25-1)
This is a contradiction to the assumption of Theorem 2.12. For the case
arg q(z9) = —7/2, applying the same method as the above, we have

ol (20) | A28 - 1)
Re{p(z” p(z0) }2 2G-1)

This is also a contradiction to the assumption of Theorem 2.12. Therefore we
complete the proof of theorem. O

Corollary 2.13. Let f € A. Suppose that

2f"(2) 3+\@_Z
1+Re{f/(z)}<a <a> 7 GU),

and for arbitrary real number r (0 < r < 1), zf'(2)/f(z) satisfies the following

property: ( ) ( ) ( )
z2f'(z) o 20f (20 20" (20
|MR{ 72 } B |3§‘r{ 1(z0) } I
Then ) 5
Re{z]{(i,;)}<1+2a+\/42a —12a+1 (ze D)

Theorem 2.14. Let p(z) be analytic in U with p(0) =1, p(2) # 0 in U and
suppose that

p(2)+8Z L — B, B\, 7
| < (3 rapr) tage B0z D)

(2.8)
Then we have
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Re{p(2)} >0 (z€U).
Proof. Suppose that there exists a point zy € U such that
Re{p(z)} >0 for |z <]z
and
p(z0) = tia (a > 0).
Then by Lemma 2.2, we have

p(z0) + BELLE — _’ Bk

p(20)
(e () G

B B BN
- \/ (l ot 2|p<z@>|2> ()P

which is a contradiction to (2.8). Therefore we obtain
Re{p(z)} >0 (z€U).

g

Taking p(z) = zf'(2)/f(2), 8 = land v = 0 in the Theorem 2.14, we have
the correspoinding result obtained by Nunokawa [13].

Corollary 2.15. Let f € A with f(z)f'(z) # 0 in U\{0} and suppose that
2f"(z)| _ 3|2f'(2) f(2)
f'(z) f(2) 2f'(2)

’ (z € D).

1
1 -

Then f € S§*.

Remark 2.16. Corollary 2.15 is also an improvement of the earlier result by
Obradovié¢ and Owa [15].

Letting p(z) = 2f'(2)/f(z) and 8 = v = 1 in Theorem 2.14, we have the
following result.

Corollary 2.17. Let f € A with f(z)f'(z) # 0 in U\{0} and suppose that

e <J<3+1 ) 2>2 )
2 2

2 ) TR

2

(z € D).

Then f € S*.
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Proof. Set

Then p is analytic in U and

O 1, e
(f'(2))? p(z)  (p(2))
Applying Theorem 2.14, we have Corollary 2.17. U

Making p(z) = zf'(z)/f(z) and 8 = v in Theorem 2.14, we have:

Corollary 2.18. Let f € A with f(z)f'(z) # 0 in U\{0} and suppose that

P
J( BB ) 2>2+52 1) | (8>0; z€U).
2 Yol 2 '(2)
Then f € §*
Proof. Letting
0= Gev),

we see that p is analytic in U with p(z) # 0 in U and

2f"(2) | 2f'(2) _ zp'(2)
e T TR
Therefore, by Theorem 2.14, we have desired result. O
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